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Key words: interpolation, By “periodic” we mean a parametric curve that replicates itself on some
tangent vectors, Fourier predefined period up to a translation. A good example of a parametric curve
polynomial, numeric is a helix. The domain of the function that sets the parametric curve is real
optimization, continuous numbers, the codomain is then points in n-dimensional space. The period can
optimization, periodic curve, be an arbitrary number, but from now on in this work we’ll always presume
closed curve. that the period is 2.

In this work, we propose a way to construct a periodic curve that goes through
a set of predefined points and, while doing so, provides additional control over
its shape. To build such a periodic curve, we use an exponential-algebraic
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hybrid polynomial that is partially similar to the Fourier polynomial in complex exponential notation. The difference
is that the hybrid polynomial we propose also has algebraic terms, moreover while exponential terms inherently
require imaginary numbers as their input, the algebraic terms do not. This polynomial interpolates a set of complex
numbers, each assigned to a single real parameter. The real parts of the complex data points constitute the points
in n-dimensional space the target curve passes through, while the imaginary parts of the same data points affect the
shape of the curve without compromising the interpolating properties of the polynomial in real numbers.

In this way, we effectively split our input in two. The “curve goes through the points” conditions are set by the real
parts of the complex input data points, and we can then use the imaginary parts to control the curve’s shape. An
example of such control is minimizing the curve’s length on a given parameter range.

INOBYJAOBA HEPIOANYHUX KPUBUX KOMBIHOBAHUM
EKCIIOHEHIINHO-AJITEBPATYHUM IHTEPIOJIOIOYUM MMOJIHOMOM

Aymesa H. M.
O0KMOp MexXHIYHUX HayK, npoghecop,
3asioyroua Kageopu yugposux mexnonozii 6 enepeemuyi
Hayionanvnuii mexuiunuii ynigepcumem Ykpainu
«Kuiscokuu nonimexuiunuil incmumym imeni leops Cikopcvko2o»
bepecmericokuut npocnexkm, 37, Kuis, Yxpaina
orcid.org/0000-0003-0816-2971
nataauscheva@gmail.com

Cupnopenko 1O. B.
KAHOUOAm MexHiYHUux HayK, 0oyenm,
ooyenm xageopu yugposux mexnonozii 6 enepeemuyi
Hayionanvnuti mexuiunui ynisepcumem Yxpainu
«Kuiscokuu nonimexuiunuii incmumym imeni leops Cikopcvko2o»
bepecmerticokuii npocnexm, 37, Kuis, Yxpaina
orcid.org/0000-0002-1953-0410
suliko6786@gmail.com

Jdemunmmu A. A.
KAHOUOAm MexHiyHUux HayK,
odoyenm xageopu yugposux mexnonozi 6 enepeemuyi
Hayionanvnuti mexuiunuii ynisepcumem Yxpainu
«Kuiscokuu nonimexuiunuil incmumym imeni leops Cikopcvko2o»
bepecmerticokui npocnexkm, 37, Kuis, Yxpaina
orcid.org/0000-0001-7754-0185
a.demchyshyn@lIll.kpi.ua

Kaunenmok O. C.
KAHOUOAm MexHiYHUX HayK,
cmapwiuti 6UK1a0ay Kageopu yugpoeux mexHonozil 8 enepeemuyi
Hayionanonuti mexuiunuii ynisepcumem Yxpainu
«Kuiscokuu nonimexuiunuil incmumym imeni leops Cikopcvko2o»
bepecmerticokuit npocnexkm, 37, Kuis, Yxpaina
orcid.org/0009-0009-3141-4840
o.kaleniuk@kpi.ua

Computer Science and Applied Mathematics. Ne 1 (2025) ISSN 2786-6254



Kniouogi cnosa: inmepnonayis,
OOMUYHI BeKMOPU, NOTTHOM
Dyp’e, uucenvna onmumizayis,
HenepepeHa onmumizayis,
nepioouuHa Kpusa, 3aMKHeHd
Kpusa.

[Tig «mepiogMyHOI0» KPUBOIO MaTUMEMO Ha yBa3i KpHUBY, IO MMOBTOPIOE cede
Ha MEBHOMY IEpiofi 3 TOYHICTIO A0 mepeHocy. lIpukiagoM Takoi KpHBH €
TBUHTOBA JiHisA. JJoMeHOM (yHKIIII, sika 3a/1a€ TaKy TapaMeTpU4Hy KpPHUBY, €
MHOXHHA JIIHCHUX YHCEeN, a KOJIOMEHOM — MHO)KHHA BCiX TOUYOK N-BUMIPHOTO
npocrtopy. Ilepiomom Takoi kpuBOi Moxe OyTH Oyab-siKe IOBINbHE AilicHE
YHCIIO0, aJe TYT 1 HaJalli BBaKAaTUMEMO HepiofioM NepioandHoi KPpUBOT 27.

Y miii poOOTI NPOMOHYEThCS CMOCiO TOOYHOBM MEpiOAWYHOI KPHUBOI,
IO TMPOXOAWTH dYepe3 Hamepe] 3aJaHy MHOXHHY TOYOK 1 BOJHOUAC
3a0esredye JJOMaTKOBUH KOHTPOIb 3a Gopmoro. J[iist moOynoBu Takoi KpuBOi
BUKOPUCTOBY€ETHCSI KOMOIHOBAHUI EKCHOHEHIINHHO-aIreOpUIHUI TONiHOM,
YaCcTKOBO MONiOHMUI 0 moniHoMy Dyp’e B eKCTIOHEHIIHHOMY 3amuci. Pi3HUIS
MiXK 3apPOIIOHOBAHUM TTOJIIHOMOM 1 mosiiHoMoM Dyp’e mossirae y Tomy, 1o
KOMOIHOBaHMH MOJIHOM MICTHTh Pa3oM 3 EKCIOHCHI[IHHMME 1 anreOpudHi
WICHH, TPUIOMY, SIKIIIO €KCIIOHCHIIHHI YJICHU OTPEOYIOTh yIBHOTO apPIyMCHTY,
anreOpuYHi MpUIIMAIOTh apTyMeHT y AilicHoMy mpoctopi. Takumii mosiHOM
IHTEPIIONIOE MHOXHHY KOMIUIEKCHHX YHCEJN, MPU3HAYCHUX 10 YHIKAJIBHHX
3HA4YeHb JIiCHOTO mapameTpa. [lificCHI YacTKH TaKWX 4YHCEe] BiJMOBIIAOThH
TOYKaM KpUBOi y IiMCHOMY IpOCTOpi, 4epe3 sAKi KpHBa MPOXOJUTHUME, a
ySBHI — BIUINBAIOTh Ha (hOpMY KpUBOi HE BITHIMAIOUM YMOBH IPOXOIKEHHS
Yyepes 3aJ1aHi TOYKH 3aBJISKH IHTEPIOJISAIIHHAM BIACTUBOCTSM TOJIHOMA.

Y Takwuii crioci0 BXigHI AaHi (PaKTUIHO PO3ALIAIOTHCS HA IBI MHOKHHH. YMOBA
MPOXO/DKCHHS KPUBOI 4epe3 3aJaHi TOYKH 3aMA€ThCS JIMCHUMM YacTKaMH
BX1JTHUX JaHUX, a YSBHI YaCTKH THUX YHCEJ JOJATKOBO BIUIMBAIOTH HA (opMy
KpHBOi. Y TPOCTOpi YSBHUX YacTOK BXIJHHX JAQHUX MOXKJIMBA YHCEIbHA
ONMTHUMI3allisl IEBHUX BIACTUBOCTEH KPHBOI, HATPHUKIIA]] MiHIMI3alii TOBKUHH

KPHBOI HA MapaMeTPUYHOMY iHTepBai ii mepiony.

Literature review. For the most practical applica-
tions, the problem of periodic curves construction nar-
rows down to several distinct types of curves: helical
polynomial space curves as a special case of Pythag-
orean-hodograph curves [1], slant helix curves [2; 3]
or conical geodesic curves [4]. This specialization is
attributed to the properties of helical curves we want to
sustain for instance the constant precession [5].

For the more generic periodic curves, it is often
practical to use splines which can also preserve some
desirable geometric invariants. For instance, rational
splines can represent circles exactly [6; 7] and a circle
is a special case of a periodic curve. Also, there are
splines based on Pythagorean-hodograph curves [8]
that can be used for periodic curve construction as well.

For the most generic periodic curves, when no
specific invariants are expected to hold and no reg-
ularity of smoothness only the C" continuity is nec-
essary, we can also use non-uniform rational basis
splines [9], or any rational or even polynomial splines
at all, and emulate the periodicity by replicating the
same curve segment with the same translation for as
long as needed.

Introduction. In our earlier paper [10] we pro-
posed the following polynomial for constructing
closed curves with given properties:

P(x)= iake”‘".
k=0

When X is real, the exponential argument in every
polynomial term is the real x multiplied by a real

Computer Science and Applied Mathematics. Ne 1 (2025)

number K and imaginary entity I, therefore, becoming
fully imaginary. Then by Euler’s formula, the poly-
nomial decomposes into a set of sinusoids and cosi-
nusoids, therefore becoming a periodic function. The
coefficients a,, however, are complex.

This polynomial can be interpolating for a set of
exactly (n + 1) distinctive data points (t, p) where t is
a real number, and p is complex. This polynomial is
equivalent to the Fourier polynomial only of 2n + 1
members where the constant term is also a complex
number. Normally, this Fourier polynomial would
have been excessive for n + 1 points interpolation, but
by splitting the input into real and imaginary parts,
we only use the real part as interpolating data, and
we retain the control over the imaginary part to have
additional controls over the interpolating function.

The interpolating polynomial is then used to build
the curve that both goes through a set of points and
allows additional control over its properties. This
additional control is valuable in practice. The main
goal of the current work is to extend the proposed
solution from closed curves to open periodic ones.

The auxiliary goal of this work is to explore whether
optimizing the curve shape by minimizing its length in
complex space can help approach the construction of
minimal periodic surfaces. We use numeric methods,
so we wouldn’t expect true minimal surfaces to emerge
but only some reasonable approximations.

Methods. We use the analytic method to build
interpolating polynomials along with their derivatives

ISSN 2786-6254



in real numbers but continuous numeric optimization
in imaginary parts of the input data points to optimize
non-interpolating properties. Translated into geomet-
ric terms, we grant that the curve passes exactly
through the selected points and has exact tangent
vectors in them, but other properties, such as curve
length, are only optimized as far as numeric methods
let us. Consequently, this means that the curve length
is not granted to be minimal but only not larger than it
would appear without numeric optimization.

We collect the evidence for the proposed solution
with computational experiments and use statistical
analysis to process the results. For the specific meth-
odology regarding the minimal surface construction,
please refer to the corresponding section of the paper.

The exponential-algebraic hybrid interpolating
polynomial

Using the periodic exponential polynomial, we
can construct closed curves with predefined proper-
ties. Closed curves are periodic too, but they replicate
themselves on a certain period without any transla-
tion. To introduce this translation, we need to add
non-periodic algebraic terms to our interpolating pol-
ynomial. In this paper, we propose to add two alge-
braic members: a,x and a . The exponential-algebraic
hybrid polynomial will then look like this:

n
P(x)=>ae™ +ax +a,
k=2

Some other problems might require adding other
members of different powers, but for adding the trans-
lation to the curve, linear members are enough. Also,
the a, member is just a constant and it’s equivalent to
ae™ when k = 0, so it’s also present in the original
polynomial so calling it algebraic and not a Fourier
member is ambiguous.

To construct a periodic curve with this polynomial,
we define m points in space: (xj, Y ZJ.), j=1.m and
associate their respective parameter values on a target
curve t, j = 1..m. Then by interpolating this data set
one coordinate at a time, we get a triplet of polyno-
mials that set the points of a curve P(t) = (P (1), Py(t),
P.(1)). The interpolation conditions are as follows:

P(t) =X, j=1.m,
P(t)=Y. j =1.m,
P(t)= z,]=1.m.

Each of the coordinates gives us a system of lin-
ear equations. If m =n + 1, then each of the systems,
given that none of the points are assigned to the same
parameter value, has a unique solution. These solu-
tions constitute the coefficients for the hybrid polyno-
mials: P (1), P (1), and P (t).

The curve ly-"(t) =(P,M), Py(t), P.(1)) is periodic, but
in general case isn’t closed. To be closed, it would
need to have the a, coefficient for every per-coordi-
nate polynomial equal to zero. An example of an open
periodic curve (constructed in 2D space for ease of
visualization) is shown in Figure 1.

Computer Science and Applied Mathematics. Ne 1 (2025)
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Fig.1. An example of an open periodic curve that
passes through 4 points built
with a hybrid polynomial

Noteworthy, a curve represented by the hybrid
polynomial is the closest to a helix when it passes
through 3 and not 4 points (Figure 2), although the
helix itself'is typically set by four points in space. This
may be attributed to the redundancy of the hybrid pol-
ynomial, the same redundancy we will exploit later.

ha W £ i -] ~
L L L L L L

-1

Fig.2. An example of a periodic curve constructed
with a hybrid polynomial that passes
through 3 points

In our earlier work, we added the derivatives con-
ditions into the linear systems to ensure that the target
curve not only passes through some points but also
has tangent vectors defined in some points [10]. This
provides even greater control over the shape of the
curve. The level of control is similar to what Bezier
curves or Hermit splines provide.

To achieve this control, we need to add the pol-
ynomial’s derivatives equating the tangent vectors’
coordinates to the system of equations:

P(t) =dx,
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P(t) =dy,
P (t ) = dz
The derivative P(X)’ of the hybr1d polynomial P(X) is:

P(x) = ) agi(k—1)e™*™ +q,.

The tuple (dxp dy dz o)~ is the tuple of coordi-
nates of the tangent vectors at the points of the curve
that correspond to the parameter values t 0 where
p =1..q, for a set of q tangent vectors.

To keep the systems solvable we must compensate
for the addition of new conditions by either increas-
ing the polynomials’ degree or reducing the num-
ber of interpolation points. For instance, in Figure 3
we show an example of a periodic curve that goes
through 2 points and has 2 tangent vectors defined in
these points. The degree of this polynomial is then 3.

12.5

10.0 -+

7.5 A

5.0

2.5 1

0.0 A

—2.5 -

_50 -

Fig. 3. An example of a periodic curve that passes
through a pair of points and has also tangent
vectors defined at those points

For now, we have only set the real parts of the
interpolation data points, using the points’ or tangent
vectors’ coordinates as real numbers to set the sys-
tems of linear equations when computing the interpo-
lating polynomial coefficients. But we can add imagi-
nary parts to all the numbers that are based on the real
coordinates as well. This approach adds variability to
the curve’s shape without compromising the point or
tangent conditions.

Let us restate the systems of equations to include
the imaginary components Xim,, yim, and zim. which

we add to the coordinates of the interpolating points
(X;, ¥, ;). From now on, we’ll consider these as the
systems of equations that connect the coefficients of
the polynomials with the select conditions:

Computer Science and Applied Mathematics. Ne 1 (2025)

Pc(t) = X+lej= m,
Pc, (t) y, +yim, j=1.m,
Pc(t)—z +2|m j—l m
Solving these systems, when m = n + 1, results
in the coefficients of the per-coordinate interpolat-
ing polynomials we can use to construct the periodic
curve passing through m points for any values of the
imaginary components Xim. ylm and ZImJ
An example of curves tlllat pass through the given
set of points in real numbers but have different values
of imaginary components is shown in Figure 4.

12

10 A

Fig. 4. An example of curves that go through
the same 4 points but remain variable due
to the imaginary components of the data points

Imaginary components of the points’ coordinates
that do not affect the interpolation conditions form a
separate space in which the curve, while constrained
to the interpolating points, is variable. We can exploit
this to numerically optimize some properties of the
curve by finding the optimal point in this separate
space made of the imaginary components of the input
data: [xim,, yim,, zim,, xim,, yim,, zim,, ..., Xim, yim,,
zim, ..., xim_, yim_, zim_].

For 1nstance, we can minimize the length of
the curve of a parameter’s interval [0.. 2x] using a
numerical optimization method, such as the Broyden,
Fletcher, Goldfarb, and Shanno [11] method. The
length of the curve for the target function can then
also be computed numerically. Since the curve is
periodic, the minimization of its length on the peri-
od-long parameter interval means also that the length
will be minimized on every interval longer than 2.
Further in this paper, when mentioning minimizing
the curve’s length we specifically mean the minimi-
zation of a periodic curve’s length on the parameter’s
interval [0.. 27].
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An example of such a curve with minimized length
is shown in Figure 5.

4.0 1

3.5 A

3.0 1

Fig. 5. An example of a curve with a minimized
length that goes through 4 points

The points through which the curve passes in Fig-
ure 5 are the same points as in Figures 3 and 4. This
is the same data set in real numbers, the same degrees
of polynomials that define the curve, the only thing
that differs is the imaginary parts of the data and the
polynomial coefficients respectively.

Building a periodic surface based on a periodic
curve

It is well known that if the length of a parametric
curve P(t) in the complex space equals 0, then the sur-
face S(u, v) formed from this curve by the parameter
substitution will be minimal. The parameter substitu-
tion in question is this:

t=u+iv.

The methods to construct such surfaces are studied
in different works of Ausheva N. M. such as [12; 13].

We use the same substitution to turn a periodic curve
built with the hybrid exponential-algebraic polynomial
into a periodic surface (see Figure 6). We will call the
curve that forms such a surface a forming curve.

Fig. 6. A fragment of a periodic surface
constructed with a periodic forming curve

A periodic surface is then the surface that replicates
itself on some interval of parameter u (Sic! not v) up

Computer Science and Applied Mathematics. Ne 1 (2025)

to some translation. A helical surface, or a surface of a
screw, is an example of such a periodic surface.

The question arises whether minimizing the
length of the forming parametric curve to any non-
zero number will minimize the surface’s curvature up
to any kind of proportion. Given that we use comput-
er-based numeric optimization to build the forming
curve, we arranged a series of computational experi-
ments to answer this question.

Forming curve length minimization in the com-
plex space

Let C(t) — (X, Y, Z) be a parametric curve defined
with a hybrid polynomials C(t) = (P (t), P (1), P(1)).
The curve passes through a predefined set of points (X,
Yp zj),j = 1..m in the real 3-dimensional space R3. We
use numeric optimization to minimize its length in the
complex space C® by finding the optimum point in the
space of imaginary parts of the interpolating points:

[xim, yim , zim , xim,, yim,, zim,, ..., ximj, yimj,
zim, ..., xim_,yim_,zim ] e R

When substituting t with u + iv, the curve equation
becomes the surface equation:

S(u, v) — (X, Y, 2).

We conducted a series of experiments where the
curve goes through the set of m points produced by
the randomization of the points equidistantly par-
ametrized on a spiral curve on the parameter range
t = [0, 2xt]. The z coordinate of such points is ran-
domly shifted within the predefined [-dxyz, dxyz]
range, their parameter is shifted randomly within the
[-dt, dt] range.

In each experiment, we measured the average of the
mean curvature values (AMC) of the surface S defined
randomly in a number of control points in the para-
metric space on the u = [0, 2xt], v = [0, 1] range. The
number of control points is variable. Let’s call it n.

Minimization of the curve was conducted numer-
ically using the Broyden, Fletcher, Goldfarb, and
Shanno method. We tried to find the dependency of
this measured AMC on the minimized length of the
forming curve.

We conducted a set of experiments with m = 5
interpolating points, and n = 1000, 10000, and 100000
control points. The first two experiments were run for
100 randomized combinations of interpolating points,
the last experiment had to be stopped at 50 rand-
omized configurations due to its excessive runtime.

The data collected has been analyzed in the fol-
lowing way. To establish the correlation between the
curve length minimization in the complex space and
the minimization of AMC of the surface, the Pierson
coefficient has been computed. Also, the p-value has
been computed to validate the zero hypothesis.

The results were inconclusive. On one hand, some
experiments show the expected correlation between the
forming curve’s length in the complex space and the
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AMC computed, however, the correlation is too weak to
state that minimizing the complex length of the forming
curve leads to the minimization of the AMC.

