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An approach to numerical modeling of the stress-strain state of composite 
structures with discrete inclusions is presented in the paper. The finite element 
method is used as the main method, namely its modification – the moment 
finite-element scheme. The moment scheme, in contrast to the classic scheme 
of finite elements, allows to avoid such negative properties as not taking in 
consideration the rigid rotation of the finite element and “false” shear. If both 
the material of the matrix and the material of the reinforcing inclusions are 
weakly compressible, then problems arise due to the fact that some elastic 
constants approach very large values. The Taylor series expansion of the 
components of the displacement vector, the components of the strain tensor, 
and the volume change function is used in order to eliminate the mentioned 
shortcomings, after that, according to the moment scheme, certain sums are 
removed from these expansions. 
Homogenization of the material with lamellar inclusions, a small proportion 
of spherical inclusions, and a large proportion of spherical inclusions is used 
for modeling the elastic properties of the composite. The chaotic nature of 
the location of inclusions after homogenization makes it possible to present 
a non-homogeneous composite material as a homogeneous quasi-isotropic 
one. The described approaches are used in the construction of the stiffness 
matrix of the spatial hexagonal finite element. The obtained expressions for 
the stiffness matrix are done in the software package for calculating structures 
from composite materials. The calculation of a thick-walled pipe under the 
action of internal pressure from a composite material with lamellar inclusions, 
a small proportion of spherical inclusions, and a large proportion of spherical 
inclusions was carried out using the software package. For different volume 
fractions of discrete inclusions, the numerical convergence of the results with 
different finite element meshes has been investigated, which shows great 
congruence with analytical solutions.

Key words: composite material, 
spherical and ellipsoidal 
inclusions, efficient elastic 
constants, finite element method, 
application package.

UDC 539.3
DOI

FEATURES OF THE CONSTRUCTION OF THE STIFFNESS MATRIX  
OF THE SPATIAL HEXAGONAL FINITE ELEMENT FOR COMPOSITE MATERIAL 

WITH DISCRETE INCLUSIONS BASED ON THE MOMENT SCHEME

Shtanko H. I.
Postgraduate Student

Zaporizhzhia National University
Zhukovskoho str., 66, Zaporizhzhia, Ukraine

orcid.org/0000-0002-8457-8269
sirouh177@gmail.com

Grebenyuk S. M.
Doctor of Technical Sciences, Professor,

Head of the Department of Fundamental and Applied Mathematics
Zaporizhzhia National University

Zhukovskoho str., 66, Zaporizhzhia, Ukraine
orcid.org/0000-0002-5247-9004

gsm1212@ukr.net



76

Computer Science and Applied Mathematics. № 2 (2023) ISSN 2786-6254

У роботі представлено підхід до чисельного моделювання напружено-
деформованого стану конструкцій із композиційних матеріалів із 
дискретними включеннями. Як основний метод використано метод 
скінченних елементів, а саме його модифікацію – моментну схему 
скінченного елементу. Моментна схема, на відміну від класичної схеми 
скінченних елементів, дозволяє уникнути таких негативних властивостей, 
як неврахування жорсткого повороту скінченного елементу та «хибного» 
зсуву. У разі, якщо й матеріал матриці, й матеріал армуючих включень 
є слабкостисливими, то виникають проблеми, пов’язані з тим, що деякі 
пружні сталі прямують до дуже великих значень. Для усунення вказаних 
недоліків використовується розкладання в ряд Тейлора компонентів 
вектору переміщень, компонентів тензору деформацій та функції зміни 
об’єму після чого згідно моментній схемі певні доданки вилучаються 
з цих розкладань. Для моделювання пружних властивостей композиту 
використано гомогенізацію матеріалу із пластинчатими включеннями, 
малою часткою сферичних включень, великою часткою сферичних 
включень. Хаотичний характер розташування та орієнтації включень після 
гомогенізації дає можливість представити неоднорідний композиційний 
матеріал однорідним квазіізотропним. Описані підходи використано при 
побудові матриці жорсткості просторового шестигранного скінченного 
елементу. Отримані співвідношення для матриці жорсткості реалізовані 
у програмному пакеті для розрахунку конструкцій із композиційних 
матеріалів. За допомогою програмного пакету проведено розрахунок 
товстостінної труби під дією внутрішнього тиску з композиційного 
матеріалу з пластинчатими включеннями, малою часткою сферичних 
включень, великою часткою сферичних включень. Для різних об’ємних 
часток дискретних включень досліджено чисельну збіжність результатів 
при різних сітках розбиття на скінченні елементи, яка показує гарне 
співпадіння з аналітичними розв’язками.

