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Key words: interpolation, By “periodic” we mean a parametric curve that replicates itself on some
tangent vectors, Fourier predefined period up to a translation. A good example of a parametric curve
polynomial, numeric is a helix. The domain of the function that sets the parametric curve is real
optimization, continuous numbers, the codomain is then points in n-dimensional space. The period can
optimization, periodic curve, be an arbitrary number, but from now on in this work we’ll always presume
closed curve. that the period is 2.

In this work, we propose a way to construct a periodic curve that goes through
a set of predefined points and, while doing so, provides additional control over
its shape. To build such a periodic curve, we use an exponential-algebraic
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hybrid polynomial that is partially similar to the Fourier polynomial in complex exponential notation. The difference
is that the hybrid polynomial we propose also has algebraic terms, moreover while exponential terms inherently
require imaginary numbers as their input, the algebraic terms do not. This polynomial interpolates a set of complex
numbers, each assigned to a single real parameter. The real parts of the complex data points constitute the points
in n-dimensional space the target curve passes through, while the imaginary parts of the same data points affect the
shape of the curve without compromising the interpolating properties of the polynomial in real numbers.

In this way, we effectively split our input in two. The “curve goes through the points” conditions are set by the real
parts of the complex input data points, and we can then use the imaginary parts to control the curve’s shape. An
example of such control is minimizing the curve’s length on a given parameter range.
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Kniouogi cnosa: inmepnonayis,
OOMUYHI BeKMOPU, NOTTHOM
Dyp’e, uucenvna onmumizayis,
HenepepeHa onmumizayis,
nepioouuHa Kpusa, 3aMKHeHd
Kpusa.

[Tig «mepiogMyHOI0» KPUBOIO MaTUMEMO Ha yBa3i KpHUBY, IO MMOBTOPIOE cede
Ha MEBHOMY IEpiofi 3 TOYHICTIO A0 mepeHocy. lIpukiagoM Takoi KpHBH €
TBUHTOBA JiHisA. JJoMeHOM (yHKIIII, sika 3a/1a€ TaKy TapaMeTpU4Hy KpPHUBY, €
MHOXHHA JIIHCHUX YHCEeN, a KOJIOMEHOM — MHO)KHHA BCiX TOUYOK N-BUMIPHOTO
npocrtopy. Ilepiomom Takoi kpuBOi Moxe OyTH Oyab-siKe IOBINbHE AilicHE
YHCIIO0, aJe TYT 1 HaJalli BBaKAaTUMEMO HepiofioM NepioandHoi KPpUBOT 27.

Y miii poOOTI NPOMOHYEThCS CMOCiO TOOYHOBM MEpiOAWYHOI KPHUBOI,
IO TMPOXOAWTH dYepe3 Hamepe] 3aJaHy MHOXHHY TOYOK 1 BOJHOUAC
3a0esredye JJOMaTKOBUH KOHTPOIb 3a Gopmoro. J[iist moOynoBu Takoi KpuBOi
BUKOPUCTOBY€ETHCSI KOMOIHOBAHUI EKCHOHEHIINHHO-aIreOpUIHUI TONiHOM,
YaCcTKOBO MONiOHMUI 0 moniHoMy Dyp’e B eKCTIOHEHIIHHOMY 3amuci. Pi3HUIS
MiXK 3apPOIIOHOBAHUM TTOJIIHOMOM 1 mosiiHoMoM Dyp’e mossirae y Tomy, 1o
KOMOIHOBaHMH MOJIHOM MICTHTh Pa3oM 3 EKCIOHCHI[IHHMME 1 anreOpudHi
WICHH, TPUIOMY, SIKIIIO €KCIIOHCHIIHHI YJICHU OTPEOYIOTh yIBHOTO apPIyMCHTY,
anreOpuYHi MpUIIMAIOTh apTyMeHT y AilicHoMy mpoctopi. Takumii mosiHOM
IHTEPIIONIOE MHOXHHY KOMIUIEKCHHX YHCEJN, MPU3HAYCHUX 10 YHIKAJIBHHX
3HA4YeHb JIiCHOTO mapameTpa. [lificCHI YacTKH TaKWX 4YHCEe] BiJMOBIIAOThH
TOYKaM KpUBOi y IiMCHOMY IpOCTOpi, 4epe3 sAKi KpHBa MPOXOJUTHUME, a
ySBHI — BIUINBAIOTh Ha (hOpMY KpUBOi HE BITHIMAIOUM YMOBH IPOXOIKEHHS
Yyepes 3aJ1aHi TOYKH 3aBJISKH IHTEPIOJISAIIHHAM BIACTUBOCTSM TOJIHOMA.