The p-values we computed confirm this conclu-
sion for each series of experiments.

We tried an alternative way of minimizing the
AMC, which lies in numerically minimizing AMC
on a finite set of points defined in a regular grid on
u=1[0, 2x], v=10, 1]. To minimize this metric we had
to employ another optimization algorithm: Powell's
conjugate direction [14].

But even with this problem restatement, we didn’t
get criteria for guaranteed AMC minimization. Moreo-
ver, even the correlation between the AMC of the points
on a regular grid and the AMC of the randomized con-
trol point has not been confirmed statistically.

11

Conclusion

Constructing a periodic curve with the hybrid
polynomial of degree n, consisting of two algebraic
members: a X and a, and n-2 exponential members
a e"®? allows passing the curve through the n points
of the real 2D space (X, Y,) or 3D space (X, Y., Z,),
i = 1..n. It also enables the numerical optimization
of a predefined metric in the space of the imaginary
components Xim,, yim,, zim, of the interpolating points
(x; +Ixim, y, +ixim, z, +izim).

However, this is not sufficient to construct minimal
surfaces or even surfaces with minimized mean curva-
ture. While we can predictably minimize the length of
a forming curve in the complex space, this minimiza-
tion does not necessarily correlate with a predictable
reduction in the mean curvature of the resulting surface
on the intervals u = [0, 2x], v=[0, 1].
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Knrwuosi cnosa: acumnmomuxo- ~ AKTyallbHUM 3aBJaHHSAM y MaTeMaTHuHid (i3uli moctae po3podka
YucenbHUll an2oPUmM, 3MIHHI AQHATITUYHO-YUCIOBUX METOJAUK JAJISI BUBUCHHS JUHAMIUHHX XapaKTCPUCTUK
3a yacom napamempu, HEJTIHIHHMX €JaCTMYHMX CHCTEM. [X 3aCTOCOBYIOTH y pi3HHX cepax, Takux
HaORUICeHUT AHATTMUYHUL AK aBiallifHa NPOMHCIOBICTb, CyIHOOyAyBaHHS, OyNiBHHIITBO CIIOPY/,
D038 'A30K, HeNiHitina QyHKYis MalIMHOOYiBHA Taly3b, pakeTOOyAyBaHHS, a TaKoX Yy BHPOOHUIITBI
Ooemnghysannus, noxkanizoeane JBUTYHIB 1 mpomucioBoro oOnaaHaHHa. @Dynkuis Jlipaka cloyXuTb
30ypenns, ¢yuryia /lipaxa. MOTYXKHUM MaTeMaTHUYHHM 3aco00M, 0e3 SKOr0o HEMOXJIIMBO YSBHTH Oararo

¢i3nuHuX aUcHUILIiH. BoHa € (QyHIaMEHTaTbHUM MOHATTSAM, IO IIHPOKO
BUKOPUCTOBY€ETHCS B Taiy3i (i3uku. BaxxiusicTs 6-¢yHkii ipaka ocobnuBo
mifkpecieHa B MarematuuHiil ¢isumi. Lle cTocyeTbest Takux ramysel, sk
CJICKTPOJMHAMIKA, Ta30Ba AMHAMIKa, ONTHKA, aKyCTHKa, KBAHTOBA MEXaHiKa,
aepoAMHaMika Ta rizpoanHamMika. OTxe, MOCTae MOTpeda y CTBOPEHHI Ji€BUX
riOpuaHUX HAONMKEHUX aHATITUKO-UYHCIOBUX alTOPUTMIB JOCIIIKEHHS, 110
IPYHTYIOThCS Ha IEPEIOBUX aCUMIOTOTUYHUX METOAaX. MoBa Mpo Ti CUCTEMH,
4yyi mapaMeTpH 3a3HaIOTh 3MiH Yy 4aci Ta y MPOCTOpi MijJ JIOKasli30BaHUM
30BHIIIHIM BIUIMBOM, SKHI MareMaTW4YHO OMUCYEThbcs O-(yHKuiero Jlipaka.
BaxnuBo migkpeciauTH, IO JMIIE BKpail OCOOMMBI BUMAIKU JIO3BOJISIOTH
OTPUMATH TOYHI aHAJITU4YHI PO3B’SA3KM Ans Takux 3amad. OcraHHi, 5K
IpPaBWIO, MPEACTaBICHI AU(EPEHLIANbHUMH PIBHSHHSAMH CHHTYISIPHOTO
TUIY i3 3MIHHUMH KoedinieHTamMu abo IX CHCTeMaMH. YCKIAIHEHHS TAaKOX
BUHMKAIOTh Yepe3 NPUCYTHICTh MapaMeTpiB OiIsd cTapIuoi MoxXiJHOI PiBHAHHS
Ta HelNiHiiHOI KoMITOHEHTH. OOrOBOPIOETHCS AHATITUKO-UUCEIBHUN aITOPUTM
PO3B’SI3Ky 3ajaui HENMiHiMHOI AMHAMIKM NPY>KHOI CHUCTEMH i3 3MIHHUMH Y
Jaci mapaMeTpaMM i HemiHifHOI0 (yHKLiero neMnyBaHHA 3 YpaxyBaHHIM
BIUIMBY 30BHIITHBOTO JIOKANi30BaHOTO 30ypeHHs. [IpeacraBieHo pesyiabraTu
PO3paxyHKiB 3a 3aIIPOTIOHOBAHUM aHATITHYHUM QJITOPUTMOM 13 3aCTOCYBaHHSIM
KOMIT I0TepHOI asireOpu. BuKoHAHO MOPIBHSHHS y KIIFOUOBUX MOMEHTAX aHAJIi3Y
13 TaHUMH IPSIMOTO YHUCEITHHOTO IHTETPYBAHHS OCHOBHOTO M (EepEHIiaTbHOTO
PIBHSHHS TOCTIKYyBaHOI 3aa4i. BUKOpHCTOBYIOYM IporpamMy KOMIT IOTEpPHOL
anrebpu «Mathematica» moOygoBaHO Tpadiku pe3yabTaTiB OOYHCICHH i
rpagiky MOPiBHIHHS 3 MPSIMUM YUCEIBHUM IHTCTPYBAHHSIM.
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The development of analytical and numerical methods for studying the
dynamic characteristics of nonlinear elastic systems is an urgent task in
mathematical physics. They are used in various fields, such as the aviation
industry, shipbuilding, building construction, mechanical engineering,
rocketry, as well as in the production of engines and industrial equipment.
The Dirac function serves as a powerful mathematical tool without which
many physical disciplines are unimaginable. It is a fundamental concept
widely used in the field of physics. The importance of the Dirac d-function is
particularly emphasised in mathematical physics. This applies to such fields
as electrodynamics, gas dynamics, optics, acoustics, quantum mechanics,
aerodynamics, and hydrodynamics. Therefore, there is a need to create
effective hybrid approximate analytical and numerical research algorithms
based on advanced asymptotic methods. We are talking about those systems
whose parameters undergo changes in time and space under localised external
influence, which is mathematically described by the §-Dirac function. It is
important to emphasise that only very special cases allow us to obtain exact
analytical solutions for such problems. The latter are usually represented by
singular value differential equations with variable coefficients or their systems.
Complications also arise due to the presence of parameters near the highest
derivative of the equation and the nonlinear component. The analytical-
numerical algorithm for solving the problem of nonlinear dynamics of an elastic
system with time-varying parameters and a nonlinear damping function taking
into account the influence of an external localized disturbance is discussed.
The results of calculations using the proposed analytical algorithm with the
use of computer algebra are presented. The key points of the analysis are
compared with the data of direct numerical integration of the basic differential
equation of the problem under study. Using the computer algebra program
“Mathematica”, graphs of the calculation results and graphs of comparison
with direct numerical integration are constructed.

Beryn. Po3poOka aHaMTHKO-YHCENBHIUX MIIXOMIB IO 33/1a4eto MareMarudHol ¢izuku [ 1-7]. Sk Bimomo, TouHi
PO3paxyHKy AWHAMIYHMX XapaKTepPUCTHK HETIHIMHAX  aHAJITH4HI PO3B’SI3KHM BKA3aHUX MPOOIEM, SIKi 3BOMIATHCS
MIPY)KHUX CHUCTEM 13 3MIHHUMH Yy Yaci i KOOpAMHATAaMHA 10 AW(EpeHIiaIbHIX PIBHSHb CHHTYISIPHOTO THITY i3
rapaMeTpiB y pasi Jii JIOKali30BaHOTO 30BHIMTHKOTO 30y-  3MIHHMMH KOoe(illieHTaMH Ta 1X CHCTEM, Y pa3i HasBHO-
peHHs, sike onucyeThes pyHKiero lipaka, € akTyallbHOIO — CTI TTapaMeTpiB TP CTAPIIiH TOXiAHIA PO3B’S3yBaIb-
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HOTO PIBHSHHS 1 HENHINHIN CKIIAIOBIF YaCTHHI MOXYTb
OyTH 3700yTi JIMIIIE Y BUHATKOBUX BUIA/IKaxX. Y 3B’SI3KY
13 32CTOCYBaHHM KOMIT FOTEPHOI aireOpy aCHMITTOTHYHI
METOJIU JIA0Th MOMKIIUBICTB €JMHOTO TIAXOMY JI0 PI3HUX
MIPUKIIATHUX 33124, 30KpeMa HeTiHIHHOT THHAMIKH KOH-
CTPYKIii y pasi jokanizoBaHoro 30ypeHss [8; 9]. Tomy
BUHHUKA€E HEOOXITHICTh Yy po3po0ili e)eKTHBHHUX TiOpH/I-
HUX HaOMIDKEHUX AHAIITHKO-YMCENIbHUX —aJTOPUTMIB
[10; 11] mocmimxeHHs Ha 6a3i CydacHUX aCHMITTOTUYHUX
mixoriB. OCTaHHIM YacoM 3Ha4HA yBara MPHUIUTIEThCS
METoaM, IO JO3BOJISIIOTH PO3LIMPUTH OOJIaCTh 3acTo-
CyBaHHS ACHMITOTMYHUX IIIXOMIB 3a NapamMeTpamu
PO3BHHEHHSI LTS aHAITI3Y CTATUKO-/IMHAMIYHHX TTPOLIECIB
[12].

VY wmiii poOoTi 0OTOBOPIOETHCS aHATITHKO-YUCEIb-
HUW aJropuTM pPO3B’SA3KY 3a/adi HeJiHIIHOI JuHa-
MIKH TIPY>KHOI CHCTEMH 13 3MIHHUMH y Yaci mapame-
TpamH i HeNiHIHHOI (DYHKITIEr0 qeMII(yBaHHS # -OTO
CTYIEHS 3 YpaxyBaHHSAM BIUIMBY 30BHIIIHBOTO JIOKa-
J1i30BaHOTO 30ypeHHS.

1. IlocTaHoBKa i poO3B’SI30K 3aga4i JUHAMIKU
NPYKHOI CHCTEMH i3 HeJliHiiiHOW (yHKUi€W aeM-
ndyBaHHs

Posmisimaerbess  po3B’si30k  AudepeHLiaabHOro
PIBHSIHHSL IpyTOTO TOPSIIKY 3 HEJIHIHHOI TEpIIoi0
MOX1AHOI0 Y hopmi:

V' +ea(x)y" +2°b(x)y =0, (1)
ne y(x) — urykaHa QyHKIis;
a(x),b(x) —3anani QyHKIIi;
n — CTYHiHb HEpIIOi MOX1THOT;
€, A —IIapaMETPHU 3 YMOBOIO, 10 e <1 Ta A >1.
SIK moyaTKkoBi YMOBH NPUIMAETHCS:

y(0)=1, y'(0)=0. 2

3a nomomororo Metoxy 30ypeHHs [12] oTpumy-
€THCSI PO3B’SI30K PIBHSHHS Y BUIVISII:

y(x) =y, (x)+ey (x)+ €y, (x)+...= ’Z”(;a"yi (x). (3)

Posmnsmatoreest mepmi nBa enemeHTH (3) s
OTpPUMaHHSA 3arajJbHOTO PO3B’SI3KY:

y(x) =y (x) +en (x), “4)
Vo (%) + ey, (x)+ ea(x)[y(') (x) +ey, (x)]" + 5
+17b (x)[ 3, (x) + &y, (x)] = 0. ®)
[lepma mouaTkOBa yMOBa IiJICTABISETHCS B
pO3B’s130K (4):
Yo (0)+ey, (0)=1. (6)

VY pa3i ogHaKOBHX CTYIEHIB mapaMeTpy & OTpH-
MYy€EMO:

% (0)=1, »(0)=0. (7)
Jlpyra 1mo4aTkoBa yMoBa:
¥, (0)+ey,(0)=0 (8)

MNpUBOAUTH 0 3aJIe)KHOCTEH:
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%(0)=0, y(0)=0. ©)

VY pasi mepmoro HaOMMKEHHS 33 MapaMeTpoM

PO3MIAAETCS  OJHOPIHE Ju(epeHIliaibHe piB-
HSHHS APYIOro HOPSAKY:

(10)

[Micns 3aminy p = 1 y (10) oTpuMyeThCS PiBHSHHS
y dopwmi: »

Yo +2%b(x)y, =0.

(1)

S
wy, +b(x)y, =0,
JIe p — Malluid mapamerp.
[Mix wac posp’sizanHs piBHsHHS (11), 3rimHO 3
METOOM (pa3HUX IHTETPaiB, MAEMO:

Yo (%) =exp(lo(x)dg), (12)

1e ¢(x)=p"g,(x)+ p'e (x)+... —HeBimomi QyHKII].

Posmisinaroun suiie mepimivii 4ieH pO3BUHEHHS,

y piBasHHI (12) 3HaliAEeMO TIepIry Ta Ipyry MOXimHI
Vo(x):

Y (x) = o(x)exp(lo(x)de), (13)

Yo (x) =((p2 (x)+(p'(x))exp(f(p(x)d§). (14)

[Mincrasnstoun (12), (13) i (14) y piBusHus (11),
Oy/e 3HaiiIeHo PO3B’A30K U1 QYHKLIT @, (x):

05 (x)=-b(x), (15)
90, (X) = £ib(x)2. (16)

OT1xe, po3B’s30k piBHAHHS (11) 32 MmeTomom BKbB
[13] mae BurAA:

Yo (x) = Cysin (k (x)) + Ceos (k (x)),  (17)
e K (x) = [, (x)dx = [ ab(x)2 dx = 3] b(x)2 d .
VY pesynbrari po3B’s30k (17) MaTuMe BHTJISII

¥ (%) = € sin (u b(x): dx] N Czcos(ﬂ b(x): dx] _(18)

V pasi 3acTocyBaHHS MEPIIO] MOYATKOBOI YMOBH Y
po3B’si3Ky (18) 3HaxomuThes 3HaueHHs Koedimienta C, :

¥, (0) = C; sin (Mb(O)% dxj +C, cos [Mb(O)% dxj =

(19)
=Csin(0)+C,cos(0)=C, -0+C, - 1=C, =1
3naiizemo nepury noxiany (18):
1 1
¥, (x)=CAb xfcos(kfb xidx)—
0 (x) = Crb(x) (x) R

1 1
-C,Ab(x)2 sin (x [b(x): dx]
3a YMOBH 3aCTOCYBaHHSI JPYTroi OYaTKOBOI yMOBH JI0
niepiroi moxigHoi (20) 3HaueHHs KoediwieHTa C, € TaKuM:

¥, (0)=CAb (0)% cos (Hb(O)% dxj - ‘ o
~C,ib(0)2 sin (Mb(oﬁ dxj ~0
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3 TakWx pO3paxyHKiB BHUILTHBAE, 10 KOE]IIi€eHT
C, =0, a xoedimient C, =1. OTKe, PO3B’A30K PiB-
asaaHS (10) Mae BUTIISI:

¥y (x) = cos [7» [b (x)% dx) :

Ha npyromy HaOmmKeHHI, IpUPIBHIOIOYH Koe]irTi-
€HTH 32 OJTHAKOBUX CTYIICHIB &', OTPUMYEMO HEOIHO-
pimHe nudepeHiiaabae PiBHIHHS IPYTOTO TOPSIKY:

Y +Ab(x)y, =—ea(x)y", (23)

YactuHHMIA po3B’s130K piBHAHHSA (23) MIyKAa€eThCS
3a JIOTIOMOTOI0 METOJy Bapiallii JOBiIBHOI CTanoi
[13], ToOTO PO3B’sA30K Oy/Ie MaTH BUTJISI:

(22)

i (x) =0 (%) + ¥ (%), (24)
ne y/(x) — 3aragbHUH PO3B’SA30K OJHOPITHOIO
PIBHSIHHS,
yi(X) — 4YacTMHHHMH pO3B’A30K HEOIHOPIIHOIO
PiBHSHHSI.

OnHopinne piBHSHHA Bifg (23) 3amucyerbes y
dopmi:
v+ (x)y =0. (25)

3aranpHe pillleHHs piBHSHHS (25) Mae BUITISL

1 1
¥ (x)=C,sin [Mb(x)f dxj +C, cos [Mb(x)i dx) . (26)
3poOUBILH 3aMiHY KOHCTAHT Ha HEB1IOMi (PyHKIIIi:

C =d (x), C,=d,(x) 27

y pO3B’si3Ky (26), Ma€MO YaCTHHHE PillIeHHs] HEOJHO-
pianoro piBHsHHS (23):

yi (x) =d, (x)sin [Mb(x)% de +d, (x)cos [Mb(x)% dxj . (28)

BukopucToByroun MeTOX  Bapiallii  JOBLIBHOT
cTanoi sl po3B’Si3aHHS PIBHSHHS, OTPUMYETHCS
cucrema:

d, (x)sin (Hb(x)% dx) +d,(x) cos(ﬂb(x)li dxj -0
4 (X)C"S[k Tb(x)> dx] —d; (x)sin [ij(x)% dxj _—ea(x)p"” (29)
| 2 Ab (x):

[3 cucteMn MOKeMO 3HAWTH 3HAYCHHS HEBITOMHX
¢yskumii. g mporo 3 (29) BupasuMo moxigHi d, (x),
d,(x):

4. (x) = - ea(x) y,"cos [x Ilb(x); dxj |

Lb(x)2

(30)

ea(x) y,"sin (7» [b (x)% dxj

Ab(x)2

d,(x) = €2))

[Ticas interpyBanus Bupasis (30) i (31) orpumy-
I0ThCS HEB1IOMI QyHKIIT d, (X), d,(x):
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ea(x) y,"cos (7» ) (x)% dx]

n-1

dx = ()" Ta(x)b(x) >

dl(x)='[7

Ab(x)?
sin" [Mb(x)% dx] cos(k]b(x)]i dx) dx, (32)
ea(x)y,"sin (7» b (x)% dxj B -
dy(x)=] T dx =-&(-1)" [a(x)b(x)2
Ab(x)2
(33)

sin™! [Mb (x)li dx)dx

[MincraBnstoun pe3ympraté (32) Ta (33) y (28),

OTPUMAEMO PO3B’SI30K PIBHSIHHA (23):
W (x)=e(-2)"" sin [% xzjja(x)b(x)%I sin" (kjb(x)‘E dx)

cos [}» b (x)% dx] dx —g(-1)"" cos {% ijla (x)b (x)% sin™"! [7» b (x)% dx] dx

.(34)

3aranpHUN po3B’s130K piBHAHHA (1) mpencrasis-
€Tbesl y opMi:
1
d, (x)sin [k [b(x) dx) +

(x) = cos[ 1 Jb(x)" i |+ . (39)

+d, (x)cos (Hb(x)% a’xj
e

4, (x) = (-2 Ta(x)b(x)T sin’ (u b(x) dxj cos(kf b(x) dx]dx, (36)

dy(x)=-¢ (—k)"i1 Ia(x)b(x)%l sin"™! [Hb(x)% dx] dx. (37)

2. llpuxnan po3B’s13Ky 3aJa4i AMHAMIKH NPY:K-
HOI CHCTeMM [JIsl BUIbHUX KOJIUBAaHb i3 HeJiHiii-
HHUM JAeMI(PyBaHHAM i J10KaIi30BaHUM 30ypEeHHAM

B ymoBax BiJIbHHX KOJMBAaHb CHUCTEMH IIpaBa
yacTrHa piBHSIHHAS (1)

Dy(x)=0= y(x)=y[x.d (x).d,(x)].