Ключові слова: композиційний 
матеріал, сферичні та 
еліпсоїдні включення, 
ефективні пружні сталі, 
метод скінченних елементів, 
пакет прикладних програм.
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Introduction. The progress of technologies for 
the production of structural materials leads to the 
appearance of new grades of materials, the mechan-
ical properties of which are significantly different 
from the existing ones. The use of these materials 
in the manufacture of structures requires a descrip-
tion of their properties for design calculations. One 
of the common composite materials is a composite 
material reinforced with discrete inclusions of vari-
ous shapes – spherical, ellipsoidal, needle-shaped, 
disk-shaped, and others. One of the calculations car-
ried out is the strength calculation of the structure. 
Material heterogeneity due to the presence of discrete 
inclusions requires consideration of the geometry and 
properties of each discrete inclusion in the material 
when creating mathematical models. The creation of 
accurate mathematical models suitable for engineer-
ing calculations is possible only in the presence of 
a small number of inclusions, and for real materials, 
when the number of inclusions is significant, such 
models will be cumbersome and unsuitable for use. 
Another way of modeling is the homogenization of 
the material, and its representation as an imaginary 
homogeneous material with mechanical constants 
that are called effective. This approach allows avoid-
ing the mathematical description of each inclusion 
in the material and making the mathematical model 
much simpler.

Both the complex geometry of the structure and 
the variety of processes occurring in the structure sig-
nificantly limit the use of analytical methods when 
calculating the strength, hence numerical methods 
are used to solve the problem. The most common 
and universal method is the finite element method 
(FEM). But the traditional scheme of the finite ele-
ment method has a number of negative properties that 
significantly slow down the convergence of solutions. 
Therefore, solving this problem leads to the emer-
gence of various modifications of the method, which 
allow improving the accuracy of calculations. One 
of the effective modifications of the method is the 
moment finite-element scheme (MFES), developed 
for different groups of materials – isotropic, fibrous 
composites, weakly compressible, etc. This modifica-
tion allows to avoid such imperfections of the tradi-
tional scheme as not taking into account the displace-
ments of the finite element as a rigid whole and the 
“false” shear effect.

In the process of using the MFES, we will calcu-
late the matrix of elastic constants using the effective 
elastic constants of the granular composite and will 
use an approach that takes into account the weak 
compressibility of the material, which will allow us 
to calculate both compressible and weakly compress-
ible materials.

The application of the finite element method to 
the study of deformation processes of composites is 

given in a lot of studies. At the same time, such stud-
ies are carried out both at the micro and macro levels, 
as well as when modeling the interrelationship of the 
behavior of the composite material at the specified 
levels.

Literature review. In work [1], a computational 
procedure for modeling the microstructure of ran-
domly reinforced composites with cylindrical or 
spherical-cylindrical inclusions is proposed. The pro-
posed methodology combines the random sequential 
adsorption (RSA) algorithm for the preliminary mod-
eling of the random location of inclusions with the 
subsequent application of the finite element method 
for the study of a representative volume of the com-
posite material with inclusions, that have various 
characteristics of homogeneity and isotropy.

Modeling of the physical and mechanical prop-
erties of a polymer composite material using the 
spatial finite element method was carried out in [2]. 
ANSYS analysis software system was used to numer-
ically determine the strength of materials randomly 
strengthened by spherical and cylindrical inclusions. 
A comparison was made with the results of full-scale 
tests.

Article [3] is devoted to the prediction of elas-
tic and plastic constants composite material from 
polytetrafluoroethylene reinforced with aluminum. 
For this purpose, two types of 2D representative vol-
umetric elements were developed and investigated 
based on the statistical analysis of microstructure 
images, taking into account the geometry and distri-
bution of reinforcing particles and microvoids. The 
same microstructure is modeled and investigated in 
a three-dimensional setting using the finite element 
method. The obtained results indicate the effective-
ness of the mentioned approaches.

The multilevel use of the finite element method 
at both the micro and macro levels is used in works 
[4; 5]. The accuracy and effectiveness of using FE2 in 
models of the behavior of composite material under 
plastic deformation conditions based on the theory of 
small deformations were studied, and for the studied 
environment, decomposition by subdomains was used, 
each of which is related to the model of the compos-
ite material at the micro level [4]. The task of design-
ing composite structures using the FE2 finite element 
method based on two-level simultaneous optimization, 
which reduces the level of stress concentration and 
improves the stiffness properties of the composite with 
elliptical inclusions, was solved in [5].

The method of finite elements with its software 
implementations in CAD is also used directly for the 
calculation of structures from composite materials 
with mathematical models embedded in CAD. Thus, 
in work [6], ANSYS software based on the finite ele-
ment method was used to estimate the deformations 
and stresses of a leaf spring made of composite mate-
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rial. Various combinations of composite materials, 
namely E-glass-epoxy, carbon-epoxy, boron-epoxy, 
and graphite-epoxy, were analyzed to select the opti-
mal spring design.

In work [7], the finite element method was used 
to analyze composites in a wide variety of situa-
tions, namely, the behavior of materials was modeled 
depending on the theory, the type of material anisot-
ropy, the law of failure criteria, etc. The finite element 
method was used for research at different levels of 
modeling – micro-, meso– and macro-levels. Differ-
ent types of finite elements (plate, shell, and others) 
were used for modeling.

On the basis of the Abaqus software package and 
its extension using the Python programming code, 
examples of the calculation of composite materials 
for various problem statements are given, namely in 
the conditions of elasticity, viscoelasticity, the pres-
ence of damage, delamination, fatigue, strength stud-
ies, edge effects, etc. [8].