Y Takwuii crioci0 BXigHI AaHi (PaKTUIHO PO3ALIAIOTHCS HA IBI MHOKHHH. YMOBA
MPOXO/DKCHHS KPUBOI 4epe3 3aJaHi TOYKH 3aMA€ThCS JIMCHUMM YacTKaMH
BX1JTHUX JaHUX, a YSBHI YaCTKH THUX YHCEJ JOJATKOBO BIUIMBAIOTH HA (opMy
KpHBOi. Y TPOCTOpi YSBHUX YacTOK BXIJHHX JAQHUX MOXKJIMBA YHCEIbHA
ONMTHUMI3allisl IEBHUX BIACTUBOCTEH KPHBOI, HATPHUKIIA]] MiHIMI3alii TOBKUHH

KPHBOI HA MapaMeTPUYHOMY iHTepBai ii mepiony.

Literature review. For the most practical applica-
tions, the problem of periodic curves construction nar-
rows down to several distinct types of curves: helical
polynomial space curves as a special case of Pythag-
orean-hodograph curves [1], slant helix curves [2; 3]
or conical geodesic curves [4]. This specialization is
attributed to the properties of helical curves we want to
sustain for instance the constant precession [5].

For the more generic periodic curves, it is often
practical to use splines which can also preserve some
desirable geometric invariants. For instance, rational
splines can represent circles exactly [6; 7] and a circle
is a special case of a periodic curve. Also, there are
splines based on Pythagorean-hodograph curves [8]
that can be used for periodic curve construction as well.

For the most generic periodic curves, when no
specific invariants are expected to hold and no reg-
ularity of smoothness only the C" continuity is nec-
essary, we can also use non-uniform rational basis
splines [9], or any rational or even polynomial splines
at all, and emulate the periodicity by replicating the
same curve segment with the same translation for as
long as needed.

Introduction. In our earlier paper [10] we pro-
posed the following polynomial for constructing
closed curves with given properties:

P(x)= iake”‘".
k=0

When X is real, the exponential argument in every
polynomial term is the real x multiplied by a real
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number K and imaginary entity I, therefore, becoming
fully imaginary. Then by Euler’s formula, the poly-
nomial decomposes into a set of sinusoids and cosi-
nusoids, therefore becoming a periodic function. The
coefficients a,, however, are complex.

This polynomial can be interpolating for a set of
exactly (n + 1) distinctive data points (t, p) where t is
a real number, and p is complex. This polynomial is
equivalent to the Fourier polynomial only of 2n + 1
members where the constant term is also a complex
number. Normally, this Fourier polynomial would
have been excessive for n + 1 points interpolation, but
by splitting the input into real and imaginary parts,
we only use the real part as interpolating data, and
we retain the control over the imaginary part to have
additional controls over the interpolating function.

The interpolating polynomial is then used to build
the curve that both goes through a set of points and
allows additional control over its properties. This
additional control is valuable in practice. The main
goal of the current work is to extend the proposed
solution from closed curves to open periodic ones.

The auxiliary goal of this work is to explore whether
optimizing the curve shape by minimizing its length in
complex space can help approach the construction of
minimal periodic surfaces. We use numeric methods,
so we wouldn’t expect true minimal surfaces to emerge
but only some reasonable approximations.