3a HasABHOCTI JOKIBHOTO 30ypEeHHS JOCIIIKyBa-
HOT CUCTEMH OCHOBHE PIBHSHHS 3a/1a4i Ma€ BHTIIS;

V' (x)+ea(x)y" (x)+1%b(x)y(x)= 43 (x - x,), (39)

ae &(x - x,) — Gynkuisa Jlipaka.
3acTOCOBYIOUN METO 30ypeHHS Y hopMi

(3%)

y(x) =y, (x)+ey (x), (40)

3 MOYaTKOBUX YMOB OTPUMAEMO 3aJICKHOCTI:

a) y(0)=1,
b) »'(0)=0.

Yo (0)+ey, (0)=1:
Yo (0) =1,
N (0) =0.
0 (0) +ey,(0)=0:
% (0) =0,
y(0)=0.

(41)
(42)
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3 ypaxyBauHsaMm (40) piBHAHHS (39) Mae BATTISA:
Yo (x) + ey () + ea (x) [y (x) + ey, (x)] +
+12b (x)[ vy (x) (x)] = 43 (x - x,).

VY nepmromy HaOIMKEHHI OTPUMYEMO PIBHAHHSA Y
thopmi

(43)
+ Syl

e 1y (%) + A% (x) ¥y (x) = 48 (x - xy) , (44)
ae Dy (x)= A8 (x —x,). (45)
Bromsiun HapaMeTp u= 1 HEOHOPIIHE

plBHSIHHSI (44) PO3B’A3y€ThCs BaCZl‘OCYBaHHHM METO-
IiB Bapiauii ZOBUIBHUX CTaNMX 1 (Pa3HUX IHTErpasiB:

i J’U (x)+b(x)y0 (x): D, (x) (46)
w3 (%) = C, sin (ub(x)% dxj i, cos(ub(x)% dxj. (47)

YacTUHHUIA PO3B 30K OTPUMYETHCS 32 CTaHAAPT-
HOIO IPOLIEAYPOIO iIHTErPyBaHHs HEOAHOPIAHOTO PiB-
HSHHA Y BIMOBIHOCTI 10 D, (X).

Hanpuknan, ans ¢yHkii

b(x)=x’

OTPUMYETHCS 3arajlbHUN PO3B’A30K

(48)

5 . x? x?
v, (x) =C; sin [x 2] +C, cos [k 2]. (49)

3a MoYaTKOBUMH YMOBaMH

W (0)= 3, (0)=1= 3, (0) =w, (0)+ %, (0) =1 (50)
1 mTapaMeTpaMu CUCTEMHU
Dy(x)=0,n=3, b(x)=x", a(x)=x,
e=0,1, A=10 (51)
OTPUMYETHCS PO3B’SI30K
y(x)=cos [k %ZJ + .{dl (x)sin’ [h xé) +d,(x) cos[k %ZH, (52)
2 x* x?
ne d,(x)=¢e(-1) [x’sin’ [x 2) cos (k 2] dx, (53)

:\ NAFR
IEAVAAS

a)

d, (x) = 5 (1) [ * sin® [x ’;2] i (54)

[Mincrapusmm (51) y (53) i (54), orpumyemo:

d, (x) =107 x"sin’ (5x”) cos (5x) dx (55)

d, (x) =-10]x’sin* (5x7 ) dx. (56)

d, (x) = -0,25cos (10x>) + 0,025sin (10x*) ~ (57)

d, (x) =-0,9375x" + 0,025 cos (10x”) - 0,0015625 cos (20x” ) + (58)

+0,25x” sin (10x”) - 0,03125x” sin (20x7).

3. Pe3yabTaTH YnceJIbHUX PO3PAXYHKIB i mopis-
HSIHHS i3 IPSIMHUM YHCEJIBHUM METO/IOM aHAJI3Y

Ha pucynkax 1-3 mpencraBieHO pe3yibTaTh
YHUCENPHUX PO3PaxyHKIB 1 IX TOpIBHSHHS 13 Tps-
MUM YHCEJIBHUM METOJOM aHaJli3y, BUKOHaHI i3
BUKOPUCTAHHSIM TIPOTPaMH  KOMIT IOTEPHOI  anreOpu
«Mathematica» [14]. [Toka3zaHo moaiOHICTh OBEAIHKH
rpadikis. Jlesika po301KHICTE 3yMOBJICHA BHKOPHUCTAH-
HSIM TIEPIIIOT0 HAOMKEHHS Y 1100y 1081 rpadikis. Oco-
OJIMBICTIO I[OTO MIJXOAY € T€, II0 FOPUIHUN METOJ
Jla€ MOXKJIMBICTH MOOYJAyBaTH aHAIITHYHI PO3B’SI3KH
JUISL MAJTMX BEJTMYHH Ta MapameTpiB.

BucHoBkH. 3amnporioHOBAHO aCHMITOTHKO-YH-
CEePHUN aNTOPUTM PO3B 3Ky 3aad JTUHAMIKH
NPYKHUX CHUCTEM 13 3MIHHHMH Y 4Yaci mapaMeTpamu
1 HeJiHiAHOW (QyHKIIE aAeMidyBaHHS 7 -0r0 CTY-
NIeHs 1 HasIBHOCTI JIOKai30BaHoro 30ypenHst. Edexr
30BHIIIHBOTO  JIOKAJII30BAHOTO 30ypeHHS MOXKHA
CYTTEBO 3MEHIIMTH 3aCTOCYBAaHHSIM BIMOBITHUX
napaMeTpiB J0CHiKyBaHOT cuctemu. [losimniieHHs
3100yTHX PO3B’SI3KIB 3 TOYKH 30py BEIMUYWHH Mapa-
METPIB aCHMIITOTHYHOTO PO3BHHEHHS JOCATAETHCS
3aCTOCYBaHHSIM  3alpONOHOBAHOIO  TiOPHIHOTO
ACHMITTOTHYHOTO ITiIX01y Ha 0a3i METO/iB 30ypeHHS
1 (a3HuUX IHTErpajiB 3a mapameTpaMu y pasi Hedli-
HITHOTO CKIIQJIHUKA 1 CHHTYJISIPHOCTI 0a30BOTrO piB-
HSIHHS 13 3aTy4eHHSIM TIPUHIMITY OPTOTOHAITI3aI] 32
lanpopkinum [13] Ta 3acToCyBaHHSM KOMI FOTEPHOT
anredpu, 30kpema cuctemu «Mathematicay» [14].

0)

Puc. 1. BiibHi KOJIMBAHHA CHCTEMH i3 HeJiHIITHUM JeMN(pyBAHHAM:
a) BIIUB HeJIiHiliHOro feMinyBaHHs; 0) MOPIBHAHHA 3 YHCEJbHAM PO3B’I3KOM

Computer Science and Applied Mathematics. Ne 1 (2025)
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™ AVAVA N\ |

-05

y(x)

0.0 05 1.0 15 20 _10
X (sec)

a) 0)
Puc. 2. BiuinB j10ka/1i30BaHOr0 30BHIIHLOTO 30y peHHs:
a) XapakTep BIIMBY JIOKAJi30BaHOI0 30ypeHHs1; 0) MOPiBHAHHA AHAJITHYHOIO
i YHCeJIbHOTO PO3B’A3KIB y pa3i JIOKaTi30BaHOT0 30BHILIIHHOI0 30ypeHHsI

y y y
10

10 10
05 0.5
05
B X B X
0. 0 5 20 /\ 0. 0 5 20
X 0.5

05 0.5 0 .5 20 -
VTR
-05
-15 -15
0) B)

Puc. 3. KepyBaHHs1 JMUHAMIYHHUM NPOLIECOM NTApaAMeTPAMM CUCTEMM:
a) BIUIUB aMILIITYIM NepuIol HoXiiHOi; 0) BIJIMB e(eKTy JI0KATi30BaHOI0 30ypeHHs1 GyHKIIl
nemndysanns (pynkuis ldipaka npu nepuiii moxiaHiii);
B) BILIMB JI0CJIIIKYBaHUX edeKTiB
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3HOLIYBaHHS XapaKTepusye MpolleC BUIAJICHHS Marepialy 3 MOBEpXHI
KOHTAKTYIOUHUX TilI. BigoMoO, IO 3aJeXHICTh IIBUAKOCTI 3HOIIYBAaHHS Bif
KOHTAKTHOTO TUCKY BUPa)Ka€ThCsI TIHIHHIM a00 CTETIEHEBUM 3aKOHOM.
Po3msiHyTO KOHTAaKTHY 3a/auy 3HOIIYBAHHS OCHOBH BIHKJIEPIBCBKOTO THITY
BHACJIIOK PyXy MO Hilf IpsSIMOKYTHOTO B ILIaHI IITaMIIa Ha CTaii yCcTalIeHoro
3Hocy. IlocTaHoBka Takoi 3ajadi BMKJIAQJEHA B JIITepaTypi, A€ TaKOX
3HaliieHo (POpMyJIH aHATITUYHOTO ii PO3B’SI3Ky Y BUMAJKY JIIHIIHOTO 3aKOHY
3HOIITYBaHHS.

PoGora mpucBsiueHa JOCHIPKCHHIO METOAIB PO3B’SI3aHHS  3a4aui  3a
CTEIIEHEBOIO 3aKOHY 3HOIIYBAaHHS. 3ajada MOJCTIOETHCS IU(epeHIIaNbHIM
a00 eKBIBAJICHTHUM HOMY IHTETPaJbHUM pPO3B’SI3yBaJbHUM PIBHSHHAM Ta
YMOBOIO PiBHOBAaru CHUil.

VY BumajaKy IUIOCKOTO INTaMIa HeNiHiliHe AudepeHuianbHe PIBHSAHHS Mae
AQHATITUYHUN PO3B’s130K. [l mTamMmna 3 HEIIOCKOO MiJOIIBOK BUKIIAICHO
M1AXO0/AM JI0 BUKOPUCTAHHS YUCEIBHOTO METOAY CKIHYEHHUX Pi3HUIb HA OCHOBI
7iBuX ab0 MpaBHUX PI3HUIEBUX BiAHOLICHb. /[0 PO3B’A3aHHS IHTErpaJIbHOIO
PIBHSTHHSI 3aCTOCOBaHO METOJ MOCIiJJOBHUX HAOMMKEHb 1 METOJ CTETIEHEBUX
psniB. 3a pe3yabTaTaM 3aCTOCYBAHHS BCiX 3a3HAUCHMX METOAIB OTPUMAHO
(yHKIIiT, 1110 3aJ7ekKaTh BiJ HEBIAOMOTO apaMeTpa, IKUil 3HAXOTUTHCS 3 YMOBH
PIBHOBArH 3 BUKOPUCTAHHSIM METOLY HOJOBHHHOTO TiICHHS.

IIpoBeneHo MOPIBHSUIBHMN aHaMi3 pe3y/ibTariB, OTPHUMAHHNA pPI3HUMHU
miaxonaMu. YUCIOBI pe3yNbTaTi OTPUMAHO IS IPSIMOKYTHHX Y TUIAHI IITAMITiB
13 HEIJIOCKUMH MiJ0MIBAMH, 10 BH3HAYAIOTHCS IMEBHUMH MOJiHOMIaIbHUMHU
a00 TPUTOHOMETPUYHUMH (PYHKIISIMHU. BUSIBICHO BIUTUB 3aKOHY 3HOIIYBAHHS,
(13MYHUX HA TECOMETPUIHUX NTAPaMETPiB HA 3HOCOKOHTAKTHI XapaKTCPHUCTHKH.
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Wear characterizes the process of removing material from the surface of
contacting bodies. It is known that the dependence of the wear rate on the
contact pressure is expressed by a linear or power law.

The contact problem of wear of the foundation of the Winkler type due to the
movement of a stamp rectangular in plan on it at the stage of steady wear is
considered. The formulation of such a problem is described in the literature,
where formulas for its analytical solution in the case of a linear wear law are
also found.

The work is devoted to the study of methods of solving the problem according
to the power law of wear. The problem is modeled by a differential or equivalent
integral solving equation and a force equilibrium condition.

In the case of a plane punch, the nonlinear differential equation has an
analytical solution. For a punch with a non-plane sole, approaches to using the
numerical method of finite differences based on left or right difference relations
are outlined. The iterative method and the power series method are used to
solve the integral equation. As a result of the application of all the mentioned
methods, functions are obtained that depend on the unknown parameter, which
is from the equilibrium condition using the method of half-division.

A comparative analysis of the results obtained by different approaches was
carried out. Numerical results were obtained for rectangular punches with
non-plane soles defined by certain polynomial or trigonometric functions.
The influence of the law of wear, physical and geometric parameters on wear
contact characteristics was revealed.

Beryn. Ilpouecu kKOHTakTHOI B3aeMoOzil CynpoBoO-

JIOK BiOpamiiiHnX HaBaHTakeHb U-momiOHUX TpyO

IDKYIOTBCSI BUJTAJICHHSIM MaTepiairy 3 TOBEPXHI KOHTaK-
TYIOUHX TiJI, 110 BU3HAYAE 3HOITYBaHHA. B imkeHepHii
MPaKTUIll PYHHIBHI TIPOIIECH 3HOIIYBAHHS MOXKYTb
MIPUBECTH JI0 BUXOAY 3 JIaJy MAIluH 1 MeXaHi3MiB.
Takum YMHOM, JOCHIIKCHHS 3a3HAYCHUX IMPOLECIB
Ma€ MpPaKTUYHE 3HAYEHHS, TOMY 3HOCOKOHTaKTHUM
3a1a4aM TIPUCBSIYCHA 3HAYHA KUTBKICTH IyOITiKarii,
cepen skux podotu [1-19]. 3Bepraec Ha cebe ymary
mpanst C. Y. Lee, L. S. Tian, J. W. Bae, Y. S. Chai [13],
y SIKili pO3paxoBaHE KOHTAKTHE 3HOLIYBAaHHsS BHacC-
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[aporeHepaTopiB HAa AaTOMHUX EJIEKTPOCTAHLISX.

Po3msiHeMO KOHTakTHY 3ajady HpO 3HOLIYBAHHS
HiBOPOCTOPY NPSMOKYTHUM B IUIaHI IITAMIIOM.

Ozns0 nimepamypu. Y poborax J. F. Archard [5],
I. G. Goryacheva [9] BukazieHO pe3yabTaTH JTOCIHi-
JOKEHb IOJI0 3aJIEKHOCTI MK MIBHJKICTIO 3HOIITY-
BaHHS Ta KOHTAaKTHUM THCKOM. BusiBneHo nsi mozeni,
IO TIAIIOPSAIKOBYIOTECS JIiHIHHOMY a0o0 CcTemneHe-
BOMY 3aKOHaM 3HouUlyBaHHA. TyT Oyne mpuzineHo
OLIBITY yBary HENiHIHHOMY BHUIIAJIKY.
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VY 3HOCOKOHTAaKTHHUX 3afadyax MpPY>KHUH MiBIIPO-
CTIp 9acTO MOJENIOETHCS OCHOBOIO BIHKJIEPIBCHKOTO
tumy. Taky MoJenb BHUKOPUCTAHO HAyKOBISIMH
I. Argatov [6], S. Garcin, S. Baydoun, P. Arnaud,
S. Fouvry [8], I. G. Goryacheva [9], J. Hu, F. Gao,
X. Liu, Y. Wei [11], N. Menga, M. A. Ciavarella [14],
P. Pddra, S. Andersson [16]. 3 meroro ananisy edex-
THBHOCTI BUOpaHOi Mozeni B pobotax [8, 11, 14, 16]
MIPOBOAATHCS PO3PAaXyHKH Ha OCHOBI L€l Mozedni, a
TAKOXK 1HIIMX MOJEINEH, sIKi epeadadaoTb BUKOPHC-
TaHHAM CIeNU(DITHUX 11 HUX METOIIB, 30KpeMa,
METOJly CKIHYCHHHX eJIEeMEHTIB. BusiBneHo mpu-
HHATHY y3rOJDKEHICTh Pe3y/bTariB, IO CBIAYUTH PO
edexkTuBHICTH MOJIeNi BiHKIlepa B 3HOCOKOHTaKTHHX
3agagax. Came 110 MOJIEb BUKOPUCTAEMO TYT.

Bimomo [9; 15] mpo HasBHICTH JBOX OCHOBHHX
CTafili 3HOIIYBaHHS — MIPUIPALIIOBAHHS 1 yCTaNIEHOTO
3HOCy. Ha crapii ycraneHoro 3HOCy po3IIsTHEMO KOH-
TaKTHY 3a7adyy M[pO 3HOILIYBaHHS MiBIPOCTOPY, IO
MOJIEIIOETHCSI OCHOBOIO BIHKJIEPIBCHKOTO THILY, BHAC-
JIJO0K PyXy TI0 HHOMY TIPSIMOKYTHOTO B TIIaHI IIITAMITA.

VY pobori [9] BuBeneHO po3B’A3yBalibHI PiBHSIHHS
i€l 3amayi, HaBeIeHO GOPMYIH PO3B’SA3KY y BUIIAKY
JIHIAHOTO 3aKOHY 3HONIYBaHHS i OTPUMAaHO YHCIIOBI
pe3yNbTaTH Uil MITaMIa 3 IUIOCKOIO TTiJIONIBOIO Ta
B OJHOMY 3 BHUIAJKiB HEMJIOCKOTO IITAMIIA, SKOMY
BiJMOBiTae piBHOMipHA (YHKIIII0O 3HOCOKOHTAaK-
THOTO TUCKY. 3a3Ha4eHi (POPMYIH BUKOPHCTAEMO TYT
JUIsL OTPUMAaHHSI KOHTaKTHUX XapaKTepUCTHK JiHIk-
HOTO 3aKOHY 3HOILEHHS AJISl IITaMIIB 13 HEIJIOCKOIO
ITiTOTIIBOIO Pi3HOT (hOPMH.

Po3B’s30Kk mocTaBneHOl 3a4a4i y BUMAIKy Helli-
HIHHOTO (CTETIEHEBOTO) 3aKOHY 3HOIITYBaHHS B OITY-
OnikoBaHUX poboTax He 3HaiAeHo. Crmparodnch Ha
JIBa TUNH IOJAHHS PO3B’SI3yBAJILHOTO PIBHSHHS SIK
TUQEepeHIiaTbHOr0 ab0 IHTErPaNLHOTO, JIOCIHIITUMO
BHITAIKK OTPUMAaHHS HaOIMKEHO-aHAIITHIHOTO ab0
YHCEITBHOTO PO3B’SI3KiB.

Mema pobomu — ROCIITUTH METOIN PO3B’SI3aHHS
PiBHSHB 3aJ1a4i IPO yCTaJCHUH 3HOC IIPY>KHOI OCHOBHU
BIHKJIEPIBCHKOTO THITY MPSIMOKYTHHUM Y TUTaHI IITaM-
[IOM, OTPUMATH YHMCIIOBI PE3yNbTaTi Ui ITaMIIiB 3
ITiJIONITBOFO Pi3HOI (POPMHE Ta MTPOBECTHU aHAII3 BILTUBY
BXIJHHUX MapaMeTpiB Ha 3HOCOKOHTAKTHI XapaKTepH-
CTHKH.

1. 3aranpHa mocTaHOBKa 3aJa4i Ta PiBHAHHA,
mo il MoIeTIoKTh. PO3MIIHEMO TIBIPOCTIp, 3 SKAM
OB’ sHKEMO CUCTEMY KOOpIUHAT ( X, y,, Z;) , TA IITAMI y
pyxomiii cuctemi (x,y,z) (puc. 1) [9]. @opma mrammna
€ TaKoI0, 1110 PO3pI3 IUIOIIMHOKO X = const SBISIE COOOI0
psMOKYTHHK. LllTaMn BTHCKA€eThCs y TIBOPOCTIp HOP-
MaJTBHOO TIOCTIMHOIO CHJIOI0 P Ta PyXaeThCs 3i CTa-
JIOK0 MIBWJIKICTIO V' B HampsiMKy oci Ox, YHACHiZIOK
YOr0 MOBEPXHS MiBIPOCTOPY 3HOLIYETHCS.