The moment finite-element scheme for the calcu-
lation of structures made of fibrous composite mate-
rials is presented in [9], where the spatial character of 
fiber reinforcement is taken into account.

Methods. In this work, we construct a stiffness 
matrix of a spatial finite element based on a moment 
scheme for calculating structures made of compos-
ite material reinforced with discrete inclusions. We 
also take into account the possibility of calculating 
composite materials with weakly compressible com-
ponents.

Considering that the main goal is to study the 
spatial problems of the mechanics of composites, we 
build the stiffness matrix of the three-dimensional 
finite element. According to the geometric shape, spa-
tial elements can be parallelepiped, triangular prisms 
and tetrahedrons, each of these elements has its own 
advantages and disadvantages. From the point of 
view of the symmetry of the approximating functions 
along the coordinate directions, among the proposed 
finite elements, the hexagonal element is generally 
more effective. Characteristic points are inherent in 
each element – the nodes of the finite element (as a 
rule, the corner points of the element), which reflect 
the discrete character of the obtained model.

The stiffness matrix of the composite material 
with discrete inclusions using the MFES for the 
weakly compressible material is constructed. One of 
the most common geometric forms of a finite element 
is a parallelepiped, for which the same number of 
nodes along all coordinate directions is natural and, 
accordingly, there is symmetry in the approximating 
functions along the coordinates.

We get a discrete representation of the geometric 
area in the form of a collection of hexagonal finite 
elements, but their shape and size usually differ 
depending on one or another grid generator in case 

of applying the finite element method. It is unsuit-
able to perform mathematical operations and trans-
formations for all types of forms when deriving the 
main ratios of the stiffness matrix. A more rational/
reasonable way is when a local coordinate system is 
introduced for each finite element, in which its shape 
and dimensions are displayed in a cube with a fixed 
side length (Fig. 1). Then, with the help of mathemat-
ical operators of transformation from one coordinate 
system to another, these relations are obtained in the 
global coordinate system, which describes the geom-
etry of the structure and the boundary conditions. For 
the convenience of numerical integration according 
to Gauss quadrature formulas, let the length of the 
side of the cube be equal to 2. Let us number the eight 
nodes of the finite element as shown in fig. 1, we 
place the origin of the local coordinate system in the 
center of the cube.

 

Fig. 1. Mapping of a curvilinear parallelepiped 
finite element for a granular composite  

into a cubic one

Variational principles are one of the most well-
founded laws describing natural phenomena. To 
model the process of deformation of structures made 
of granular composites, we will use the variational 
principle of Lagrange. To do this, we need to deter-
mine the potential energy of the object under consid-
eration. In the case of elastic deformation, this value 
can be written as follows:

�* � �W A* *,                               (1)
where W*– the energy of elastic deformation of the body, 
A*  – the work of external forces acting on the body.

According to Lagrange's variational principle, the 
potential energy П* variation is considered, which 
after discretization of the object is equal to the sum of 
the corresponding values for all finite elements:

� � ��* ,� �
�

� �

�

� �� �
i

n
i

i

n

i
iW A

1 1

�                       (2)

here n – the number of finite elements.
This variational equation serves to form the system 

of solving equations of the finite element method. This 
procedure does not differ from the similar procedure in 
the traditional scheme of the finite element method, so 
let us focus on the obtaining of stiffness matrices of the 
finite element using the moment scheme. Let us write 
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down the variation of the energy of elastic deformation 
�W i� �  of an arbitrary i-th finite element by volume  
of V (redesignating W i� �  for simplification by W ):

� � ��W dVij
ij

v

� ��� ,

and using the inverse form of generalized Hooke's 
law, we get

� � ��W
v

C dVijkl
kl ij� ��� ,

in the matrix form, the last relation, taking into account 
the parity of the tangential stresses, will take the form

� � � �W C dVij

T ijkl
kl

v

� � � �� �� � ���� ,       (3)

where � � � � � � �kl

T� � � � �11 22 33 12 13 23, , , , ,  – vector of 
deformations, Cijkl�� ��  – matrix of elastic constants of 
the material of the object.

As a result of homogenization of heterogeneous 
materials, we obtain a homogeneous material with 
effective mechanical characteristics. The material 
obtained after homogenization, depending on a num-
ber of initial parameters, such as the shape and loca-
tion in space of reinforcing elements, properties of 
the matrix and fiber, can be classified as anisotropic 
(general case), orthotropic, transtropic materials, and, 
finally, as a quasi-isotropic material. The last case is 
characteristic of a granular composite material, that 
is, a quasi-isotropic material. A significant manifes-
tation of anisotropic properties for such materials is 
not a frequent case – it is possible when, for example, 
reinforcing particles have a deterministically asym-
metric shape and certain orientations when located in 
a composite.