Methods. We use the analytic method to build
interpolating polynomials along with their derivatives
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in real numbers but continuous numeric optimization
in imaginary parts of the input data points to optimize
non-interpolating properties. Translated into geomet-
ric terms, we grant that the curve passes exactly
through the selected points and has exact tangent
vectors in them, but other properties, such as curve
length, are only optimized as far as numeric methods
let us. Consequently, this means that the curve length
is not granted to be minimal but only not larger than it
would appear without numeric optimization.

We collect the evidence for the proposed solution
with computational experiments and use statistical
analysis to process the results. For the specific meth-
odology regarding the minimal surface construction,
please refer to the corresponding section of the paper.

The exponential-algebraic hybrid interpolating
polynomial

Using the periodic exponential polynomial, we
can construct closed curves with predefined proper-
ties. Closed curves are periodic too, but they replicate
themselves on a certain period without any transla-
tion. To introduce this translation, we need to add
non-periodic algebraic terms to our interpolating pol-
ynomial. In this paper, we propose to add two alge-
braic members: a,x and a . The exponential-algebraic
hybrid polynomial will then look like this:

n
P(x)=>ae™ +ax +a,
k=2

Some other problems might require adding other
members of different powers, but for adding the trans-
lation to the curve, linear members are enough. Also,
the a, member is just a constant and it’s equivalent to
ae™ when k = 0, so it’s also present in the original
polynomial so calling it algebraic and not a Fourier
member is ambiguous.

To construct a periodic curve with this polynomial,
we define m points in space: (xj, Y ZJ.), j=1.m and
associate their respective parameter values on a target
curve t, j = 1..m. Then by interpolating this data set
one coordinate at a time, we get a triplet of polyno-
mials that set the points of a curve P(t) = (P (1), Py(t),
P.(1)). The interpolation conditions are as follows:

P(t) =X, j=1.m,
P(t)=Y. j =1.m,
P(t)= z,]=1.m.

Each of the coordinates gives us a system of lin-
ear equations. If m =n + 1, then each of the systems,
given that none of the points are assigned to the same
parameter value, has a unique solution. These solu-
tions constitute the coefficients for the hybrid polyno-
mials: P (1), P (1), and P (t).

The curve ly-"(t) =(P,M), Py(t), P.(1)) is periodic, but
in general case isn’t closed. To be closed, it would
need to have the a, coefficient for every per-coordi-
nate polynomial equal to zero. An example of an open
periodic curve (constructed in 2D space for ease of
visualization) is shown in Figure 1.

Computer Science and Applied Mathematics. Ne 1 (2025)

12 4

10 A

-2 0 2 4 6 8

Fig.1. An example of an open periodic curve that
passes through 4 points built
with a hybrid polynomial

Noteworthy, a curve represented by the hybrid
polynomial is the closest to a helix when it passes
through 3 and not 4 points (Figure 2), although the
helix itself'is typically set by four points in space. This
may be attributed to the redundancy of the hybrid pol-
ynomial, the same redundancy we will exploit later.

ha W £ i -] ~
L L L L L L

-1

Fig.2. An example of a periodic curve constructed
with a hybrid polynomial that passes
through 3 points

In our earlier work, we added the derivatives con-
ditions into the linear systems to ensure that the target
curve not only passes through some points but also
has tangent vectors defined in some points [10]. This
provides even greater control over the shape of the
curve. The level of control is similar to what Bezier
curves or Hermit splines provide.

To achieve this control, we need to add the pol-
ynomial’s derivatives equating the tangent vectors’
coordinates to the system of equations:

P(t) =dx,
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P(t) =dy,
P (t ) = dz
The derivative P(X)’ of the hybr1d polynomial P(X) is:

P(x) = ) agi(k—1)e™*™ +q,.