[IpumyctrimMo, 1o B Oyab-SIKHHT MOMEHT dYacy
OCHOBA IIITaMIIa BCiMa TOUKaMU KOHTAKTYE€ 3 IMiBIIPO-
CTOPOM.
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Puc. 1. CxeMa KOHTAKTHOI B3a€MOii

PosrisHeMo  QyHKIIIFO  3HOCY — MIBIPOCTOPY
w.(x,y.t). Y 3aralpHOMY BHIAJKy 3aJ€KHICTh
IIBUJIKOCTI 3HOCY BiJl KOHTAKTHOTO THUCKY p(X,,,.f)
BU3HAYAETHCS 3aKOHOM [5; 9]

%‘t’y"t):Kwp“(x,,yl.t)V‘3 (X »1), (1)
ne K, - KoedillieHT 3HOIUTYBaHHS, IO 3aJICKUTh BiJl
YMOB KOHTaKTy, o > 1, f >0 — mapameTrpy 3aKOHy 3HO-
nryBasHs. [ Ipu 1ipoMy mapameTp o > 1 BifmoBigae cte-
TICHEBOMY 3aKOHY 3HOIITYBaHHS, a o = | — JIHIIHOMY.

VY pyxomiii cucTeMi KOOpAWHAT, TMOB’S3aHIi 3i
IITaMIIOM, 00JAacTI0O KOHTAKTy € TPSMOKYTHHK Ha
IUIOLIMHI Oxy :

Q =[-a;a]x[-b;b],

ne a>b. Bigomo [7; 9], mo ansg mramma obpaHOi
(opMu y BCiX TOUKaxX IIIOMIAJKU KOHTAKTy (X, y)e Q
(YHKIIISE THCKY BH3HAYAETHCS (POPMYIIOI0
p(x)

T }b2 _ y2

V miif poborTi, sK i B podotax [8, 9, 11, 14, 16],
MIBIPOCTIP MOACIIOEMO OCHOBOIO Binkiepa, sika s
Ii€i 3a/1a9i BU3HAYAETHCS 3aJICKHICTIO [9]

P (x) =kw (x), (3)
nkE

,
2 a

2(1-v )lg( bj

ne E,v- Moaymb mpyxHocTi Ta koedimieHt Ilyac-

COHA MIBIIPOCTOPY BiJNIOBITHO.

Takum unHOM, 337134y 3BEJICHO 10 IIOCKOI IoCTa-
HOBKH, 5IKa IOTpeOy€e BU3HAYCHHSI KOHTAKTHUX XapaK-
TepucTHK y mronmHi y=0. Tyr posmmimarumemo
CTaJIik0 yCTaJIeHOTO 3HOCY [9].

3BaXkaro4M Ha MPUIYIICHHS PO MOBHHUI KOHTAKT
nIramia 3 MmiBIPOCTOPOM Y OyAb-SKHH MOMEHT 4acy,
PO3IISIHEMO Ty TOYKY (X;,0) Ha MeXi MiBIPOCTOPY,
sKa B MOMEHT 4acy ¢ =0 BCTymae B KOHTakKT [9], Toxi
X, = a; TIO3HAYUMO dYepe3 f(x) TOM MOMEHT dacy,
KoM Touka (x,0) B cucTemi KoopauHar Oxy 30ira-

p(x,y)=

k =
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THUMETBCS 3 TOYKOK (x;,0); Tomi 7(x) ——x, 3BIJIKHA
x=a-V-t(x). Y pyxomiii cucremi koopauHar Oxy
yBeaemo (DyHKIIT, 0 He 3aJieKaTh BiJ 9acy:

W. (x)=w. (a, O,I(x)), W.(x)=0, akuwox > a,
p,(a-Vt)=p(a,0,1).

YHachigok mporo cmiBBimHOMmECHHS (1) mepemnu-
meMo y BUTIIAAL [9]

W (x) = KV fpe (x')ax 4)

3(2), (3) Ta 03HaueHHA QYHKLIA p, (x) BUILIMBAE, 1110

w, (x) = %b P (x). (5)

YMOBa KOHTAKTYy IITaMIIa 3 TPY>KHUM HIBIPOCTO-
POM B pyxoMiil cucTemi KoOpauHaT Oxz 3aJa€ThCs
piBHsIHHSM [9]:

W.(x)+w (x)=D- f(x), (6)

ne f(x)- ¢yHxuis, 10 BU3HAYa€ MOBEPXHIO IITaMIIa
B riommHi y =0, a D - ocaaka mrammna. Bpaxosy-
10ud (4) Ta (5) Ta HO3HAYCHHS

K. =KV, (7
OTPUMAEMO piBHHHHH [9]
Kfps ")dx’ +7bp:( x)=D-f(x);

npozmcpepeHunoeMo piBHSIHHS (8), OIEeP)KIMO

Kopt ()= 22 5l (x) = /(). ®)

3Bakalouy Ha CIIBBIJHOMICHHS (2) Ta O3HAYCHHS
GbyHKwLii p, (x), oTpuMaEMo
p () _nx)

p(x)=p(a-Vt)= = :
n\/bz_yzyzo mb

PosmisiHeMO piBHSHHS PIBHOBATW CHIT Y 3aTalIbHOMY
BUIIISI/IL TA CIIPOCTUMO Horo 3 BukopuctanasM (10):

P= y(x y)dxdy = I _[pl

dx—nb'fpx

Tomi ymoBa plBHOBam BiZIHOCHO (yHKIIT p, (x)
Halyie BUTTISITY:
J‘ps 05

B==.

nb )

Jliis mepexomy 10 0e3p03MipHUX BEJIUUMH MOKJIA-
nemo [9]

(11)

> b - W
é=§,ps(&)=”;€£”é), F(e) = f(za), W.(2) - [(l“i),
k=K. [%) _kye|aE | 5_KA

nb v ’ s

_)iel@ a
2(1-v )blg( b)
Toxi nudepeHmiagbHe piBHsIHHSA (9) Ta yMOBa piBHO-

Baru (11) HaOyyTh BUITIAAY:

kP (&) - By (8) =1 (), (12)
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ji)s (£)dg = P. (13)

PiBusanns (12) Ta (13) JIat0Th 3MOTY 3HaUTH QyHK-
uito  p,(¢). Jdust orpumanHs wiei QyHKUii iHmmm
CIoco0OM, a TaKOXK AJIsI BU3HAYEHHS 6e3p03M1pH01
OCaJIKM IITaMIia D,Q MIEPETUIIeMO IHTerpaibHe

piBHsHHS (8) B 6e3pO3MIpHIX BETHUMHAX

K_[ps Vde'+ p(€)=D - f(€).
3acTocyemMo cmiBBimHOMICHHS (4), MO0 3HAWTH
dbopMyry BITHOCHO 0€3p0o3MipHOT (QYHKIIIl 3HOIIY-
BaHHSA [9]

W. (&)= o[ (g")de". (15)

3a npUnyIeHHsIM, Y KOYKeH MOMEHT 4Jacy ITiI01Ba
ITaMra Ma€ KOHTAKTyBaTH 3 TMOBEPXHEIO IiBIIPO-
CTOpY BcimMa Toukamu. [ 11s0r0 moHaiiMeHIe Heoo-
XiHO HakyacTH yMoBy f (&) 20 s Beix & e [-1;1].

2. Binomi dopmyan po3B’sa3ky 3agadi 3a
JiHiIHHOTO 3aKOHY 3HOLIYBAaHHSI MiBIpoOCTOPY.
3a JNIHIKHOTO 3aKOHY 3HOIIYBAaHHS, IO BiATOBI-
Jla€ TIOKa3HUKY o =1, po3B 30K 3a7adi HaBEJICHO
B poboti [9]. Jdudepenmiansue piBasHHA (12) ¥
IFOMY BHUMAJKy € JIHIHHUM 1 Ma€ 3a 3arajibHHI
PO3B’ 530K PYHKIIITO

p(&)=e" [C jf “i’da'J. (16)
Hesinoma crana 3HaiijieHa 3 YMOBH PiBHOBaru
(13) y dopmi [9]:
1 D 1 Trer k(1-¢' ’
c_zshK[ijlf (&)(e )—l)d&,]. (17)

VY 3a3HadeHiil poOOTI Ha CTAJIl yCTaJICHOTO 3HOCY
BU3HAYCHO (YHKIIO THUCKY Yy BHUIAAKy IITamma 3
IJIOCKOIO MiJI0IIBOIO, TOOTO AKIIO f'(£) =0,

~ . kP
ps(&)_zshKe H (18)
Ta (QYHKIIO 3HOIYBaHHS
— B P ok 19
Wo(e) =5 —(e" — ). (19)

Tam Takox HaBeneHo rpadiku ¢yHkuiii (18) Ta
(19) nns pisHUX MapaMeTpiB « .

Hwxue 3actocoByBatumemo (opmymnu (16), (17)
ta (15) mast oTpuMaHHS 3HOCOKOHTAaKTHHX Xapak-
TEPUCTHK JJsl IITAMIIB 13 HEIIOCKOIO OCHOBOIO 3
METOIO TOPIBHSHHS PE3YyNbTaTiB 32 PI3HUX 3aKOHIB
3HOILIYBaHHSI.

3. HaOmmxeHuil po3B’s30K 3amadi 3a CTeleHe-
BOTO 3aKOHY 3HOLIYBAaHHS MiBIIPOCTOPY IITAMIIOM i3
TUIOCKOIO MiJJOMIBOIO.

AHaJIITHYHUHA PO3B’SI30K JU(EpeHLianbHOTO PiB-
HHHA. Po3misiHEMO BHMIAAOK IITammna 3 IIOCKOIO
HiJOIBOIO f (¢)=0. Toni piBHsHHs (12) HabyBae
BUIIISLY

KB (E) - b, (8)=0. (20)
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Ockinpku o > 1, To piBHAHHS (20) Mae aHATITHY-
HUU PO3B’SI30K BUIIISATY

1

¢ (é):[(l—a)(w}“’

BU3HAYEHUU 32 YMOBH
k& + C < 0.

st orpumanHsS HeBigoMoro koedimierra C
moTpiOHO 3acTocyBaté yMOBY piBHOBaru (13).
OO0uncieHHS 1HTETpaja peali3yeMo IBOMAa CIIOCO-
0aMM — aHAIITUYHUM 1 YUCEIBHNAM 13 METOIO I10/1aJIb-
II0TO TIOPIBHSHHS PE3yJIbTaTIB.

Bukopucmanna ananimuunozo 3HaueHHA inme-
epana 6 pisHanui pisnosacu. OOUHCIUMO IHTETpal
AQHATITUYHO H IMiICTAaBUMO Pe3yJIbTaT B yMOBY PiBHO-
Baru (13):

i
a—1( 1 Yoo a-2

- _C)as
u—Z(a—lj {(K )

7(7,{,0)3—:?},}3 ~0. (21)

[

-1

Puc. 2. I'padiune nonanus ¢pynkuii y(C),
10 BianmoBinae naiBiii yactuni piBuaunsa (21)

Hnst po3w’si3anHst piBHsHHS (21) 3acTocoByeEMO
METOJl TOJIOBHMHHOTO JiieHHs. JliBa yacThHa piB-
HsHHS (21) BM3Hauae QyHKHiPO 3MiHHOT C, SIKY
no3HauuMo vy,  (C). IcHyBaHHS €IMHOrO PO3B’A3KY
MEPEeBiPSIEMO YHCEILHUM EKCIIEPHMEHTOM. A came:
JUIS KOXKHOTO Habopy BHOpaHMX JUISI PO3paxyHKY
BX1THUX TapameTpiB o,k Oyayemo dynkuii vy,  (C),
Y KOXKHOMY 3 BUTIA]IKIB OTPHMYEMO 3pOCTaI0Ty q)yHK-
110, sIKa MepeTHHAE Bich OC B OJIHIH TOYIII TPOMIKKY
C e (—»;—x), 10 Ja€ 3MOTy AINTH BHCHOBKY IpO
€IMHICTh PO3B’SI3Ky piBHSHHA (21), a TakoK BU3HA-
YUTH BiIPI30K 3MiHM 3Haka QyHKuii vy, (C) s
3aCTOCYBaHHS METOJy TOJIOBHHHOTO JieHHs. J{ist
UTFOCTpAIlii 3a3HAUEHOTO MiJIX0Ay Ha puc. 2 1o0yI0-
BaHO rpadik Takol QyHKIIN U BXITHUX ITapaMeTpiB
a=1l4x=1 P=1.

TakuM 4YuUHOM, PO3B’SI30K IIi€l 3agaui BU3HAYA-
€TbCSl OJIHO3HA4YHO. Take came JOCHIDKEHHS Mpo-
BOJIMTHCS 1 B MOAAJBIINX BHIQJKaX 3aCTOCYBaHHS
METOJy TTOJIOBUHHOTO J1JICHHSI.

Buxopucmannsa uucenbHoeo 3nauenHs inmeapana
6 pigHAHHI pigHosazuy. MeTol KBaipaTyp YUCEIbHOTO
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IHTErpyBaHHs peai3y€eMo i3 3aCTOCYBaHHAM MPABHX
MPSIMOKYTHHKIB, 110 3BOIUThH DPIBHSIHHS PIBHOBaru
(13) no BurIAIY

N
%;ﬁs (&k)(gk - &kfl) =P.

Hesinomy cTairy 3HaXOIMMO METOIOM TOJOBHH-
HOTO JiJIEHHS.

OyHKIis Tpodial0 3HOMIEHOI MOBEPXHI IMiBII-
poctopy Bu3HadaeTbes Qopmynoro (15) sx dyHK-
il HWOKHBOI MexXi iHTerpyBanHsa. g rpadignoro
nmofaHHst (YHKIII 3HAXOMUMO 11 3Ha4eHHS B Tquax
posouTTA & =-1+=", k =0,n Binpiska [-1;1].
KOJKHOMY 3 BmplsKlB [&:;1] peamizyemo umcenbHe
IHTETpyBaHHS.

HopiguanvHuti aunaniz yUCLO8UX pe3Vibmamis,
OMpuManux pizHumMu nioxodamu, TPOBEAEMO Ha
NpuKIaai BUOOpy mapameTpiB o =14,x=1, P=1.
Y BHUNaAKy aHAJTITHYHOTO OOYMCIIEHHS IHTEerpaa
HEBiZlOMa cTajia OTpUMaia 3HaYeHHS

C -3.470023157.

analit =

YucenbHe iHTerpyBaHHﬂ TMPOBOJMIIOCH 1A pi3HOi
KUJIBKOCTI N BiZpi3KiB pO3OUTTS MPOMDKKY [ L;1].
Pesynbratu mono OTpUMaHMX 3HAau€Hb HEB1IOMOI
KOHCTAaHTH HaBelIeHO B Ta0. 1.

Tabmung 1
3Ha4YeHHs1 KOHCTAHTH, 009N CJIeHI 3 BHKOPHCTAHHAM
YHCEJIBHOTO iHTerPYBaHHAM, /s pizHuX N

N Couamert
20 -3.419547081
100 -3.460005761
200 -3.465020179
500 -3.468024257
1000 ~3.469023705

B 0060x cmocobax po3B’s3aHHS METOI TOJIOBHH-
HOTO JiJICHHS BAKOPHCTOBYBABCS 3 TOUHICTIO € = 107¢ .

BigxuiaeHHs MK pe3yabTaTaMy y IBOX CIIOco0ax
OOYHCIICHHS IHTerpajla CTAaHOBIATE: KO N =20 —
10 1.5 %, sxmo N =100 — 10 0.3 %, skmo N =100
0 — mo 0.0003 %. Orxe, BukopucTtanus N =100
BH3HAYa€ BUCOKHIA PIBEHD Y3TOKCHHS.

Jns  imoctpartii  pe3ynbTaTiB pO3paxyHKIB i
MOPIBHSAHHS KOHTAKTHHUX XapaKTEPHUCTHK, IO Bif-
MOBITAIOTh JIIHIHHOMY Ta CTEIEHEBOMY 3aKOHaM
3HOITyBaHHS, BHOpaHO mapaMeTpu a =1 Ta o =1.4
BiAOBiIHO Ta Ge3po3mipHy cuny P =1. Ha puc. 3
HaBeneHo rpadikn GyHKIH THCKY (prc. 3, a) Ta Ipo-
¢imro 3HOMICHOT TOBepXHi (puc. 3, 0). LltpuxoBuMu
JiHIIMEA 300paskeHO Tpadiku I JTIHIKHOTO 3aKOHY,
3HaiiaeHi 3a popmynamu (18) ta (19), a cyninpHIMHI
JiHiIME — U1 crenieHeBoro. OcTaHHI BiMOBiIa0Th
pO3paxyHKaM i3 BUKOPUCTAHHAM aHAJITHYHOTO iHTe-
TpyBaHHS.
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Puc. 3. 3HOCOKOHTAKTHI XapaKTEePUCTUKHU I/l IITAMIIOM 3 IIJIOCKOIO MiI0LIBOI0
3a CTeNeHeBOro Ta JIiHIITHOr0 3aKOHIB 3HOIIYBAHHS

4. Bunajok creneHeBOro 3aKOHy 3HOIIYBaHHS
MiBIPOCTOPY ITAMIIOM i3 HEMJIOCKOIO MiI0IIBOIO.
Oonosnaunicms po36 ’sa3Ky 3a0a4i y BUTIAIKy HETIHIH-
HOTO 3aKOHY 3HOITYBaHHS JOCTIANMO, BUKOPHUCTOBY-
FOUH TIOJIaHHS PO3B’SI3YBAILHOTO PIBHSHHS 3aadi SK
inTerpansue piBHsSHHAS (14). e HeminiitHe piBHIHHSI
tuny Bousbreppa apyroro poay. BoHo mae enunuit
po3B’s30K y mpoctopi G, (QYHKUIH, HemepepBHUX
Ha Biapisky [-1;1]. [Tokaxemo ne. Posmisnemo nei-
HIiHHUI omepaTtop Ay(g)=«[y(¢)de . IIpoBenemMo ori-
HIOBaHHS 3 BUKOPUCTaHHSIM (opmyin Jlarpamxka 3a
(hyHKITIOHATFHIM apTyMEHTOM

45 (2) - Ay (8) < v (1-8)5 - .

Toxi s HaTypajabHOIO k >1 MaTuMeMo

Otmxe, 1uist JeKOTO crenens k Oyne BUKOHYBa-
THUCS HEPIBHICTH «'a % <1, pa3oM i3 yuM omeparop A
Oyne cruckarounM, a piBHsHHA (14) Oyme maru €/u-
HUI PO3B’SI30K, IKHUH MOJKHA 3HAUTH METOJIOM IOCITi-
JIOBHUX HAOJIMKEHD

By (8) = —x B2, (8)de - F(g)+ D, n=123,..., (22)

Jie 3a mepiie HaOIMKEHHS MO)KHA 00paTu JOBUIBHY
(yHKIIIFO IPOCTOPY G -

Ockinbkn piBHsHHA (12) Ta (14) ekBiBajeHTHI,
TO PO3B’SI3KU 000X 30Irar0ThCs, TOXK BU3HAYAKOTHCS
OZIHO3HAYHO.