Let us use the relation for the elastic constants of 
an isotropic (quasi-isotropic) material through the 
Lamé parameters λ, μ and the components of the met-
ric tensor 𝑔𝑔𝑔𝑔� :

C g g g g g gijkl ik jl il jk ij kl� �� � �� �

Considering that the effective elastic constants of 
a composite material are determined by the bulk mod-
ulus of elasticity K and the shear modulus G:

� �� � �G K G, � 2
3

we will have

� � � ��W Gg g K G g dVik jl
kl

ij
ij

v

� � ��
�
�

�
�
�

�

�
�

�

�
���� 2

2
3

,

or
� � �� ���W ik jl

kl ij
v

V

Gg g K G dV� � ��
�
�

�
�
�

�

�
�

�

�
���� 2

2
3

,

where θ  is the volume change function.
And expression (3) will take the form:

� � � �� � �W ij

T ik jl
kl

v
V K G dV

V

T

v

Gg g d� � � � ��
�
�

�
�
�� �� � � ���� ���2 2

3
,    (4)

Thus, in fact, two independent elastic constants 
are needed to describe the elastic properties. Let us 
consider some approaches to their definition.

The following ratios can be used to determine 
effective elastic constant composite materials with 
discrete inclusions. For a composite material with 
a small volume fraction of spherical inclusions, we 
have the effective shear modulus [10]:

G G

G
G

f

G
G

� �
�� � �

�

�
�

�

�
�

� � �� �

�

�

�
�
�
��

�

�

�
�
�
�

�

�
*

*
*

* *
*

1

15 1 1

7 5 2 4 5

�

� � ��

,            (5)

effective bulk modulus

K K
K K f

K K

K G

� �
�� �

�
�� �
��

�
�

�
�
�

�

�
*

*

*

* *

,

1
4
3

                 (6)

here G * , G °  – are the shear modules of the material 
of the matrix and inclusion, respectively; K * , K °  – 
volume modules of matrix and inclusion material, 
respectively; ν*  – Poisson's ratio of matrix material; 
f  – the volume fraction of inclusions in the composite 

material.
For a composite material with a large volume 

fraction of spherical inclusions f �� �1  we have the 
effective shear modulus [10]:

G G

G
G

G
G

f

� �
�

�

�
�

�

�
� � � �� ��

�
�

�

�
� �� �

�� �

�
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�
�

�

�

1
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*
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*

� �
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�
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�

�

�
�
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, � �    (7)

effective bulk modulus
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K K f

f
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K G

� �
�� �
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�� �
��

�
�

�
�
�

�

�
*

*
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.
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4
3

                 (8)

For a composite material with a small volume 
fraction of lamellar inclusions, we have the effective 
shear modulus [10]:

G G
G G f

G G

G G

G
G K G

K G
� �

�� �
�

�� �
�� �

�
�� �
�� �

�
�

�
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1
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� � � �            (9)

effective bulk modulus
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�
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.

1
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3

                  (10)

An important procedure in the finite element 
method is the choice of the type of approximating 
functions, and how accurately the problem will be 



80

Computer Science and Applied Mathematics. № 2 (2023) ISSN 2786-6254

solved in the future depends on it. If the finite element 
is assumed to be isoparametric in the form of a paral-
lelepiped with eight nodes (Fig. 1), then it is reason-
able to choose a linear approximation in each of the 
three coordinate directions. In this case, according to 
the moment finite-element scheme for weakly com-
pressible materials, three components characterizing 
the deformed state of the material are decomposed by 
local power functions of the form

� pqr
p q r

x x x

p q r
� � �

� � � � � �1 2 3

! ! !
,                (11)

here p l q m r n� � � � � �0 0 0, , ; , , ; , ,  – degrees 
of approximating functions in the corresponding 
coordinate directions; in the adopted law of 
approximation l m n= = = 1 .
Then we will have for the components of the 
displacement vector:

uk
p

l

q

m

r

n

k
pqr pqr

� �
� � �

� � � �� ���
0 0 0

� � ,                 (12)

for the components of the strain tensor

� �ij
p

L

q

M

r

N

ij
pqr pqr

ij ij ij

e�
� � �

� � � ����
0 0 0

,            (13)

and volume change functions

� � ��
�

�

�

�

�

�
� � � ����

p

l

q

m

r

n
pqr pqr

0

1

0

1

0

1

,               (14)

where �kpqr'
� � , eijpqr� � , � pqr� �  are the expansion coefficients 

of the components of the displacement vector, the 
deformation vector, and the volume change function, 
respectively.

In the vector-matrix form of the record, expres-
sions (15) and (16) will take the form:

uk ij k

T

' ' ,� � �� �� �                  (15)

� �ij ij ij

T
e� � � � �� � ,                  (16)

� � ��� � � � �� �T ,                    (17)

where 
� � � � � � �k k k k k k k' ' ' ' ' ' ', , , , ,� � � � � � � � � � � � �000 100 010 110 001 101� �� � � � � �� �, ,' '� �k k

011 111  – 
the vector of displacement expansion coefficients, 

� ��� � � � � � � �ij x x x x x x x x x x x x1 1 2 1 2 3 1 3 2 3 1 2 3, , , , , , ,� � � � � � � � � � � �  – 
the vector of power functions of the form (13), 

e e e e e e eij ij ij ij ij ij ij� � � � � � � � � � � � �000 100 010 110 001 101, , , , ,� �� � � � � �� �, ,e eij ij
011 111  – 

the vector of expansion coefficients of the volume 
change function, 

� � � � � � � � �� � � � � � � � � � � � � � � � �000 100 010 110 001 101 011 111, , , , , , ,� �� �� �  – 

the vector of expansion coefficients of the volume 
change function.