The tuple (dxp dy dz o)~ is the tuple of coordi-
nates of the tangent vectors at the points of the curve
that correspond to the parameter values t 0 where
p =1..q, for a set of q tangent vectors.

To keep the systems solvable we must compensate
for the addition of new conditions by either increas-
ing the polynomials’ degree or reducing the num-
ber of interpolation points. For instance, in Figure 3
we show an example of a periodic curve that goes
through 2 points and has 2 tangent vectors defined in
these points. The degree of this polynomial is then 3.

12.5

10.0 -+

7.5 A

5.0

2.5 1

0.0 A

—2.5 -

_50 -

Fig. 3. An example of a periodic curve that passes
through a pair of points and has also tangent
vectors defined at those points

For now, we have only set the real parts of the
interpolation data points, using the points’ or tangent
vectors’ coordinates as real numbers to set the sys-
tems of linear equations when computing the interpo-
lating polynomial coefficients. But we can add imagi-
nary parts to all the numbers that are based on the real
coordinates as well. This approach adds variability to
the curve’s shape without compromising the point or
tangent conditions.

Let us restate the systems of equations to include
the imaginary components Xim,, yim, and zim. which

we add to the coordinates of the interpolating points
(X;, ¥, ;). From now on, we’ll consider these as the
systems of equations that connect the coefficients of
the polynomials with the select conditions:
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Pc(t) = X+lej= m,
Pc, (t) y, +yim, j=1.m,
Pc(t)—z +2|m j—l m
Solving these systems, when m = n + 1, results
in the coefficients of the per-coordinate interpolat-
ing polynomials we can use to construct the periodic
curve passing through m points for any values of the
imaginary components Xim. ylm and ZImJ
An example of curves tlllat pass through the given
set of points in real numbers but have different values
of imaginary components is shown in Figure 4.

12

10 A

Fig. 4. An example of curves that go through
the same 4 points but remain variable due
to the imaginary components of the data points

Imaginary components of the points’ coordinates
that do not affect the interpolation conditions form a
separate space in which the curve, while constrained
to the interpolating points, is variable. We can exploit
this to numerically optimize some properties of the
curve by finding the optimal point in this separate
space made of the imaginary components of the input
data: [xim,, yim,, zim,, xim,, yim,, zim,, ..., Xim, yim,,
zim, ..., xim_, yim_, zim_].

For 1nstance, we can minimize the length of
the curve of a parameter’s interval [0.. 2x] using a
numerical optimization method, such as the Broyden,
Fletcher, Goldfarb, and Shanno [11] method. The
length of the curve for the target function can then
also be computed numerically. Since the curve is
periodic, the minimization of its length on the peri-
od-long parameter interval means also that the length
will be minimized on every interval longer than 2.
Further in this paper, when mentioning minimizing
the curve’s length we specifically mean the minimi-
zation of a periodic curve’s length on the parameter’s
interval [0.. 27].
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An example of such a curve with minimized length
is shown in Figure 5.

4.0 1

3.5 A

3.0 1

Fig. 5. An example of a curve with a minimized
length that goes through 4 points

The points through which the curve passes in Fig-
ure 5 are the same points as in Figures 3 and 4. This
is the same data set in real numbers, the same degrees
of polynomials that define the curve, the only thing
that differs is the imaginary parts of the data and the
polynomial coefficients respectively.

Building a periodic surface based on a periodic
curve

It is well known that if the length of a parametric
curve P(t) in the complex space equals 0, then the sur-
face S(u, v) formed from this curve by the parameter
substitution will be minimal. The parameter substitu-
tion in question is this:

t=u+iv.

The methods to construct such surfaces are studied
in different works of Ausheva N. M. such as [12; 13].

We use the same substitution to turn a periodic curve
built with the hybrid exponential-algebraic polynomial
into a periodic surface (see Figure 6). We will call the
curve that forms such a surface a forming curve.

Fig. 6. A fragment of a periodic surface
constructed with a periodic forming curve

A periodic surface is then the surface that replicates
itself on some interval of parameter u (Sic! not v) up
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to some translation. A helical surface, or a surface of a
screw, is an example of such a periodic surface.