Po36’s3an1s HeniHiliHO20 JupepenyiaibHo2o pis-
HAHHA MemoOOM CKIHYEHHUX pi3HUyb PeaizyeMo
nBoMa crocobamu. Po3misiHeMo [Ba BUIM pi3HHILIE-
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BUX BIJIHOIICHB IEPIIOTO TMOPSKY — JIiBl Ta Mpasi.
Po03i6’emo Binpi3ok iHTerpysanus [-1;1] na N pis-
HUX YaCTHH TOYKaMHU

& = —l+khh="2k=0N.
N

HabmmkeHe 3HaYeHHsI MMOXIHOT B TOYIN PO30OUTTS
£, MOXe OyTH BUpaKeHE JIBUMHU CKIHUCHHUMH Pi3-
HULSIMH

()= 2P iy

s

abo mpaBUMU —
~' ﬁx Fﬂ +1) " ﬁs E—’ 0NN _1
ps(E.:k): (kl)h (k)sk:()’N_L

s 71iBUX 1 mpaBUX CKIHYEHHUX Pi3HULB Aude-

peHiiansHe piBHAHHS (12) B HAOIMKEHOMY BUIIISII B

TOYKAxX &, 3alMLIETHCS Y popMax BiAMOBIIHO

_ ijs (E.kal) B ﬁs (&k)
—h

KBy (&) =/'(&), k=LN (23)

abo

A (&%MJ’(@), k=0,N 1. (24)

[lepernmemo cuctemy (23) B pO3TOpHYTOMY
BUIVIAI
Dy (ngl) = —hx p{ (éN) + ;; (éN) + h?(éN)s
Dy (éN—Z) = —hx py (E.:N—l) + Dy (E.’N—l) +hf (E.:N—l)’

B (Eey) =~ B2 (&) + p, (80) + hf' (&) (k =L N),

B, (&) = —h pe (&) + p, (85) + AT (8)),
B, (&) = —hepl (&) + p, (&) + hf' (&),

0 Ja€ 3MOTy BHpPa3uUTH BCi HEBiOMI
(k=1,N) uepes p,(Ey).

B, (&)
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Cucremy (24) 3armmucyemo y Takuii criocio
By (&) = e Bl (&) = P, (%) = 1T (&),
Bo(&) =k B (&) = b (&) - 1 (&),

By (&) = M 5 (&) =, (&) — A f (&) (k =0, N = 1),

Dy ((t:N—I) = hKﬁ: (E.‘N—Z) + E (E.:N—2) - h? (§N72)5
2 (azv) = e py (@m) - Iz (&‘:Nfl) - hj,{v’(‘vézvfl)’

i Bupaxaemo Bei p, (&) (k=1,N) uepes p, (&)-
3naueHHst QYHKUIl TUCKY B KOXHIA TOYIl PO3-

OWTTSI BUPAKAETHCS Yepe3 OHY HEBIZOMY BEJIMUUHY
D, (&) 200 p, (&,) 3a1€XkKHO Bl BUOOPY JIIBHX YM IIpa-
BUX CKIHUEHHHX Pi3HUIb. Y KO)KHOMY BHIIQJIKy HEBi-
JIOMY HIYKaeMO 3 YMOBHU PiBHOBArd, y Hill iHTerpan
OOUYUCITIOEMO METOJOM TpanewLiil i3 BUKOPUCTAHHIM
3HailifieHnX Bulle p, (&, ). PIBHAHHSA piBHOBaru B 060X
BUMNaKax HaOyBae BUIIISIAY

P:iwh
k=1

Bono Bu3Hauae HenmiHiliHe anreOpaiuHe piBHSHHS
BIJIHOCHO 33a3Ha4YC€HUX HEBiioMuX. PO3B’s13yemMo Horo
METOJIOM ITOJIOBUHHOTO JIIJICHHS.

VY nincymMKy oTpuMaemMo 3HadeHHs! QYHKIIT THCKY
B TOYKaX PO30HTTS &,k =0, N Bigpiska [-1;1].

Huckpemusosana ¢ynxyis npoghinto  3HoUweHol

nogepxui nienpocmopy. OyHkuis npodinto BU3HAYA-
emo 3a popmymnoro (15) y Toukax &,k =0, N , o6uuc-
JIOIOUM i1HTErpasl i3 BHKOPHCTaHHAM, HaIllpHUKIAL,
(dhopMyH JTiBUX MPSIMOKYTHHUKIB

N-1
YA
j=k

TopisnanvHuti ananiz 4ucio08UX pe3yIbmamis,
OMPUMAHUX PI3HUMU NIOX00AMU, TIPOBEACMO IS
napameTpiB o =14, 4=0.05x=0.1, P=1. Tpadiku
(YHKIIH KOHTaKTHOTO THCKY 300pakeHO Ha puc. 4.
Po3B’s30k, orpumanuii 3 BuOOopom N =20 Biapis-
KiB pO30MTTS 3 BUKOPHCTAaHHSAM JIBHX CKIHUCHHHX
pi3HULB, 300pak€HO IUTPUXOBOIO JIiHI€I0, a mpa-
BUX — WITPUX-IIYHKTHPHOIO; PE3yJbTaTd, OTpPUMaHi
3 BUKOPHUCTAHHSM JIiBUX 1 MPaBUX CKIHYEHHHX pi3-
HUIb, KOO N =100, MOKa3aHO CipOK CYILIIBHOIO
Ta TOYKOBOIO JIHISIMHM BIAMOBIAHO. BIOXUiIeHHS MiX
3HAYEHHAMH, PO3paxXOBaHUMU, KO N =20, cTaHO-
BUTH 710 2.3 %, a gxmo N =100 — 10 0.4 %.

3acmocysanns memoody nocrio08HUX HAOIUINCEHD
00 P036’s13y6ANbHO20 iHMESPanrbHo2o piHanus. Po3-
IJISIHEMO CHCTEMY, IO CKJIAJAa€ThCsl 3 IHTErpalbHOTOo
piBusHHS (14) Ta ymoBu piBHoBaru (13).

[Mosnaunmo C; = p, ,(0). YucenbHuii excnepu-
MEHT IONEPEAHIX PO3paxyHKIB MiATBEPDKYE CIpa-
BEJUIMBICTh HEPIBHOCTI

LAG @C)O‘ ) (25)
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Puc. 4. IlopiBHsAHHA QYHKIil KOHTAKTHOIO
THCKY, 0049 CIeHHX i3 BUKOPHCTAHHAM IPaBHX
i JiBUX CKiHYeHHHUX Pi3HUIb

Lle nae 3mory nonaru QyHKIi0O B¢ (&) 3a 10NOMO-
TOI0 sty

(1+u)" —1+ZH“ L Jul <1, (26)
k=1j=1
IToxmanemo
_ ﬁs,n (a) - CO
U(E_,) - CO >
Toxl

pg(g):cg(u”s(ic) CJ CQ(HZHa I+ g)J.

k=1j=1

Kpim Toro, ¢yHkuito f(&) momaemMo pszoMm,
AKUH HAOIMKEHO 3aMiHIOEMO MHOTOUWJIEHOM M, (&)
TaKOI'o CTEIEHs m , 00 |M (&)-f (§)| <10 mus Beix
¢ e[-1;1]. Take nomanHs QyHKUiN nae 3Mory 1no30a-
BUTHCS Bl HEUUJIMX CTENEHiB, CIIPOCTHTH 1HTETPY-
BaHHA. Y MiACYMKY MOCHifOBHI HaOmmxeHHs (22)
HaOyBalOTh BUTIISAY

Do (8 ——KJC“[HZH“ l’” "(«i)]d§+D M, (2),

k=1 j=1
n=123,... p ()= D,
a PpO3B’SI3KOM CTa€ TIOTiHOMIambHA (YHKILS, IO
MiCTUTB HeBizomy D .

3ayBakXiMO, II10 MTOTPiOHO BiJCITIIKOBYBAaTH BUKO-
HaHHS YMOBH (25) Ha KOXKHOMY iTepamiifHOMY KpOIII.

MeTon MONOBUHHOTO IUICHHS PO3B’sI3aHHS PiB-
HaHHA piBHOBary (13) BimHocHO D peai3oByBaTH-
MEMO OJHOYACHO 3 METO/IOM MTOCITiIOBHUX HAOJIKEHb.

OyHKITI0 TPO(dTI0 3HOMIEHOI MMOBEPXHI MiBIIPO-
CTOPY 3HAXOIUMO aHAJIOTIYHO 10 PO3ILTY 3.

Jns peamizartii 3a3HaYEHOTO MIAXOAY BHUKOPH-
CTaHO CHUCTEMY KOMII IOTepHOI anreopu. CHMBOIBHI
OOUHUCIICHHS CUCTEMH TIPU3BOJATH JIO TOTO, IO
MOCTITOBHI HAOMIKEHHS CYTTEBO HAKOIIUYIYIOTh
aHamiTHIHI (QYHKITIT CTETICHEBOTO BUIJISY, ITepEBaH-
Taxyoun pecypc cucreMu. Came 3a IIi€l TpUIUHA
BHOMpaeMo N =5, a TakoX OOYHCIIOEMO II’SITh
TTOCITITOBHUX HAOMMKeHb. He 11 BCix mapaMeTpiB «
BHOpaHa KUTBKICTh MTOCTIIOBHUX HAONMKEHB 3a0€3-
mevye 301KHICTE iTepamiifHoro mporecy. Jlani Hase-
JIEMO YHCIIOBHH pe3ynbrar Jiisl x = 0.1, JJs SKOro
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MOPSIIOK 301KHOCTI CTAHOBHUTD o F [ami napame-
Tpu — a=1.4, A=0.05 P=1.

Hageneni Ha puc. 5 rpadiku QyHKIIT THCKY TalOTh
3MOTY MTOPIBHATHU PE3YIBTATH, 3HAWIEH] PI3HUMHU M-
xoxaMu. A came:

— TOYKOBUM JIiHISIM Bi/IITOBIIaOTh rpaq)iKH (hyHK-
Lii-pO3B’SA3KIB nn(l)epeHulanbﬂoro plBHSIHHSI bi (6]
SIKOTO 3aCTOCOBAHO METOJIM JIIBUX 1 MPaBUX CKiHYEH-
HUX PI3HHIB BiAMOBiAHO 3a BUOOpY 100 Bimpi3kiB
po30uTTS;

— CYIIUTHHOIO CipOI0 — PO3B’SA30K IHTETPATLHOTO PiB-
HSIHHSI, OTPUMAHMI METOJIOM MOCTiTOBHUX HAOIM)KEHb.

Ps
052 o

0.50

e 4
¥ ]
N 0.48

/ 0.46]
0.44]

£

e,

Puc. 5. llopiBHsinHs pyHKLiH THCKY, 00YHCIEHUX
i3 BUKOPUCTAHHAM CKiHYeHHUX Pi3HULb
i MeTOay MOC/IiIOBHMX HAOIHKEHb

BigxuieHHst MiX pe3ynbTaraMH, OTPUMaHUMH 3a
MEPUINM 1 IPyTUM Tijgxoaamu, He nepesuirye 0.25 %.

3acmocyeanna memody cmenenegux psaodie 00
PO38’A3V8ANILHO20 IHMe2PpaIbHo20 pigHsaHHA. Po3B’s-
30K iHTerpaiabHOTO piBHAHHSA (14) MOmaeMo creneHe-
BUM PSIOM

:iajéf:ao+al&+a2£2+... +.., -l<g<l. (27)

i=0

3ifiCHEHO MTePEeTBOPCHHS
13; (€)=a, (1 +hE+bE + ...
. j=123,.

J
+ag

+bj<§j+...),

ne b, = . 'Y po3kiani (26) noksiauaeMo

ao
u=ht+bg +.. +bt +
OTPUMAEMO

P(&)=ay {1 +ilﬁ[a%{+l(b1§+bzéz +..+bE +...)k].

k=1j-1
Peanizyemo rpymyBaHHsI JOAAaHKIB 3a BiJlIIOBiJI-
HUMHU CTEIICHSIMU & 1 BUSBISIEMO 3aKOHOMIpPHICTb:

(@) =ai 1+ 3ne ) e8)
k=1
e
k—m+1 _ 7
mk — H w5k :192’39-~-5m:1’25~-~’k;
-1 J
ak’k:bk,ak’m zakjijb k—123 1)2:'-'9k719

Y, = Z k@ k =1,2,3,...
m=1
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[Tonamo posknan y psan GyHkuii f(x) y BUIIAL
f(x)=2¢g"

k=0
[MincraBumo (27) Ta (28) no piBHsHHS (14), BUKO-
HABIIIH IHTETPYBaHHS

Kag([uikhj [{; Zyk g D+a0[l+ibkékj—
:D—CO—chX;k.

[MpupiBHIOIOUM KOEQIlIEHTH 32 OHAKOBUX CTEIle-
HIB &, IPUXOAUMO J0 CUCTEMHU

- Y N
Ka; 1+§ +a,=D-c¢,;
0 0 0
[ Sk+1 ’
—Kka; +a,b =—c;
—Kag‘%+a0b —Cy;

a’Ykl

_Kao 7+aob :—Ck(k 23,4,5,...).

3BiIKM CIIOYATKy BUPa3HMMO Koe(ilieHTH {b, }

G

b =xal" - L;
a
b =xa L _G.
¢ I,
b =wag el Sk (k =345,
k = 0 R RS RERY K]
k 0

HiCJIS YOr0 OTPUMAEMO (POPMYITY [UIs OOUHMCIICHHS D

D=a, [1 + Zbk] +Y ¢
k=1 k=0
[TincraBumo poskman (28) g0 yMOBH piBHOBArw,
MIPUHAEMO J0 PIBHIHHA

:i 2a,, ‘
=2k +1
3ayBaknMo, 110 KOKEH KOeQIIiEHT a, HETiHIHHO
3aJIOKUTh BiA a,, TOMY piBHSHHA (29) BH3Hauae
HEJiHIMHEe ajreOpaiyHe PIBHSHHS BiHOCHO q,, J0
PO3B’sI3aHHSI SIKOTO 3aCTOCOBYEMO METOJ ITOJIOBHH-
HOTO IUIEHHS.

Ockinbku QyHKIiA pf (§) HOTAETHCS CTENEeHe-
BUM psioM (28), To QyHKIiS Tpodimo 3HOMICHOT
NoBepxHi, BU3HaueHa (opmymnoro (15), Takox mona-
€TBCSI CTETICHEBUM PSIZIOM

7 a Sz S g
W. (&) =xa; [(1+;k+lj—[a+;yk k+1]J
Jist oTpuMaHHs HaOIMKEHOTO PO3B 3Ky YACTKOBA
CyMa CTemneHeBOro psay (28) 3aMiHIOETBCS CYMOIO 3
40 nomaHKiB, BIIMOBIJHO JIO LIOTO BCI PSJIU OMUCaA-
HOTO TiJIXOJY 3aMIiHIOKOTBCS YaCTKOBUMH CyMaMHU.
Slkio Oyno BuGpano 100 nogaHkiB cymMHu, pe3yIbTaTH
BIJIPI3HSUIACS HA MIOCTIM 3HAYYIIIN IIUQPI.
Bubupaemo Ti cami BXiJHI JJaHHI, 110 1 B YChOMY
posnini 4, muis nopiBHsIHHS pe3yabrariB. Ha puc. 6,
a 300paxkeHo Tpadiku QyHKIIH THCKY. TOYKOBUM
JIHISIM BIAMOBINAIOTH Pe3yJbTaTh, OTPUMaHi 3 BUKO-
PHUCTaHHSIM JIIBUX 1 MPaBUX CKIHYEHHUX PI3HUI (32

(29)
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Puc. 6. IlopiBHAHHSA 3HOCOKOHTAKTHHUX XapaKTEePUCTHK, OTPUMAHUX 32 Pi3HUMH MiIX01aMu

KUTBKOCTI Biipi3kiB po30uttss — 100), mTpux-myHK-
TUPHIN — METO/y MOCIiAOBHUX HAOIMKEHb, CYIiIb-
Hill Ccipili — METOIly CTETIIeHEBUX PsIIiB, 32CTOCOBaHI
JI0 THX PO3B’S3yBaJIbHUX PiBHSIHb, IKUM BOHH BiJIIIO-
BijaroTh. J{yisi BUOpaHMX BXIJHUX MapameTpiB rpa-
¢iku dyHKUIH npodisiB 3HOMIEHOT TOBEPXHI, 300pa-
JKEeHI1 Ha puc. 6, 0, Bi3yaqbHO OJIU3bKI.

5. AHaJji3 4ucJ0BMX pe3yabTaTiB A pi3HUX
BXITHMX MapaMeTpiB

Hageneni HMK4e pe3ynbraTd po3paxoBaHi, SKIIO
P =1. Jnst MOCTiKEHHST CTENEHEBOTO 3aKOHY BUOH-
paerbes o = 1.4, miHiiiHOTO — o = 1. Ha Bcix moja-
HUX HW)KYE PHCYHKax 3 IO3HAUKOI «a» HaBEICHO
rpadiku QyHKIIH KOHTAaKTHOTO THCKY, 3 MO3HAYKOO
«0» — mpodimiB  3HOMICHOT MOBEPXHi, a 3HAYCHHS
napameTrpa k HiAMUCAHO MOpYY i3 rpadikamu, o
HOMY BIMOBIAOTh.

Pesynbratn, HaBeleHI Ui JIHIHHOTO 3aKOHY,
3HAWJEHO 3a J0MOMOTrow Bigomux ¢opmynu (16),
(17) ra (15).

Bunaoox wimamna 3 HenI0CKo0 0CHO80I0, GU3HAYE-
HO20 KeadpamuuHolo yyHKyicro. PosrisiHeMo 3ajaqy po
3HOIITYBaHHSI MIBIIPOCTOPY MPSIMOKYTHHM Y TUIaHI IITaM-
TIOM, 1[0 PYXAEThCS B30BXK OCI aOCIIMC 1 Ma€ iJIOIIIBY,
BH3HAYEHY HEBII €MHOIO (QyHKUi€w f (&)= AL + const
. HaBeyieHi BHIIle BUCHOBKM CBITYarh PO HE3HAYHI BiJi-
XUJICHHSI B PE3YJIBTaTax, OTPUMAHUX PI3HUMH METOJaMHU.
JlomarkoBwuii aHaTi3 TIOKa3aB, IO I ITiIOIIBH IITAMIIA,
1110 BU3HAYAETHCS KBAIPATUIHOIO (DYHKIIIE0, HAHOLIbIIIE
BIJIXVJICHHSI HE TIepeBUIIYIOTH | %. 3Ha4eHHsI, po3paxo-
BaHi 3a JIOTIOMOTOIO METO/Iy CTETICHEBHX PSIIIiB, € «yce-
pPEAHEHUMI», OTPHUMaHWMH IHIIMMHA METOIIAMH, CaMe
TOMY JIJISl HABESACHHUX HMDKYUE PO3PAXYHKIB BiJIIAHO TIepe-
Bary 3a3HadyeHOMY METO/TY.

[IpoBenemo ananiz énaugy 3aKoHy 3HOULYBAHMSL.
bepemo A4=0.05. Ha puc. 7 WITPUX-IIyHKTUPHUM
JIHISAM BIANOBIZA€ JIHINHUN 3aKOH 3HOIIYBaHHS,
CYUIJIbHUM — CTerieHeBui. HenmiHIMHUN 3aKOH 3HO-
LIyBaHHS BIUIMBAE HA YPIBHOMIPHEHHS! KOHTAKTHOTO
TUCKY Ta 3MEHIICHHS 3HOIIYBAaHHS IMiBIPOCTOPY
mig mramMiaoM. Tol camMyii BUCHOBOK J1acTh 1 aHAJII3
puc. 4 A mramia 3 MmIOCKOIO MiIOMIBOIO.

Computer Science and Applied Mathematics. Ne 1 (2025)

3a pesynbTatamMu, HaBeJICHUMHU Ha PHC. 7, IPOBe-
JEMO aHani3 GNausy napamempa x Ha 3HOCOKOHTAK-
THI XapaKTepUCTHKH. 3a3HAYMMO, 110 e mapameTp
BU3HAYae (i3MUHI XapaKTEPUCTHKH IMiBIIPOCTOPY,
OCKUIbKH BHPAXKAETHCS uepe3 HOro MpyKHi mapame-
TpH Ta Koe(]ili€HT 3HONIYBaHHS. 3MCHILICHHS 3Ha-
YeHHS Mapamerpa x MPHU3BOAUTH A0 3MCHIICHHS
THCKYy B TOYI[l I[OYATKOBOTO KOHTakTy (&=1) Ta
30UIBIICHHS — Y KiHLEBiH (& = 1), a TAKOXK J10 3MEH-
HICHHS 3HOWICHHS. /l0 aHalOTiYHUX BUCHOBKIB TpH-
3BOJIUTH aHaNi3 3HOCOKOHTAKTHHX XapaKTePUCTHUK
M1 IITaMIIOM 13 TUIOCKORO MiA0NIBO (puc. 3).