Substituting relations (18), (19) into (4), we obtain:

� � � �

� �

W e Gg g e dV

K G

ij ij

T ik jl
kl kl

T

v

T

� � �� � � �� � �

� � � ��
�
�

�
�
�

��� 2

2
3

��� ���� dV
v

,
   (18)

To determine the components eijpqr� � , we will use 
the Cauchy relations that relate displacement to 
deformations:

�ij
m

j
m i

m

i
m j

z
x
u

z
x
u�

�
�

�
�
�

�

�
��

�

�
��

1
2

'
',

'
', .           (19)

Differentiating (15), we have:
uk k k k k', ' ' ' '1

100 110 010 101 001 111 011� � � �� � � � � � � � � � � � �� � � � � � � ��

uk k k k k', ' ' ' '2
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001 101 100 011 010 111 110� � � �� � � � � � � � � � � � �� � � � � � � ��.�  (20)

Then relations (19) will take the form:
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Then the coefficients of the deformation vector eijpqr� �  
in expression (16) can be determined by the formula:

e
x x x
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.�         (22)

As a result, we will have the following ratios for 
the expansion coefficients eijpqr� � :
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e f fpqr
pqr

k p q r
k

k p12
1

1
11

2
� � �� �

� � � �� �
�� �

�� ��
���

�� �
� � �

� ��� �'
'

' �� � �q r
k

� � �� �� �1
' ;

e f fpqr
pqr

k p q r
k

k p13
1

1
11

2
� � �� �

� � � �� �
�� �

�� ��
���

���
� � �

� ��� �'
'

' �� � �q r
k

� � �� �� �1' ;

e f fpqr
pqr

k p q r
k

k p23
1

1
11

2
� � �� �

� � � �� �
�� �

�� ��
���

���
� � �

�� �� �'
'

' �� � �q r
k

� � �� �� �1' ,    (23)

where the notation is entered
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1 2 3 01 2 3

      (24)

To determine the coefficients (24), it is necessary 
to establish a connection between the global coordi-
nate system zk, and the local one associated with the 
finite element xi. For an isoparametric finite element, 
this relationship will also be linear:

z N x x x zk
L

L k
L

' ', , ,� � �
�
�
0

8

1 2 3                (25)

where is the zkL'  – k ' -th ( k ' , ,= 1 2 3 ) coordinate of the 
L �  – node in the global coordinate system ( L = 1 8,..., ),  
N x x xL 1 2 3, ,� �  – the approximating functions (shape 
functions) of the L  node, which for a finite element 
with a linear law of approximation in all three 
directions are determined by the formula [10]:

N x x x x x xL
L L L� �� � �� � �� �1

8
1 1 11 1 2 2 3 3 ,     (26)

where xiL  is the i -th coordinate ( i = 1 2 3, , ) of the 
L-th ( L = 1 8,..., ) node in the local coordinate system 
associated with the finite element.

In more detail, the shape functions NL  for the 
nodes of the finite element can be written as follows:

N x x x N x x x1 1 2 3 2 1 2 3

1
8
1 1 1

1
8
1 1 1� �� � �� � �� � � �� � �� � �� �, ,

N x x x N x x x3 1 2 3 4 1 2 3

1
8
1 1 1

1
8
1 1 1� �� � �� � �� � � �� � �� � �� �, ,

N x x x N x x x5 1 2 3 6 1 2 3

1
8
1 1 1

1
8
1 1 1� �� � �� � �� � � �� � �� � �� �, ,

N x x x N x x x7 1 2 3 8 1 2 3

1
8
1 1 1

1
8
1 1 1� �� � �� � �� � � �� � �� � �� �, .   (27)

Now let’s return to relationship (24) for the 
coefficients of expansion of deformations eijpqr� �

, analyzing them, we can see that some of them 
contain coefficients �kpqr'

� �  that are not included in 
the expansion of displacements (15). Therefore, 
the deformation expansion coefficients (24) 
containing at least one of the terms that are not 
included in the displacement expansion (15) should 
be removed from the expansion (24). Taking into 
account the mentioned rules of the moment finite-
element scheme, the components of the vector of 
deformations will take the form:
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010 010
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000
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010 010� �� � � � � �e e ,
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000
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100 100� �� � � � � �e e .                  (28)

The deformation expansion coefficients in (29) in 
vector-matrix form will take the form:

e Fij k ij
k� � � � � �� ��� '
' .                       (29)

In this expansion, the matrix Fij
k '�� ��  is formed on 

the basis of (24) taking into account the removal of 
some coefficients according to the moment finite- 
element scheme.

The expansion coefficients of the volume change 
function are determined by the ratio:

�
����
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x x x

g

x x x1 2 3

01 2 3

.�  (30)

With the linear approximation of movements 
according to the moment finite-element scheme, the 
volume change function will take the form:

� �� � �000 .