The question arises whether minimizing the
length of the forming parametric curve to any non-
zero number will minimize the surface’s curvature up
to any kind of proportion. Given that we use comput-
er-based numeric optimization to build the forming
curve, we arranged a series of computational experi-
ments to answer this question.

Forming curve length minimization in the com-
plex space

Let C(t) — (X, Y, Z) be a parametric curve defined
with a hybrid polynomials C(t) = (P (t), P (1), P(1)).
The curve passes through a predefined set of points (X,
Yp zj),j = 1..m in the real 3-dimensional space R3. We
use numeric optimization to minimize its length in the
complex space C® by finding the optimum point in the
space of imaginary parts of the interpolating points:

[xim, yim , zim , xim,, yim,, zim,, ..., ximj, yimj,
zim, ..., xim_,yim_,zim ] e R

When substituting t with u + iv, the curve equation
becomes the surface equation:

S(u, v) — (X, Y, 2).

We conducted a series of experiments where the
curve goes through the set of m points produced by
the randomization of the points equidistantly par-
ametrized on a spiral curve on the parameter range
t = [0, 2xt]. The z coordinate of such points is ran-
domly shifted within the predefined [-dxyz, dxyz]
range, their parameter is shifted randomly within the
[-dt, dt] range.

In each experiment, we measured the average of the
mean curvature values (AMC) of the surface S defined
randomly in a number of control points in the para-
metric space on the u = [0, 2xt], v = [0, 1] range. The
number of control points is variable. Let’s call it n.

Minimization of the curve was conducted numer-
ically using the Broyden, Fletcher, Goldfarb, and
Shanno method. We tried to find the dependency of
this measured AMC on the minimized length of the
forming curve.

We conducted a set of experiments with m = 5
interpolating points, and n = 1000, 10000, and 100000
control points. The first two experiments were run for
100 randomized combinations of interpolating points,
the last experiment had to be stopped at 50 rand-
omized configurations due to its excessive runtime.

The data collected has been analyzed in the fol-
lowing way. To establish the correlation between the
curve length minimization in the complex space and
the minimization of AMC of the surface, the Pierson
coefficient has been computed. Also, the p-value has
been computed to validate the zero hypothesis.

The results were inconclusive. On one hand, some
experiments show the expected correlation between the
forming curve’s length in the complex space and the
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AMC computed, however, the correlation is too weak to
state that minimizing the complex length of the forming
curve leads to the minimization of the AMC.

The p-values we computed confirm this conclu-
sion for each series of experiments.

We tried an alternative way of minimizing the
AMC, which lies in numerically minimizing AMC
on a finite set of points defined in a regular grid on
u=1[0, 2x], v=10, 1]. To minimize this metric we had
to employ another optimization algorithm: Powell's
conjugate direction [14].

But even with this problem restatement, we didn’t
get criteria for guaranteed AMC minimization. Moreo-
ver, even the correlation between the AMC of the points
on a regular grid and the AMC of the randomized con-
trol point has not been confirmed statistically.

11

Conclusion

Constructing a periodic curve with the hybrid
polynomial of degree n, consisting of two algebraic
members: a X and a, and n-2 exponential members
a e"®? allows passing the curve through the n points
of the real 2D space (X, Y,) or 3D space (X, Y., Z,),
i = 1..n. It also enables the numerical optimization
of a predefined metric in the space of the imaginary
components Xim,, yim,, zim, of the interpolating points
(x; +Ixim, y, +ixim, z, +izim).

However, this is not sufficient to construct minimal
surfaces or even surfaces with minimized mean curva-
ture. While we can predictably minimize the length of
a forming curve in the complex space, this minimiza-
tion does not necessarily correlate with a predictable
reduction in the mean curvature of the resulting surface
on the intervals u = [0, 2x], v=[0, 1].
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