[IpoBenemo awnaniz eniugy rkoegiyicuma A, 10
BU3Ha4Yae (YHKIIIO TOBEPXHI MijoImBY InTammna. Ha
puc. 8 3HaueHHIO A =0 BIAMOBINAIOTH Cipi CYLIbHI
ninii, A=0.05 — 4opHi cyuinbHi, 4 =0.25 — 4yopHi
HIPUXOBI.

OckibKM TapaMerp x BIANOBIAae 3a ¢i3uyHI
BJIACTHBOCTI MiBIIPOCTOPY, TO MiBIPOCTIP YHNHHTUME
HalMEHIIUI «CYNPOTHUB» KOHTAKTHOMY THUCKY, SKILO
k=0.1. Came TOMy 3a IILOTO 3HAYCHHS Kk MOXKHA
criocTepiraTi HalOIbI BUPaKEHUH BILUTUB Koedili-
€HTa A . SIKmo Ajs mTammna 3 IUIOCKOIO MiIOIIBOO
(nuB. puc. 4) HAHOUTBIINK TUCK JOCATAETHCS B TOYII
¢&=1, To mIg mTamia 3 MiJOIIBOIO, 3aJaHOI0 KBa-
JIPaTUYHOIO (DYHKIII€I0, HAUOUIbIIE 3HAUCHHS THUCKY
MOKE JIOCSITaTUCSl y BHYTPIMIHIA TOUIl IUIOIIAAKH
KOHTaKTy. 3a 3Ha4eHHsS « =1 BIUIMB KoedilieHTa A
CTa€ MEHIINM, a HaiO1IbIIe 3HaYeHHS QYHKIIIT TUCKY
CIoCcTepiraeThes B ToUlll & =1 Jyist BCiX A , BUOpaHUX
JUTst po3paxyHKy. Kpim Toro, koedillieHT A BIUIMBa€E
Ha HampsM omykiocTti ¢yHKHil THcky. loxo mpodi-
JB 3HOIIEHHUX MOBEPXOHb, TO MapameTp A HecyT-
TEBO BIUIMBAE Ha iX SKICHY MOBEIIHKY.

3 BUKOPUCTAHHSM iHTErpajbHOTO piBHsHHS (14)
MOKHA OTPHMATH OCajKy mramna D . s HeBin’em-
Hux QyHKUii  f (&) = AE? + const, WO BU3HAYAIOTH
(hopMy ITiIOIIBY IIITAMIIA, IIPUITYCTUMO, 1110 3HAUCHHS
KOHCTAHTH HE 3aJIE)KHTh BiJl A . 3aHeCeMO 3HaueHHs D
J10 TabJ1. 2 ISl PI3HUX BXIJHUX HapaMeTpiB.

AHai3y1049u BUIIKCAHI YUCIIOBI PE3YJIbTaTH, J0X0-
MO BUCHOBKY, IO CTETICHEBUH 3aKOH 3HOIIYBaHHS
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Puc. 7. 3HOCOKOHTAKTHI XapaKTePHUCTHKH i/ IITAMIIOM, IiI0IIBA IKOT0 BUZHAYEHA
KBA/IPATHYHOK (PYHKII€L0, 1J151 JTiHIITHOTO TA CTeNeHeBOro 3aKOHIB 3HOLIYBAHHSI Ta Pi3HUX «

Puc. 8. 3HOCOKOHTAKTHI XapaKTepHUCTHKH, OTPUMAHI 115 Pi3HUX nmapaMeTpiB A i «

BIUTMBA€E HA 3MEHIIIEHHS 0CaAKH. SIKII0 KoeirieHT A
(hikcoBaHMMA, TO OUTHPIIMM 3HAYCHHSM TapaMeTpa k
BiJIMTOBiTa€ OiTbIIIA OCajKa IITAMITa B TPY>KHUAHN ITiBII-
pocrtip. Tak camo # Oinbiri 3Ha9eHHS A (3a pikcoBa-
HUX K ) BU3HAYAIOTh OiIBIITY OCaJKy IITaMITa.

Bunaoku wmamnie 3 HeniIOCKUMU NiOOWBAMU
iHwux munis. Po3rinssHeMo criodarky GyHKIIil

fi(g)=A(g" -&)+ const
Ta
£, (&) = —Asin (ng) + const.

[epia Mae TpH JIOKaIbHI EKCTPEMYMH, IpyTa — JIBa.
I3 3actocyBaHHSIM METOHy NOCHIIOBHUX HaOIH-
’KeHb po3KJIaJ] QYHKIT f, (X) B cTeneHeBuii psj 3acTo-
COBaHO /10 17 cTeneHst BKIIIOYHO, Y METO1 CTETIIEHEBUX
psmiB — 39. Jlist 000X BUMANKIB B METOZI CKIHUCHHUX
pizaue BuOpano 100 Bimpi3KiB pO3OHTTS MPOMIKKY

Computer Science and Applied Mathematics. Ne 1 (2025)

Tabmuis 2
Besposmipna ocaaka mramna D
k=0.1 k=0.5 k=1
a=1

A=0. 0.5516665000 | 0.7909884384 | 1.156516960
A=0.05 0.5683539986 | 0.8081973736 | 1.175215071
A=025 0.6351096838 | 0.8770359424 | 1.249998186
oa=14

A=0 0.5392540609 | 0.7253633691 | 1.030615275
A=0.05 0.5559398642 | 0.7423833002 | 1.048729699
A=025 |0.62288012410.8114012421 | 1.123213126

IHTErpyBaHHs, y METOII CTENEeHEeBHUX PsAiB (DYHKIIO
THUCKY MOAAeMO psiioM 110 40-ro CTeneHs BKJIIOYHO.
BigxunenHs B po3paxyHKOBHX 3HAYCHHSIX, OTPUMAHHX
PI3HUMHU MiIXo#amH, He repeBuiryBaio 1 %.

ISSN 2786-6254



29

Puc. 9. 3H0COKOHTAKTHI XapaKTePUCTHKHU JJIs1 HEIJIOCKOT0 IITAMIIA,
BU3HA4YeHOro gpynkuicio f (x)

Puc. 10. 3HOCOKOHTAKTHI XapaKTePUCTHKH /IS HEIUIOCKOI0 IITAMIIA,
BH3HA4YeHOro gpynkuicio f, (x)

Hageneni pe3ynbrari BiANoBiAalOTh po3paxyHKam
13 BUKOPHCTaHHSM METOAY CTeNeHeBUX psniB. Ha
puc. 9 1 10 HaBeneHo rpa¢ikd KOHTAaKTHHX Xapak-
TEPUCTHUK YCTAJEHOTO 3HOCY MiBIPOCTOPY BHACIIi-
JIOK pyXy IITamIla, BU3HAYEHOTrO (yHKIIAMH £(8),
Ko A =025 ta f (&), akmo A =0.1 BiINOBIIHO.
CylinpHUM JIiHISM BIANOBIZa€ CTEIEHEBUH 3aKOH
3HOILYBaHHSI, 8 TOUKOBUM — JIHIHHHUH.

BrmB BXigHMX mapaMeTpiB Ha KOHTaKTHI Xapak-
TEPUCTHUKU SIKICHO aHAJIOTIYHUH 3a3HAYCHOMY BHILE
JUIS IOTaMia 3 KBaJpaTHYHOI (QYHKIII MiIOLIBH.
OcoOnuBicTs moNArae y 3mIaKyBaHHI rpadika
GyHKIIi THCKY Ha MpOMiKKY ¢&e[0.3;1] 3a 30i1b-
LICHHS NapameTpa x, 10 BU3Ha4dae (Pi3u4Hi BIacTHU-
BOCTI MiBIPOCTODY.

3ayBa)KUMO M0 HAONMIKEHO-aHATITUYHUN TIiJI-
XiJl, SIKHH BUKOPHUCTOBYE METOJ] CTEIICHEBUX PSIB, €
Hee()eKTUBHUM JIJISI OCHMIIOUNX (PYHKITIH 1M1 10IIBH
mramna. lle cnpuynHeHO 30i7bIICHHSM 3HaYCHb
nepmmx Koe(ilieHTiB po3kiaay B psa. Y Takux
BUMAJKaX MOXXHA 3aCTOCYBaTH YHMCEIBHUU IiJXif,
3aCHOBaHMIA HA METO/[I CKIHUCHHUX PI3HUIIb.

Computer Science and Applied Mathematics. Ne 1 (2025)

Ha puc. 11 naBeneno rpadiku QyHKLiN TUCKY IS
HETJIOCKOTO IITaMIIa, BU3HAYCHOTO (DYHKIIIEIO

£+ (&) = Acos (6n&) + const

K10 A =0.02. Y nbOMy BHIIAJIKy TAKOX CIIOCTEpira-
€TBCsI 3TVIaJKYBaHHs (QYHKIIT THCKY 3 HAONMKEHHIM
J10 TOYKMU & =1.

Puc. 11. 3HOCOKOHTAKTHHII THCK IiJl IITAMIIOM,
BU3HAYEHUM OCHUJIIOIOYO0I0 (PYyHKUiEIO

ISSN 2786-6254



30

BuchHoBku. PoGora npucssuena 3anaui npo 3Ho-
IIEHHS OCHOBHU BIiHKIIEPIBCHKOTO THITY BHACIHIIOK
PYyXy IPSMOKYTHOTO B IUIaHI IITaMIIA.

Jlia BumaKy JiHiHOTO 3aKOHY 3HOITYBaHHS (hop-
MYJIH Ui OTPUMaHHS PO3B’s3Ky HaBeneHo B [9]. Lli
(hopMyIH BUKOPUCTAHO 151 OOUHCIICHHS KOHTAKTHUX
XapaKTEPUCTHK AJIS PI3HUX (HOPM HEIUIOCKHUX LITaM-
ITiB 13 METOIO BUSIBJICHHS BIJIUBY 3aKOHY 3HOILIYBaHHS
Ha KOHTAKTHI XapaKTEPUCTHKH.

Haii6inbima yBara B poOoTi MPHUIIISETBCS CTETe-
HEBOMY 3aKOHY 3HOLIYBaHHSI.

Po3B’s3yBanbHI piBHSHHS 3a7adi MOXYThb OyTH
nofaHi Ak mudepeHiiatbie ad0 eKBiBaJICHTHE HOMY
iHTerpanbHe piBHAHHS. Came TOCIHIHKEHHIO METOIiB
X po3B’si3aHHS TMPHUIIIEHO 3HAYHY YBary B poOOTi.

HemniniitHe iHTeTpasibHe PiBHSIHHS OCIIIHKEHO Ha
iCHyBaHHs €IMHOTO po3B’s3Ky. Lle nano 3mory orpu-
MaTu BUCHOBOK IIPO €IMHICTb PO3B’A3KY 3a1aui, SIKUii
HE 3aJISKUTH BiJl 3aCTOCOBAHUX METOIB.

Hemniniitne nudepeHmianbHe piBHSIHHS TEPIIOTO
MOPSIAKY 7SI IITaMIIa 3 TUIOCKOIO MiIOIIBOIO PO3B’si-
3aHO aHAJITUYHO. [[11s momyKy HeBiZOMOT KOHCTaHTH
BUKOPHCTaHO YMOBY PiBHOBaru, A¢ peaiizoBaHo JBa
CHoCcOoOM IHTETpyBaHHS — AaHATITUYHHUN 1 YUCEIBHUH.
B 0060x Bumagkax piBHSHHS 3BEICHO J0 HENIHIHHOTO
anreOpaidHoro, SIKe PO3B’A3aHO METOJOM IOJOBHH-

HOTO JIJICHHS.

VY BUmaiKy IITammna 3 HEIJIOCKOKO IiJOLIBOIO
HeNiHiliHe nudepeHmiadbHe PIBHAHHS PO3B’SI3aHO
YHCENIFHO METOJIOM CKIHYEHHHX Pi3HHIIb, [0 BUKO-
PUCTOBYIOTH TIpaBi a0 JIiBi Pi3HUIEBI BiHOIICHHS.
Jlo po3B’s3aHHSA BiIIOBIHOTO IHTETPAILHOTO PiB-
HSHHS 32CTOCOBAHO J[BA ITiIXOH: OJJH — 3aCHOBAHMI
Ha METO/I TOCTIJIOBHUX HAOIMXKEHb, MPYyTUd — Ha
HAOJKEHO aHATITHIHOMY METO/Ii CTETICHEBUX PS/IiB.

VY KOKHOMY BHMNAJKy IIyKaHa JHUCKPETH30BaHA
abo aHamiTH4YHA (TIOJiHOMianbHA) (YHKINSI THCKY
BUpaKae€ThCs 4epe3 HeBimomuid mapamerp. [ligcra-
HOBKa Takoi ()YHKIii O YMOBH PiBHOBaru 3BOJUTH
il 10 HemiHiMHOTO anreOpaiyHOrO pIBHSHHS, SIKE
PO3B’s13aHO METOIOM ITOJIOBHHHOTO JiJICHHS.

[TpoBeneHO MOPIBHAHHS PE3YyNbTaTiB, OTPUMAHUX
3a piI3HUMH ITiJIX0IaMH JI0 BUOOPY KOMOiHAIIIT METO/IIB.

B anami3i 4yMcnoBUX pe3ylbTaTiB aKLIEHTOBAHO
yBary Ha IITaMIIM 3 HEIJIOCKUMHU Mi0IBaMH Pi3HOI
dopMH — mMONIHOMIaNBHOI Ta TPUTOHOMETPUYHOI.
[IpoBeneHo aHai3 3HOCOKOHTAKTHUX XapaKTepHC-
TUK — (DyHKLIT TUCKY, TPOdiI0 3HOIIEHOT TOBEPXHI i
0CaJIKH ILITaMIIa — 1010 BIUVIMBY BXiIHUX apaMeTpiB.
30KpemMa, BHUSIBJICHO, IO CTEIIEHEBUH 3aKOH 3HOLIY-
BaHHS MIPU3BOIUTH 10 YPIBHOMIpPHEHHS KOHTAKTHOTO
TUCKY Ta 3MEHILEHHS 3HOCY [TOBEPXHI MiBIIPOCTOPY.
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The relevance of the article is due to the need to develop and improve methods for
optimal placement of sound signal sources of emergency alert systems to ensure
the effectiveness of their functioning. The development of new approaches
will reduce the costs of maintaining and placing such systems, improve their
deployment time and provide the population of the alerting area with a normative
and more comfortable level of acoustic pressure of sound signals.

The purpose of the study is to develop an algorithm for using Laguerre-Voronoi
diagrams to place sound signal sources of the emergency alert system, taking
into account acoustic and other parameters that affect the quality of its operation.
The article presents the results of modeling and an algorithm for using Laguerre-
Voronoi diagrams to optimize the placement of sound signal sources in emergency
alert systems. The proposed methodology allows you to model and determine
coverage areas taking into account the effective range of alert sources, building
density, terrain features and acoustic characteristics of the area. The developed
algorithm takes into account the peculiarities of sound wave propagation in an
environment with different conditions of acoustic wave absorption, taking into
account the peculiarities of the territory's development and the height of the
sources, which affect their effective range.

The possibilities of applying the proposed approach are demonstrated in the
example of calculating the locations of sound signal sources of the warning
system for a model city area. The possibilities of taking into account the acoustic
characteristics of buildings in the warning area and ensuring the parameters of
the regulatory sound pressure level are shown. An algorithm for optimizing the
use of the ranges of sound signal sources is presented.
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AKTyaslbHICTh CTaTTi OOyMOBJIECHA MHOTPEOOI0 PO3POOKH I yHOCKOHAJICHHS
METO/IIB ONTUMAJIBHOTO PO3MIIIEHHS JKEPENT 3BYKOBUX CHUTHATIB CHUCTEM
eKCTPEHOTO OIOBIIIEHHA HAaceleHHs Ui 3a0e3nedeHHs e(EeKTUBHOCTI iX
(yHkiionyBaHHs. Po3poOka HOBUX MiIXO/IB JACTh 3MOTY 3MEHILIUTH BUTPATH Ha
00CITyTOBYBaHHS Ta PO3MIILIIEHHSI TAKHX CUCTEM, TIOKPAIUTH Yac X pO3rOpTaHHS
Ta 3a0€3MEUNTH JUIS HACEJICHHS TEPUTOPIi OMOBIIIEHHS HOPMAaTUBHUM 1 O1LIbII
KOoM(OpTHHI piBEeHb AKYCTUYHOI'O TUCKY 3ByKOBUX CUTHAJIIB.

MeTor0 JOCHiAKEHHS € pO3pOOKa aNropuTMy 3aCTOCyBaHHs Aiarpam Jlareppa —
BopoHoro aist po3MillieHHs AXKepen 3BYKOBHX CUTHAJIB CHCTEMH €KCTPEHOTO
OTIOBIIIICHHS HACEJIEHHS 3 yPAaXyBaHHAM aKyCTUUHMX Ta IHIINX MapaMeTpiB, 1110
BIUIMBAIOTh Ha SIKICTh i1 pOOOTH.

Y cTarTi HaBeICHO pe3yAbTATH MOAEIIOBAHHS I aITOPUTM BUKOPHCTAHHSI liarpam
Jlareppa — BopoHoro aits onTumizariii po3MiIieHHs [PKEpesT 3ByKOBUX CUTHATIB
y CUCTEMaX EKCTPEHOTO OIOBIIICHHS HACEICHHS. 3alPONOHOBAHA METOIUKA 1A€
3MOT'y MOJICJIIOBATH TA BU3HAYATH 30HU MOKPUTTS 3 ypaxyBaHHIM e(EKTUBHOL
JAIBHOCTI Al JKepen OMOBILIEHHS, MIJIBHOCTI 3a0yJ0BH, OCOOIMBOCTEM
penbedy ¥ aKyCTHUHHX XapaKTEpPUCTHUK MicueBocTi. Po3pobienuil anroputm
BPaXOBY€ 0COOIMBOCTI MOIIMPEHHS 3BYKOBUX XBUIIb Y CEPEJOBUIL 3 Pi3HUMHU
YMOBaMH MOIIMHAHHS aKyCTHYHHUX XBHJIb 3 OINISIYy Ha 0COONMBOCTI 3a0ya0BH
TEpUTOPIi Ta BUCOTY PO3MIIIEHHS JKEPEN, SIKi BIUIMBAIOTh Ha 1X e(EeKTHBHY
JATIBHICTB.

MOKIIUBOCTI 3aCTOCYBAaHHS 3aIllpONOHOBAHOTO MiIXOAY MPOIEMOHCTPOBAHO
Ha TPUKIAAl PO3PaxXyHKYy MiCIlb PO3MIIIEHHS JKepesl 3BYKOBHX CHUTHAIB
CUCTEMH OTOBIIICHHS I MOJIENIbHOT TepuTopii Micta. [TokazaHo MOXKIHBOCTI
ypaxyBaHHS aKyCTHUYHUX XapaKTEPUCTUK OyaiBesb TEPUTOpil OMOBIIIEHHS Ta
3a0e3MedYeHHs MapaMeTpiB HOPMaTUBHOTO PIBHS 3BYKOBOTO THUCKY. HaBermeHo
QJITOPUTM ONITUMI3allil BUKOPUCTAHHS PaJiiycCiB Aii JUKEpes 3ByKOBUX CUTHAJIIB.

Introduction. Today, the efficiency of emergency
alert systems for the population largely depends on
the effective placement of sound signal sources.
High-quality coverage of a territory with alert sig-
nals requires consideration of its topographical fea-
tures, building density, terrain influence, acoustic
characteristics, and other parameters, making this a
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complex task. Insufficient coverage leads to the risk
of alert gaps, while excessive overlap may result in
acoustic pressure exceeding regulatory levels. The
propagation characteristics of sound waves are also
crucial for effective system modeling. The intensity
of a sound signal gradually decreases as the distance
from the alert source increases due to factors such as
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environmental absorption and the density of the area's
development. This attenuation, caused by the unique
features of the terrain, can significantly reduce the
effective coverage radius. Additionally, the height at
which the sources are placed affects their efficiency
by mitigating the impact of terrain obstacles and
buildings. An essential condition for the safe opera-
tion of alert systems is compliance with regulatory
sound pressure levels within the frequency range of
63 Hz to 8000 Hz.