In matrix form, expression (30) will be written as 
follows:

� � �� � � � � �� ��
�

k
kF' .                    (31)

The matrix form of recording the variation of elas-
tic deformation energy (19), taking into account (29), 
will take the form:
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And taking into account that some components of 
this sum can be taken beyond the sign of the triple 
integral, we will have:
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here

H Gg g gdx dx dxijkl ik jl
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are the components of the matrix of elastic constants 
of an isotropic (quasi-isotropic) material, taking into 
account the metric of space.

In expansion (32), all components are defined, 
except for the displacement expansion coefficients, 
their determination makes it possible to write down 
the desired displacement function (15) and, therefore, 
to solve the problem. But these coefficients do not 
have visible mechanical meaning, so it is reasonable, 
as in the classic version of the finite element method, 
to move from them to the nodal values of displace-
ments, which have a clear mechanical meaning.

Let us write the linear approximation of the 
components of the displacement vector uk '  in the global 
coordinate system Oz1'z2'z3' for the hexagonal finite 
element through the nodal values of the displacements 
uk
L
'  and the shape functions N x x xL 1 2 3, ,� � :

u N x x x uk
L

L k
L

' ', , ,� � �
�
�
0

8

1 2 3 �

here ukL'  – is the movement of the L-th node in the 
k-th direction in the global coordinate system, 
N x x xL 1 2 3, ,� �   – is the shape function of the L-th node 
of the form (27).

Let us find the connection between the 
coefficients of displacements �k

pqr
'

� �  and the nodal 
values of displacements ukL'  by defining the matrix 
of transformations A� � . The matrix A� �  describes the 
relationship between shape functions NL  and power 
functions � pqr� � . Both of them are inherently a set of 
power functions, but when describing movements 
they are grouped in a combination in different ways, 
therefore, to find the matrix A� �  that reflects this 
relationship, we use relation (15), on the other hand, 
(33) can be written as:

u N uk L k
L T

' ' ,� � �� �                      (37)

where u u u u u u u uk
L

k k k k k k k' ' ' ' ' ' ' ', , , , , ,� � � � � � � � � � � � � � �1 2 3 4 5 6� � � � � � 77 8� � � �� �, 'uk  – is the 
vector of nodal displacements, 
N N N N N N N N NL� � � � �1 2 3 4 5 6 7 8, , , , , , ,  – the vector of 

shape functions determined by formulas (27).
Comparing (11) and (27), we have the relation:

N AL ij

T� � � � �� �� .                   (38)

Considering the equality of the right-hand sides of 
relations (15) and (37), we can write:

�k k
Lu A' ' .� � � � �� �                   (39)

The variation of the energy of elastic deformation, 
taking into account (39), will be written in the form:
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or we can write:
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In the last ratio, the stiffness matrix of the finite 
element based on the moment scheme for a granular 
composite material with a dimension of 24×24 will 
have the form:

K A F H F F H Fk m
ij
k ijkl

kl
m T k' ' ' ' '�� �� � � � �� �� �� �� �� �� � �� �� �� ���

�
�
mm T T

A' .�� ��� � � �  (42)

The global stiffness matrix for the entire body 
under study is formed based on (2) by summation 
over all finite elements.

Numerical results. Using the finite element 
method is virtually impossible without creating soft-
ware. To implement the presented stiffness matrix 
of the finite element based on the moment scheme, 
we will use the “МІРЕЛА+” software complex [11], 
in which we will use the existing preprocessor and 
postprocessor, and to the preprocessor we will add 
program blocks that implement the formation of the 
stiffness matrix described above. To verify the pre-
sented mathematical calculations and software imple-
mentation, we will determine the stress-strain state of 
composite structures.

Let us consider the solution of the planar problem 
of the theory of elasticity for a thick-walled long cyl-
inder under the action of internal and external forces. 
For an isotropic (quasi-isotropic) material, we will 
have the following solution:

u Ar
B
rr � � .                           (43)

We determine the unknown constants A and B 
from the specified boundary conditions (( �r r q1� � � � ), 
�r r2 0� � � , where r r1 2,  – the inner and outer radius of 
the cylinder, q  – the internal pressure, and there is no 
external pressure). As a result, we have:
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r r
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qr r
r r
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1 11
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2
2
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2

1
2
2
2

2
2

1
2

� �
, .� � � �

The material of the matrix is steel with mechanical 
characteristics of E * ,= 215 8  GPa; �* ,� 0 3 . The 
fiber material is tungsten carbide with mechanical 
characteristics of E � � 697 6,  GPa; �� � 0 3, . The inner 
radius of the cylinder is r1 0 1= ,  m, the outer radius 
of the cylinder is r2 0 15= ,  m, the inner pressure is 
q = 10  MPa.

The results of calculations with different meshes 
of finite elements show stable convergence to the ana-
lytical solution. Analytical solutions and numerical 
results for a 6×14×3 discretization grid are given in 
Tables 1, 2, 3.

To estimate the error of numerical calculations, we 
will use the formula:

� �
�� �u u

u
n a

a

100%,
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where ua  is the analytical solution and un  is the 
numerical calculation.

Table 1 shows numerical results for a small vol-
ume content of spherical inclusions (f = 0...0,3) and, 
therefore, elastic constants were calculated according 
to formulas (5), (6); Table 2 shows the calculations 
for a large volume content of spherical inclusions 
(f = 0,7...1) and, therefore, elastic constants were 
calculated according to formulas (7), (8). As can be 
noted, when the volume fraction of a stiffer inclu-
sion increases, the composite material also becomes 
stiffer and, consequently, the displacements of the 
points of the inner surface decrease. With the given 
finite element grid, the maximum error in all cases 
is about 5%, which is most likely related to errors in 
the approximation of the geometry of the cylindrical 
surfaces. The same picture is observed in the case 
of reinforcement with lamellar inclusions (Table 3), 
when the elastic characteristics are calculated accord-
ing to formulas (9), (10).

Table 1 
Displacement of the inner point of the cylinder 

(spherical inclusions, small volume fraction)
Volume 
content

 of fiber, f

Analytical solution
(formula (43)),  

×105 m

Numerical 
solution, 

МFES, ×105 m

Error, 
%

0 1,344 1,276 -5,06
0,1 1,214 1,154 -4,94
0,2 1,107 1,053 -4,88
0,3 1,017 0,968 -4,82

Table 2 
Displacement of the inner point of the cylinder 

(spherical inclusions, large volume fraction)
Volume 
content

 of fiber, f

Analytical solution
(formula (43)),  

×105 m

Numerical 
solution, 

МFES, ×105 m

Error, 
%

0,7 0,720 0,679 -5,69
0,8 0,580 0,550 -5,17
0,9 0,485 0,461 -4,95
1 0,416 0,395 -5,05

Table 3 
Displacement of the inner point of the cylinder 

(lamellar inclusions, small volume fraction)
Volume 
content 

of fiber, f

Analytical solution
(formula (43)),  

×105 m

Numerical 
solution, 

МFES, ×105 m

Error, 
%

0 1,344 1,276 -5,06
0,1 1,170 1,113 -4,87
0,2 1,037 0,987 -4,82
0,3 0,930 0,886 -4,73
0,4 0,844 0,804 -4,74
0,5 0,772 0,736 -4,66
0,6 0,712 0,679 -4,63

In the process of calculations, all components of 
the stress-strain state were obtained, so, in Fig. 2 it is 
shown the distribution in the cylinder of stress σxx (the 
axes are shown in the figure) for a composite with 
lamellar inclusions (f = 0,2).

 

Fig. 2. Stress distribution σxx in a hollow cylinder made of composite material  
with lamellar inclusions (f = 0,2)
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Conclusions. An approach to numerical mode-
ling of composite structures with discrete inclusions 
based on homogenization of heterogeneous material 
is presented. The stiffness matrix of the spatial finite 
element is constructed on the basis of the moment 

scheme, which allows calculating composite mate-
rials with both compressible and weakly compress-
ible components. Numerical calculations using the 
developed matrix showed a good convergence of the 
obtained results to the known exact solutions.

BIBLIOGRAPHY
1. Islam M., Tudryn G.J., Picu C.R. Microstructure modeling of random composites with cylindrical inclusions 

having high volume fraction and broad aspect ratio distribution. Computational Materials Science, Volume 
125, 2016, P. 309–318. https://doi.org/10.1016/j.commatsci.2016.08.051

2. Berladir K., Zhyhylii D., Gaponova O., Krmela J., Krmelová V., Artyukhov A. Modeling of Polymer 
Composite Materials Chaotically Reinforced with Spherical and Cylindrical Inclusions. Polymers. 2022, 
14(10): 2087. https://doi.org/10.3390/polym14102087

3. Ge C., Dong Y., Maimaitituersun W. Microscale Simulation on Mechanical Properties of Al/PTFE 
Composite Based on Real Microstructures. Materials. 2016; 9(7):590. https://doi.org/10.3390/ma9070590 

4. Giuntoli G., Aguilar J., Vázquez M., Oller S., Houzeaux G. A FE2 multi-scale implementation for 
modeling composite materials on distributed architectures. Coupled Systems Mechanics. Vol. 8, No. 2 
(2019) P. 99–109. https://doi.org/10.12989/csm.2019.8.2.099

5. Li S., Hou S. 2023. Two-scale concurrent optimization of composites with elliptical inclusions under 
microstress constraints within the FE2 framework. Comput. Struct. 276, C (Feb 2023). https://doi.
org/10.1016/j.compstruc.2022.106942

6. Geetha Satya Sai S., Sailesh V., Mobin S.K., Subash Chandra Bose T., Sai Krishna Y., Prasanthi P.P. (2021). 
Analysis of Composite Leaf Springs Using Finite Element Method. In: Narasimham G.S.V.L., Babu A.V., 
Reddy S.S., Dhanasekaran R. (eds). Recent Trends in Mechanical Engineering. Lecture Notes in Mechanical 
Engineering. Springer, Singapore. pp 479–488. https://doi.org/10.1007/978-981-15-7557-0_40