Therefore, the issue of further improving and
developing methods for optimizing the placement
of emergency alert sources remains highly relevant.
This includes accounting for critical factors such as
the sources’ effective range, signal attenuation due to
absorption, installation height, and compliance with
acoustic parameters to regulatory standards.

Problem Statement. The aim of the study is to
develop an algorithm for applying Laguerre—Voronoi
diagrams to address the problem of rational place-
ment of sound signal sources in emergency alert sys-
tems for the population, taking into account acoustic
characteristics and additional parameters that may
influence the system's performance quality. The use
of Laguerre—Voronoi diagrams will enable the calcu-
lation of effective influence zones for each sound sig-
nal source, ensure uniform coverage of the alert area,
and minimize acoustic discomfort in compliance with
established norms. Furthermore, it will facilitate the
optimization of the placement of sound signal sources
in emergency alert systems.

Literature Review. The problem of optimizing
the placement of sound sources with different signals
to ensure effective coverage of an alert area belongs
to the class of problems within the mathematical
theory of optimal set partitioning (OSP) in n-dimen-
sional Euclidean space.

The origins, dynamics, and prospects for further
development and application of the OSP theory in
n-dimensional Euclidean space are outlined in [1].
Examples of applying OSP theory to various theoreti-
cal optimization problems and solutions to the gener-
alized location-allocation problem are provided.

A generalization of solutions for continuous OSP
problems based on partition quality criteria, ensur-
ing a specific type of Voronoi diagram, is presented
in [2]. Mathematical and algorithmic tools for con-
structing both existing and new Voronoi diagrams are
proposed.

By synthesizing OSP solution methods with neu-
ro-fuzzy technologies and modifying Shor’s r-al-
gorithm for non-smooth optimization problems, a
method for solving OSP problems with fuzzy param-
eters in constraints is proposed in [3]. The effective-
ness of the approach is demonstrated through a model
problem that partitions a set into three subsets with
fuzzy constraint parameters.
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The potential applications of OSP theory for con-
tinuous problems in n-dimensional Euclidean space to
artificial intelligence tasks are explored in [4]. Pattern
recognition problems under certainty and uncertainty are
formulated, with special attention to fuzzy Voronoi dia-
grams. Examples of constructing fuzzy Voronoi diagrams
with optimal generator point placement are included.

The formulation and numerical algorithm for
solving a continuous linear OSP problem for multi-
plex partitioning of bounded two-dimensional sets —
modeling optimal placement of service centers with
overlapping service zones — are detailed in [5]. Spe-
cific cases are demonstrated: a fixed set of centers,
optimization of their coordinates within a given set,
and adding new centers with redistributing service
zones in an updated network.

A methodology for applying OSP theory in n-di-
mensional Euclidean space to solve location-allo-
cation problems, described through infinite-dimen-
sional OSP models, is presented in [6].

The results of applying OSP models to optimize
the placement of bank service units providing various
services while partitioning client regions into service
zones for customer flow optimization are detailed
in [7]. This problem is characterized as a continu-
ous nonlinear multi-product OSP problem with con-
straints on subset center coordinates. The analytical
solution includes optimization parameters.

Study [8] proposes the use of generalized Voro-
noi diagrams based on Laguerre geometry for man-
aging heterogeneous sensor networks. This approach
adapts the OSP model for sensors with varying radii
and directions of influence.

An algorithm for the optimal placement of sensor
nodes in territories with various obstacles, based on
modified Voronoi diagrams, is presented in [9]. This
method accounts for noise and terrain variations.

The methodology for reducing the construction of
optimal solutions for infinite-dimensional location-al-
location problems to solving operator equations with
parameters derived from an auxiliary finite-dimen-
sional non-differentiable optimization problem is
described in [10].

A review of cooperative control strategies for sen-
sor networks to achieve complete territorial coverage,
utilizing modified Voronoi diagram metrics, along
with experimental results, is presented in [11].

The results of studying the acoustic properties of
absorbing materials and the specifics of sound wave
absorption in environments with various acoustic
characteristics are discussed in [12].

Key algorithms for computing power diagrams of
sets, features of working with Laguerre—Voronoi dia-
grams, and the challenges and opportunities of their
practical use are outlined in [13].

Research Methods and Algorithms. To address
the problem of rational placement of sound signal
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sources for the emergency alert system, it is proposed
to use the Laguerre—Voronoi diagram [8; 13]. The
Laguerre—Voronoi diagram, also referred to as the
ownership diagram, represents a generalization of the
standard Voronoi diagram for partitioning a subset of
points into a system of circles, enabling its use for com-
plete coverage of a given area with circles of varying
radii. Thus, in this case, the Laguerre—Voronoi diagram
will represent a system of circles, each reflecting the
area of sound signal propagation from an alert source
located at the center of the circle, ensuring complete
coverage of the alert territory while taking into account
its specific features and the possibility of using sound
sources of different power levels.

In this case, the construction of the ownership dia-
gram depends on the coordinates of the locations of
the sound signal sources and the corresponding area
of the alert territory and is determined by the general-
ized ownership (distance) function [13]:

w(P,C)=r?-d*, (1)

where W(P, C)) — is the membership function of point

P to the circle with center C;;

r—istheradius of circle C ;d—is the distance from point

P to the center of circle C, d° = (x - x, Y+(y-»).
The values of function (1) allow determining the

distribution zones of the territory among the alert

sources according to the following criteria

P(x, y)C (x;, y;) npu w(P,C,)>0, 2)

P(x, y)C,(x,, y;) npu w(P,C;) <0, 3)

Thus, applying the membership function (1) with
criteria (2) and (3) allows partitioning the entire set of
points in the territory into subsets of influence zones of
the nearest alert sound sources with specified power,
forming a system of convex polygons. Each polygon
represents the coverage area of a specific source. The
coverage area of an alert source is a subset of all points
P, for which the membership function relative to circle
C, is greater than that for any other circle:

Cell (C,) =N, APW(P.C)2w(P.C),  (4)

i
where Cell (C,) — is the subset of points in the influ-
ence zone of source C;

~ — intersection of sets of points that satisfy the con-
dition of minimal distance.

The boundary of the influence zones of two alert
sources is determined using the radical axis, which is
the geometric locus of all points for which the member-
ship function relative to the two circles has equal values:

|P-cif - =|p-c] -} )

where |P 7C,.||2 — is the squared distance between
oint P and center C;

ﬁP —Cj|| — is the squared distance between point P

and center C;

r?, r} — are the squares of the radii of the respective

i

circles.
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According to the proposed algorithm for construct-
ing the rational infrastructure of the emergency alert
system using ownership diagrams, it is necessary to:

1) Define the parametric coefficients of acoustic
wave propagation efficiency from the alert sound
source locations, taking into account additional
parameters such as the height of the sources and the
density of urban development;

2) Calculate the coverage zones for the sound
sources considering the parameters of the selected
sound generation equipment models, their power, and
the specific features of the coverage area;

3) Determine the required number of sound
sources to fully cover the alert territory and the coor-
dinates of their placement (X, Y,);

4) Partition the set of points in the alert territory
into coverage zone subsets using formula (1) and
construct radical axes of the ownership diagram for
each pair of sources using formula (5).

The specific features of the alert territory, ele-
vation changes, and other important parameters are
considered through modifications of the radii r, and
corresponding parametric coefficients.

The Laguerre—Voronoi diagram constructed in
this way determines the coverage zones for each alert
sound source, which are bounded by radical axes. The
influence zones of each source and the radical axes are
projected onto the plane in the form of corresponding
circles and straight lines, as shown in Fig. 1.

Additionally, calculating specific coverage zones
for alert sources requires consideration of their
acoustic characteristics, such as sound pressure, dis-
tance, the speed of acoustic wave propagation, signal
absorption by the environment, and its impact on sig-
nal range, building density, and the height of source
placement. For example, the intensity of a sound sig-
nal decreases proportionally to the square of the dis-
tance from the generation source and is calculated as
follows:

Dy (6)
(x-x) - (r-2)]
where p(X, y) — is the intensity of acoustic pressure at
point (X, y) in the influence zone of source C, (X, Y,);
P, — is the intensity of acoustic pressure at the source
of generation.

p(x:y) = 4|:

Fig. 1. Example of an ownership diagram with
the placement of 9 sources
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In some cases, the radius of influence of alert
sources allows accounting for sound signal attenu-
ation. However, for more accurate consideration of
real conditions, it is advisable to include the effect
of acoustic absorption by objects in the alert territory
using the following formula (5):

py(d)=p(d)e, ()

where p_(d) — is the effective sound pressure at dis-
tance d;
o — is the absorption coefficient of the environment.

By using the exponential attenuation formula (7),
it is possible to pre-calculate the influence of atmos-
pheric density, and the features and materials of
buildings in the alert territory.

Another important parameter influencing the
radius of alert source operation is the height of their
placement. The higher the alert source is positioned,
the better and larger its effective range, as the influ-
ence of terrain obstacles and buildings decreases.
This effective radius can be calculated as follows:

Teff :To‘l'h*k, (8)

where r; — is the base radius of the alert source, m;
h — is the height of source placement, m;
k — is the coefficient of height influence on the radius.

Another critical parameter is the permissible level
of acoustic pressure, ensuring a balance between alert
efficiency and the safety of sound signal levels for the
population. Relevant normative parameters for per-
missible sound pressure levels for humans at various
frequencies are presented in Table 1.

Using these values ensures the necessary sensitiv-
ity of the population to the functioning of the alert
system while minimizing its impact on their health.

After considering all parameters and constraints,
it is possible to optimize the placement of the alert
points. This requires calculating and evaluating the
proper signal level in the source’s influence zone:

peff (x5 y) 2 pm[n > (9)

where p . —is the minimum sound pressure sufficient
for human perception;

where p_.—is the minimum sound pressure sufficient
for human perception;

P, is considered sufficient at the level p_. >50 dB;
P, X, y) —is the effective sound pressure at the point
(X, y) in the alert zone;

dA — is the elementary area.

The verification of ensuring the proper signal level
within the coverage area of each source is carried out
using formula (9). If the result for the points of place-
ment of the radical axes is significantly greater than
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P,.i,» the system can be optimized by reducing the power
of the warning source, its placement height, or another
parameter that would allow reducing the resulting
influence of two sources and optimizing energy costs.

Analysis of the results. The application of the
proposed approach will be illustrated by the example
of determining the locations of sound signal sources
for a warning system in a small town or a district of
a city, which is approximated by a rectangle of 30 by
20 kilometers. The coordinates of its points will be:
(0, 0), (30000, 0), (0, 20000), (30000, 20000). This
rectangle has three types of buildings, each with its
own environmental absorption coefficient: central
zone o = 0.15, peripheral zone o = 0.1, and industrial
zone o, = 0.05.

For the warning sources, the initial sound pressure
level is p, = 100 dB. Accordingly, the minimum and
maximum values are: p . = 50dB; p__ =110 dB.

The number of sources to be placeg — 6.

The radius of action of the sources without consid-
ering height is: r; = 6800 m.

The height influence coefficient on the radius of
the source’s action is: k= 0.5.

The rectangle is divided into 6 zones, approxi-
mated to squares, with one source placed at the center
of each zone. After placing the sources, they will have
a certain height depending on the area or location. In
the zero approximation, it is assumed that each source
has a placement height of 50 m.

The city's area is roughly divided into three den-
sity zones, and therefore each source will have a dif-
ferent absorption coefficient o.. The placement coor-
dinates of the sources in the zero approximation are
as follows:

Source 1: (5000, 5000), peripheral zone: o = 0.05.

Source 2: (15000, 5000), industrial zone: a = 0.1.

Source 3: (25000, 5000), central zone: a = 0.15.

Source 5: (5000, 15000), peripheral zone: o = 0.05.

Source 6: (15000, 15000), industrial zone: o= 0.1.

Source 7: (25000, 15000), central zone: o = 0.15.

For each placement variant, the coverage radius is
determined considering the building density and the
source height using formula (8):

r ., =6800* (1-0.05)* (1 +0.5*0.5)=8060 m,
r ., =6800*(1-0.5)*(1+0.5%0.5)=7650 m,
r ., =6800* (1-0.15)* (1 +0.5*0.5)=7220 m,
T, = 6800 * (1-0.05) * (1 +0.5*0.5)=8060 m,
r .. =6800* (1-0.5)*(1+0.5%0.5)=7650 m,

r . =6800*(1-0.15)* (1+0.5*0.5)=7220 m,

Now, for each source, the influence zone is cal-
culated. For each point of the warning territory, the
membership function value (1) is calculated, and
based on the results, it is assigned to the coverage

o

Table 1
Normative parameters of sound pressure for various frequency values
Vibration parameters Numerical values of sound vibration parameters
Average frequencies of octave bands, Hz 63 125 250 500 1000 2000 4000 8000
Limit sound pressure level, dB 110 94 87 81 78 75 73 71
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zone of the source for which w(P, C,) is minimal.
This step might require many calculations, so the
territory area is divided into a grid with a step of
1000 m. The calculations are performed only for the
central point, thus the entire cell is included in the
influence zone. The algorithm's accuracy depends
on the grid step size. The smaller the step, the higher
the accuracy.

To determine the boundaries of the coverage zones
of each source, the coordinates of the radical axes are
calculated using formula (2). These will be straight
lines passing through points that have the same power
relative to the two notification sources. As a result,
zones of influence are formed, limited by the radical
axes. For example, for sources 1 and 2, the radical
axis will be vertical, X = 10000, since y, =,

For the formed coverage zones, a check is per-
formed to ensure complete partitioning of the warning
territory between the sources. The distance between
two sources must be less than the sum of their radii.
For example, for sources 1 and 2, d , = 10000 m, which
is less thanr = 8060 + 7650 =15710 m.

Next, optimlzatlon of the radii is performed:

1) If the distance between two sources is less than
the sum of their action radii, optimization is consid-
ered by reducing the action radius of the warning
sources, considering constraints.

2) If the distance between two sources is greater
than the sum of their radii, optimization is carried out
by increasing the placement height of the warning
source or its power within the norm.

3) If the distance is too large, the possibility of
placing an additional warning source and forming
new coverage zones is considered.

In this case, most sources had excessive overlap,
so optimization was performed by reducing the place-
ment height of all sources, and new radii were calcu-
lated, as shown in Table 2.

A check was also carried out for the obtained variant
of placing sound signal sources to ensure the required
sound pressure level according to criterion (9).

For example, for Source 1, the sound pressure val-
ues at points in the coverage zone:

Point (0, 0), distance from source to pointd =7071:

p(700, 500) = 100 * 77/ = 74,1 dB, which
is within the norm.

Point (9000, 9000), distance from source to point
d=5657:

p.5(9000, 9000) = 100 * &7/~ 787 dB,
which is within the norm.

The resulting variant of placement of sound signal
sources and distribution of corresponding notification
zones is shown in Fig. 2.

Thus, checking the sound pressure magnitude at
the boundaries of the sound signal source's action
zone and other important points of the warning ter-
ritory ensures compliance with the criterion of the
sound signals meeting the set normative values, that
ls pmln < p (X y) max

Conclusions. The results of the study allow us to
conclude the effectiveness of using Laguerre-Voronoi
diagrams for the optimal placement of sound signal
sources in an emergency population warning system.
The proposed algorithm for calculating coverage zones
takes into account the action radii of warning sources,
terrain features, and equipment acoustic characteristics
to build the appropriate infrastructure for quality territo-
rial coverage with the minimum number of sources and
maximum coverage. The use of coverage zone meth-
ods, along with radical axes for forming convex poly-
gon grids, ensures clear visualization and calculation
accuracy. The use of acoustic characteristics provides
the necessary data for analyzing compliance with the
established sound pressure norms to ensure the quality
of life of the population. The proposed approach can be
used to improve emergency warning systems, enhance
their reliability, and optimize installation costs as well
as operational expenses for ensuring their functioning.

T.r:_/} “’-%_/‘

:’/”T' £

Fig. 2. Laguerre—Voronoi diagram of sound signal
source placement and corresponding warning zones

Table 2
Results of optimizing the effective warning radii
Source Coordinates Radius befere optimi- | Radius aft.er optimi- Absorption coefficient
zation zation
1 (5000, 5000) 8060 7100 0.05
2 (15000, 5000) 7650 6700 0.1
3 (25000, 5000) 7220 7100 0.15
4 (5000, 15000) 8060 7100 0.05
5 (15000, 15000) 7650 6700 0.1
6 (25000, 15000) 7220 7100 0.15
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The obtained results align well with prior studies
on Voronoi-based optimizations [1-7], showcasing
improved adaptability to heterogeneous urban set-
tings. Compared to traditional grid-based placements,
Laguerre-Voronoi diagrams demonstrate superior
accuracy and efficiency in accounting for environmen-
tal variables such as terrain features and urban density.

Future research should explore:

1. Integration of dynamic environmental factors,
like seasonal variations in acoustic absorption.
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2. Scalability of the algorithm to large metropoli-
tan areas with diverse building architectures.

The scientific novelty lies in applying
Laguerre-Voronoi diagrams to optimize emergency
alert systems by balancing effective coverage, regu-
latory compliance, and system costs. The proposed
approaches have significant potential for further
development and application in improving the infra-
structure for placing sound signal sources in public
safety systems.
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VY crarTi po3misAgaeThCs BiceCUMETpUYHA 3a/1ada JIiHIHHOT Teopii mpyKHOCTI
PO HANpY>KCHUH CTaH TPUILAPOBUX CYLUIBHUX LUMIHAPIB 13 HENEepepBHO-
HEOJHOPITHUM 3alloBHIOBaueM, IO IepeOyBaroTh MiJ Ai€l0 PIBHOMIPHOTO
HOPMAJIbHOTO HAaBAHTA)XKEHHS O1YHOT MOBEPXHI 32 ABOX CHOCO0IB 3aKPIIICHHS
TOPLIB: IIAPHIPHOTO OMNMPAHHS Ta >KOPCTKOTO 3aKpiIlIeHHs. 3anauy
pPO3B’SI3aHO HA OCHOBI UHCEIbHO-aHAJITUYHOIO TiJXOAY, IO 0a3yeThCs
Ha BHUKOPHCTAaHHI METOAy CIIalH-almpoKcuMalii po3B’sI3Ky B HAIPAMKY
HO3/IOBKHBOI KOOPAMHATH, YHACHiOK YOro BHUXiJHA JIBOBUMipHa KpaiioBa
3aa4a JUIl CHUCTEMM JU(EPEHIalbHUX PIBHSHb Y YACTMHHHUX MHOXiTHUX
3BOIUTHCS 10 OJHOMIPHOI KpailoBoi 3ajadi, sika OMUCYETHCS CHUCTEMOIO
3BUYAWHUX AU(EPEHIIaNbHUX PIBHSAHbB, PO3B’SI30K SIKOT 3HAXOAUTHCS CTIHKUM
YHUCEIIBHUM METOJIOM AUCKPETHOT opToroHamnizaunii. [Ipu iboMy po3kpuBa€eThCst
HEBM3HAUCHICTh JCAKUX MHOXKHHKIB PO3B’SI3yBaJbHOI CHCTEMH 3BHUAIHHX
JudepeHiabHUX PIBHIHD Y TEOMETPUYHO 0co0nuBii Touli (r = 0).