7. Müzel S.D., Bonhin E.P., Guimarães N.M., Guidi E.S. Application of the Finite Element Method in 
the Analysis of Composite Materials: A Review. Polymers. 2020; 12(4):818. https://doi.org/10.3390/
polym12040818

8. Barbero E.J. (2023). Finite Element Analysis of Composite Materials using Abaqus (2nd ed.). Boca Raton 
CRC Press. 571 p. https://doi.org/10.1201/9781003108153

9. Christensen R.M. Mechanics of Composite Materials. Dover Publications: Mineola, New York. 2005. 384 p.
10. Гребенюк С.М., Гоменюк С.І., Клименко М.І. Напружено-деформований стан просторових кон-

струкцій на основі гомогенізації волокнистих композитів. Херсон: Гельветика, 2019. 350 с.
11. Киричевский В.В., Дохняк Б.М., Козуб Ю.Г., Гоменюк С.И., Киричевский Р.В., Гребенюк С.Н. Метод 

конечных элементов в вычислительном комплексе «МІРЕЛА+». Киев: Наукова думка, 2005. 416 с.
12. Можаровський М.С. Теорія пружності, пластичності і повзучості: Підручник. Київ: Вища школа, 

2002. 308 с.
13. Хорошун Л.П., Маслов Б.П., Шикула Е.Н., Назаренко Л.В. Механика композитов. Т. 3. Статистиче-

ская механика и эффективные свойства материалов. Киев: Наукова думка, 1993. 390 с.

REFERENCES
1. Islam M., Tudryn G.J., Picu C.R. (2016). Microstructure modeling of random composites with cylindrical 

inclusions having high volume fraction and broad aspect ratio distribution. Computational Materials 
Science, Volume 125, pp. 309–318. https://doi.org/10.1016/j.commatsci.2016.08.051

2. Berladir K., Zhyhylii D., Gaponova O., Krmela J., Krmelová V., Artyukhov A. (2022) Modeling of 
Polymer Composite Materials Chaotically Reinforced with Spherical and Cylindrical Inclusions. Polymers. 
№14(10):2087. https://doi.org/10.3390/polym14102087

3. Ge C., Dong Y., Maimaitituersun W. (2016) Microscale Simulation on Mechanical Properties of Al/PTFE 
Composite Based on Real Microstructures. Materials. 9(7):590. https://doi.org/10.3390/ma9070590

4. Giuntoli G., Aguilar J., Vázquez M., Oller S., Houzeaux G. (2019) A FE2 multi-scale implementation for 
modeling composite materials on distributed architectures. Coupled Systems Mechanics. Vol. 8, No 2. 
Pp. 99–109. https://doi.org/10.12989/csm.2019.8.2.099

5. Li S., Hou S. 2023. Two-scale concurrent optimization of composites with elliptical inclusions under 
microstress constraints within the FE2 framework. Comput. Struct. 276, C (Feb 2023). https://doi.
org/10.1016/j.compstruc.2022.106942



85

Computer Science and Applied Mathematics. № 2 (2023) ISSN 2786-6254

6. Geetha Satya Sai S., Sailesh V., Mobin S.K., Subash Chandra Bose T., Sai Krishna Y., Prasanthi P.P. (2021). 
Analysis of Composite Leaf Springs Using Finite Element Method. In: Narasimham G.S.V.L., Babu A.V., 
Reddy S.S., Dhanasekaran R. (eds). Recent Trends in Mechanical Engineering. Lecture Notes in Mechanical 
Engineering. Springer, Singapore. Pp 479–488. https://doi.org/10.1007/978-981-15-7557-0_40

7. Müzel S.D., Bonhin E.P., Guimarães N.M., Guidi E.S. (2020) Application of the Finite Element Method 
in the Analysis of Composite Materials: A Review. Polymers. 12(4):818. https://doi.org/10.3390/
polym12040818

8. Barbero E.J. (2023). Finite Element Analysis of Composite Materials using Abaqus (2nd ed.). Boca Raton 
CRC Press. 571 p. https://doi.org/10.1201/9781003108153

9. Christensen R.M. (2005) Mechanics of Composite Materials. Dover Publications: Mineola,  
New York. 384 p.

10. Grebeniuk S.M., Gomeniuk S.I., Klymenko M.I. (2019) Stress-strain state of spatial structures based on 
homogenization of fibrous composites. Helvetica Publishing House (in Ukrainian.)

11. Kirichevskiy V.V., Dohnyak B.M., Kozub Yu.G., Gomenyuk S.I., Kirichevskiy R.V., Grebenyuk S.M. 
(2005) Finite element method in the computational complex «МІРЕЛА+», Kiev: Naukova dumka 
(in Russian)

12. Mozharovskiy M.S. (2002) Theory of elasticity, plasticity and creep Pidruchnik. Kiyiv: Vischa shkola, 
308 p. (in Ukrainian)

13. Horoshun L.P., Maslov B.P., Shikula E.N., Nazarenko L.V. (1993) Mechanics of composites. T. 3. Statistical 
mechanics and effective properties of materials. Kiev: Naukova dumka.