Po3msnatoTbess TpUIIAPOBI LUMIHAPH 3 130TPONHUMM HECYUHMH IIapaMu,
10 MAlOTh Pi3HI MEXaHIuHI XapaKTepPUCTHKH, JUI1 MaTepially 3alOBHIOBaYa
BUOPaHO HENepepBHO-HEOAHOPIAHUIM 3a pajlialbHOI0 KOOPIUHATO0 MaTepia,
MOJYJIb TPYKHOCTI SKOTO 3MIHIOEThCS 3a KBJPAaTUYHUM Ta JiHIHHUM
3akoHaMH, a koedinieHT IlyaccoHa HOpPIBHIOE cepeAHBOMY apU(PMETUUHOMY
BIZIMOBiIHUX Koe(ilieHTiB cyMixkHUX mapiB. [llapu 3’eaHani Mixk coboro 6e3
IPOKOB3YBaHHS 1 BIPUBY, NPH L[bOMY Ha I'PAHUIX IIAPIB 3aMOBHIOBAY Mae
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MOJYJIb MPY’KHOCTI, IO JOPiBHIOE MOAYIIO MPY>KHOCTI CyMDKHOTO IIapy. JIOCTOBIpHICT 1 TOUHICTH PE3yJbTaTiB
3a0e3MeuyeThesi TOPIBHSHHAM PO3B’S3Ky, OTPUMAHOTO Ha OCHOBI METONy CIUIAH-almpOKCHMAIl 3 TOYHHM
PO3B’S13KOM 3aj1a4i y BUMAJIKy HMIAPHIPHOTO 3aKPIMICHHs TOPLIB 1 Bapialli€ro KITbKOCTI CIUTAiH-(DyHKITIH.

OTpumaHO po3B’SI3KM Y BUNNIAAL rpadikiB pO3MOALTY HOMIB KOJTOBHUX 1 HO3AOBKHIX HaNlpy>KeHb B3JIOBX pajiabHOT
KOOPJIMHATH LMTIHApa. BCTaHOBNIEHO 3aI€KHOCTI XapaKTEPHCTHK HAMPY>KEHOTO CTaHy PO3MISAYBAHUX LIMTIHAPIB
BiJ] 3aKOHY 3MiHU MOJYJIsl IPY’KHOCTI 3al0OBHIOBaYa, TOBIUHK CEPETHHOTO MIapy Ta croco0y 3aKpiluIeHHS TOPIIiB.
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The article examines the axisymmetric problem of the linear theory of
elasticity concerning the stress state of three-layered solid cylinders with a
continuously nonhomogeneous filler subjected to uniform normal loading on
the lateral surface under two types of end constraints: simply supported and
rigidly clamped. The problem is considered for two types of end constraints:
simply supported and rigidly clamped. The solution is obtained using a
numerical-analytical approach based on spline approximation of the solution
along the longitudinal coordinate. This approach reduces the original two-
dimensional boundary value problem for a system of partial differential
equations to a one-dimensional boundary value problem described by a system
of ordinary differential equations, which is solved using a stable numerical
method of discrete orthogonalization. Additionally, the method addresses the
indeterminacy of certain factors in the system of ordinary differential equations
at the geometrically singular point (r = 0).

The study considers three-layered cylinders with isotropic load-bearing layers
that have different mechanical properties. The filler material is assumed to
be continuously nonhomogeneous along the radial coordinate, with its elastic
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modulus varying according to quadratic and linear laws. The Poisson’s ratio of the filler is taken as the arithmetic
mean of the corresponding Poisson’s ratios of the adjacent layers. The layers are assumed to be perfectly bonded
without slipping or separation, and at the interfaces, the filler’s elastic modulus matches that of the adjacent layer.
The accuracy and reliability of the results are verified by comparing the spline-approximation-based solution with
the exact solution for the case of simply supported ends and by varying the number of spline functions.

The obtained solutions are presented in the form of graphical distributions of circumferential and longitudinal stress
fields along the cylinder radial coordinate. The study establishes the dependencies of the stress state characteristics
on the variation of the filler’s elastic modulus, the thickness of the middle layer, and the type of end constraints.

Beryn. BHIOTOBICHHIO HOBOTO  KOHCTPYKTHB-
HOTO  ENIEMEHTa Tepe/lye CTBOPCHHS BiZOBiAHOT
MaTeMaTU4HOi MOJeNi A TPOBC/ICHHS HEOOX1THUX
YHCEIbHUX EKCIIEPUMEHTIB 13 METOI0 3HAXOIKCHHS
JUIs. HBOTO ONTHUMAJIbHUX T€OMETPHUYHHUX 1 MeXaHiu-
HUX napamerpiB. OgHUM i3 pi3HOBHIIB MareMaTHy-
HUX MoJeJel € HOpO)KHI/ICTi Ta CyNUIbHI LII/IJ'IiH,ElpPI
SK1 al0Th 3MOTY nepeBlpHTH MOZKIIHBY MOBEAIHKY
HOBOCTBOPEHHX MarepiajiiB y pi3HOMaHITHUX yMoBax
excruryaranii. [Ipu 1pomy BaskiuBy poib Binirpa-
10Th BUOpaHi 17151 NPOBEJCHHS TaKUX €KCIIEPUMEHTIB
METOJIH Ta IiIXOAH.

Y pobori [1] mobynoBaHo poO3B’SI30K KBazicra-
TUYHOI 3a7a4l TEPMONPYKHOCTI JyIs JOBroro Oara-
TOLIAPOBOTO TOPOXKHHUCTOrO LWIIHApPa y BUIISAL
CYNEepHO3ULIil 3alIeKHOCTEH, KOKHA 3 SIKMX OIHUCYE
Hanpy>KeHUH CTaH, 3yMOBJICHUH BiAMOBIIHUM TETJIO-
BUM a00 CHJIOBUM UYMHHHUKOM, Ta MPOLIIOCTPOBAHO
HOTro 3aCTOCYBaHHS 1O BU3HAUCHHS TEPMOHAIpyKe-
HOTO CTaHy Ul Pi3HUX 3aKOHIB 3MiHH TEMIIEparyp
JIOBKLJIJIS Ta TEIUIOBUX MTOTOKIB.

Mertoz CKiHUEHUX €TIEMEHTIB, 110 OXOIIIIOE METO
KOJIOKaIli 13 CenTHYHUMM B-craiiHamu sk 0Oasuc-
HUMH (QYHKIISIMU 17151 O3B’ SI3aHHA KpaloBUX 3a1ad,
3aCTOCOBYETHCS B po0OOTI [2].

[ToBeninka MIITIHAPUIHUX 0OOJIOHOK 3a JIii Pi3HO-
MaHITHOTO HaBaHTa)KEHHsI, 30KpeMa Jii 30BHIIIHHOTO
CTHCKY Ta BHYTPIIIHBOTO THCKY, HASIBHOCTI MAaCOBUX
CHJI Ta iH., po3nsAaeTbesa B podorti [3]. Ilpu oMY
JOCHIJUKYETBCSl BIUITMB TEOMETPUYHHUX IapameTpiB
po3mIsiIyBaHUX OOOJOHOK Ha iX HampykeHo-aedop-
MOBaHHH CTaH i3 METOIO ONTUMI3allii IMX HapameTpiB
mig yac BUOOpPY BiAmoBinHOi Gopmu MogiOHUX KOH-
CTPYKTUBHHX €JICMEHTIB.

MopentoBaHHIO Harpy>keHo-/1e()OpPMOBAHOTO
CTaHy KOHCTPYKILiH, BUTOTOBJICHHX 13 KOMIIO3UTHUX
MarepiajiiB, npucBsiueHo crarti [4, 5]. Mexaniuna
MOBE/IHKA BOJOKHHCTOTO KOMIIO3UTa Ha OCHOBI
METONy NPEeACTaBHULBKOrO 00’€MHOr0 eJeMeHTa
pO3NIIsIHyTa B poOOTi [4]; HA OCHOBI MOIU(IKOBAHOTO
METOJly CKIHUEHHX EJIEMEHTIB, a caM€ MOMEHTHOI
CXeMH CKIHYEHOTo ejleMeHTa, y poOoti [5] mocmi-
JOKYEThCS TIOBEJ[IHKA KOHCTPYKIIIH 13 KOMITO3UIT THIX
MarepiajiB, 10 MaIOTh JUCKPETHI BKIIOYECHHSI.

BrmB npy>xHOi HEOAHOPIAHOCTI HA HAPYKEHUI
CTaH CYLIIBHOTO IMJIiHIpa 32 YMOBH 3aJIe)KHOCTI
MOZyJNsSl 3CYBY BiJ padialibHOI KOOpIMHATH JOCIi-
JOKEHO B po0OTi [6] 3 METOI HaJaHHS HEOOXiTHHX
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IH)KEHEePHUX PEKOMEHJAIli MO0 eKCIUTyaTarlii
MarepiaiiB, sIKi MarOTh BiJIOBIHI MEXaHI4HI Xapak-
TEPUCTHKH.

Po3B’A3KM MI0CKOT BiceCMMETpUYHOI 3a7a4i Teo-
pii IPY»KHOCTI U1 CYyLiTBHOTO KPYrOBOTO LMIIHIPA,
CKJIaJJCHOT0 3 KOHLEHTPUYHUX HENepepBHO-HEO-
JHODPITHHUX 32 paliallbHOI0 KOOPAMHATOIO IIapiB, 3a
YMOBH iX ijeaIbHOrO KOHTAaKTYy 3a il piBHOMIpHOTO
CTHCKY 014HOi OBEpXHi, HA OCHOBI MeTOy Oe3moce-
PpEeIHBOTO IHTErpyBaHHs MOOYIOBaHO B [7].

[Tnocka BicecumeTpuyHa 3ajaada JiHIKHOI Teopil
NPY’KHOCTI AJIs1 i30TPOMHOTO CYITBHOTO HMJTIHPA 32
Ji1 piBHOMIPHO-PO3MOiIEHOTO HOPMaJILHOTO HaBaH-
TaXEHHsI 32 PI3HUX CHOCOOIB 3aKpilICHHS TOPIIB
po3B’sizyeThest B poboti [8]. Lls poborta € mpomos-
JKSHHSIM JIOCHIJKEHb, TIOB’SI3aHUX 13 BU3HAYCHHIM
Hanpy>KEHOTO CTaHy CYLIIbHHX LWIIHAPIB i3 BUKO-
pUCTaHHSIM METONYy CIUTaifH-anmpokcuManii (QyHKIIH
Ta YUCEIBHOTO METOIY TUCKPETHOI OPTOroHai3alii,
110 J1a€ 3MOTY Y BUIAJKY [IapyBaTUX HIIiHIPIB OTPH-
MaT JJsl KOKHOTO MOTO IIapy PiBHSHHS OJHAKOBOI
cTpykrypH. CraifH-anpoKCHMAaIlisi PO3B’SI3Ky A€
3MOTY BpaxyBaTd pPi3Hi I'paHWYHI YMOBH Ha TOPLSX
UITIHAPa, 8 YhCeIbHEe iHTerpyBaHHs Au(epeHIialb-
HUX PIBHSAHB y3JI0BX paiajbHOT KOOPIUHATH — TOYHO
BpPaxoByBaTd 3MiHHI 3a IIi€l0 KOOPAMHATOIO MeXa-
HIYHI BJIACTMBOCTI MarepialliB IIapiB JOCHIKYyBa-
HUX LWIIHAPIB. 3anpornoHOBaHUK y poOOTi Mmiaxixa
JIa€ MOMKJIMBICTh OJTHOYACHO JIOCJII/PKYBaTH BIUIMB Ha
Hanpy>KeHHH CTaH IIapyBaTHX LWIIHAPIB iX reome-
TPUYHHX TapaMeTpiB, MEXaHIUYHHX XapaKTEPUCTHK
Marepiaiy, a TAKOX CIoci0 3aKpilIeHHs TOPIIB.

MeTo10 [0CHiAKEHHSI € BH3HAUCHHS BIUIMBY
MEXaHIYHUX TapaMeTpiB 3aloBHIOBAaYa, TOBILIWHH
CEpeIHBOTO IIapy Ta CIOCO0y 3aKpiIUIEHHS TOPIIIB
Ha XapaKTEePUCTHKH HAIPY>KEHOTO CTaHy TPHUILAPO-
BUX CYIUILHUX IIUTIH/IPIB.

MocranoBka 3agaui Ta MeTon PpoO3B’s-
3yBaHHsl. Y UWIHAPUYHIA CHUCTEMi KOOpAH-
Har r,0,z (r — momsApHUM paniyc, 6 — LeH-
TpalbHUH  KyT Yy  IIONEpeYHOMY  Tepepisi,

Z — MO30BXHS KOOPJHHATA) PO3IVISIIAIOTHCS MIPY>KHI
Tijla y BUNISI TPUIIAPOBUX CYIUIBHUX MWTHIPIB (
0<rn<r<r<R0<0<2r,0<z</; R — pamiyc
MWIiHApa, | — HOro JOBXKHWHA), 10 IepeOyBarTh
MiJ €0 PiBHOMIPHO-PO3IMOMIICHOTO HOPMAJIBLHOTO
HaBaHTaXEHHA (g, = q, sin(nz /1), g, = const). Ilpu
[IbOMY BUKOHYIOTBCS CITiBBiZIHOLICHHS
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X=rcos0; y=rsin®; z = z. (D

Koedinientn Jlame B 1ili cucTeMi KOOpIUHAT
MAarOTh BUIJIA

H=LH,=r,H, =1. 2)

Huniaapu ckiiafeHi i3 mapis, M0 B3a€EMOIIIOTh
Mi co00r0 0e3 MpPOKOB3yBaHHs Ta BinpuBy. Hexail y
3arajibHOMY BHUITAJIKY JJIsl KOYKHOTO IIapy Koe]imieHT
ITyaccona Ta moaynb FOHra 3MiHIOIOTBCS 3a paji-
aJbHOIO KOOPJIMHATO, TOOTO E' = E'(r),v, =v,(r)
i=1,2,3).

3a BUXiJHI OepyThCsl PIBHSHHS JiHIHHOT Teopil
MPYKHOCTI JUIsl BICECUMETPUYHOTO Tija B ILMJIIH-
JPUYHIA CUCTEMi KOOpAMHAT, sIKi 3 ypaxyBaHHsM (1)
Ta (2) JUIst KOYKHOTO IIapy MaroTh TaKUN BUTIISL:
criBsigHomends Komri

,ood W, ou , ou ou

g =—L g =-—"L,¢g =—L ¢ =L+ %, 3
Tar k0t et ez or’ )
PIBHSIHHS PIBHOBAaru
o6t o, o -of o, ot T
ry 2 r 0 :0’ LA z +7rz:0; (4)
or 0z r or o0z r

CIIBBIIHOIICHHS y3araJlbHEHOTO 3aKkoHy ['yka s
130TPOIHOTO Tija
1

) ) _ - ‘ ‘
8: F[G Vi((j; + GIZ)]’ ‘S; = F[Ge Vi(Glr + G'z)],
(5)
. 2Al+v)
g, = *[0 —V(09+G)]8 = L (i=1,2,3),
1€ u), u, — MepeMiIleHHs B paz[iam,HOMy Ta n03z[013>x<_

i

HBOMY HampsMKy B i-My IIapi; e  Egs &
Marlii, 0 BUHUKAIOTH B I-My IIapi; cs' GO, oL, T, —
HAIpYy>KeHHS Y BiJIOBITHUX HANpsIMKax B i-My mapi.
Jonaroun 1o piBHSHB (3) — (5) HaBaHTa)KeHHS Ha OlUHIN
MOBEPXHi # = R Ta TPaHUYHI yMOBHU Ha TOPIAX z = 0;/
, IifIeMo J10 TBOBUMIpHOT KpaitoBoi 3a1adi. [Ipu ripomy
MAarOTh BUKOHYBATHCh YMOBH CIIPSIKEHHS IIapiB
o=t (i=12).

ut _ uH—l’ ul _ uH—l; Gl — GH—I

Z 4 r ro

Ha Topisix mutiHapa po3rmisgaTUMEMO JBa BHUIU
IPaHUYHHUX YMOB:
a) MAPHIPHOTO OMUPAHHS

o, =0,u =0, sakmo z=0;/, (6)
SIK1 3 ypaxyBaHHsIM APYroi yMOBH (6) MalOTh BHIJISLI
u. =0, ou, /oz=0,skmo z=0;/; @)
0) KOPCTKOTO 3aKPIiTUICHHS
u =0,u.=0,sxmo z=0; /. ()

I'pannyni yMOBHY Ha OivHIN IOBEPXHI r = R depe3

HpI/IKJ'Ia,Z[eHe HABAHTAKCHHS MAIOTh BUTIIS/
=q,, 15 =0, K0 r=R. )]

BI/IXO)_'[}I'H/I 13 i3muHMX MipKyBaHb, JOIAaMO Ipa-
HUYHI YMOBH Ha OCI IIHIIH/pa

0 0
T, =0,u, =0, gKmo r=0.

(10)
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BI/I6paBH_II/I 3a po3B ;{3yBaan1 cpyHKun KOMIIO-
HEHTH TIEPEeMIIIeHHS 4!, i , TICIIs BIIMOBITHAX TIepe-
TBOPEHBb OTPUMAEMO pO3B ’sSI3yBaJIbHY cucTeMy aude-
pEHIIAIbHUX PIBHAHD Y YACTHHHUX TOXITHUX IS
KOXKHOTO 1mapy (i =1,2,3)

Cu_ @y ded o ol d \oqoy g 1 ada
or? al o7’ a oroz ror r* a or or a orr d or oz
U ddi P dealod @ New 1 oaod 1 od o
or? a,  oréz a roz a oz ror d or oz a or or’
E'(l-v,) E'v, E
a = , al = L a = 0<r<R0<z<l)).
oy, =2vET T d—v =2vE T 214y ( ’ z<l) (11)

I'pannuni ymou (9), (10) y nepemilieHHsAX MaTu-

MYTb BUITIA
0

ou
' =0,—~=0,skmo r=0, (12)
r
< ouf R ouf
alkau +azk—u +af —~=gq, ou,_, Ot =0,
or r 0z 0z or

AKIIO ¥ = R.

JUTs1 3HYDKEHHS pO3MIPHOCTI CHCTEMH TU(EpEHITIaTb-
HUX PIBHSHB Y YACTUHHHX MTOX1THAX 3aCTOCOBYETHCS il
XiJ1, o 0a3yeThes Ha CIUTAH-AIPOKCHMAIIIT PO3B’SBKY Y
HanpsIMKy TBipHOL. JTs 11hOTO TIOMaMO PO3B’SI30K CHC-
TeMH TUQepeHITIaTbHIX PIBHSIHD Y YaCTHHHUX TTOX1THIX
(11) y Bumsiii crmaiiH-GyHKIIN (1HIEKC i B TTO3HAYSHHSX
HOMepa MIapiB Hazai OIyCTHMO)

N N
u,(r,z):ZO:ul,-(rkpl,-(z), uz(r,z):;uz,-(r)cpz,-(z), (13)
ne u,(r), u,(r) — myxani QyHkuii, a ¢,,(z), ¢,,(z) —
¢GyHKIil, 10 MOOYAOBaHO 3a JOIMOMOTOI JHIMHUX
koMOiHaiii B-criiaiiHiB TpeThoro cremeHs [8], ski
JIAOTh 3MOT'Y TOYHO 33JJ0BOJILHUTH I'PAaHUYHI YMOBH
Ta Topusx muiiHapa (7), (8).

[Micnst migcraHoBku BupasiB (13) mo cucremu
mudepeniianbHuX piBHsHG (11) MOTPiOHO 3210BOIIB-
HHTH iX y TOYKax Kojokamii z =gz, (k=0,N). Ilpu
OMY OTPUMYEMO cucTeMy 2(N +1) 3BUYAHUX
JuQepeHIianbHuX PiBHAHb. AHAJIOTIYHO YWHSTH i3
rpaHUYHUMHU yMoBaMu (12) Ha moBepxHsIX r =0; R.

Taxum yuHOM, pO3B’sI3yBajibHA CHCTEMa 3BUYAM-
HUX AudepeHIialbHIX PiBHSIHD 31 3MIHHUMH B3JJOBXK
KoopAuHaTH r KoedillieHTaMu HaOyBa€e BUIVISIILY

+ d L 1d
Z”u‘?u(zk)*uzﬁ‘l’m(zx) Z* ! gD“(Zk)+

1 d
@ )**izuh @y, ( )***ZZMZV‘PZV(Z/(

Z“Pn(zk

l de d
+Zo 1;0,(2) = t;lz U.,

d’u a, +a du,;, |, a, +a
ZJ‘PZV(Q) =-2 3 z 1 (Pl,( )_g Z”u‘Pl,(zk Z”zl@z,(zk
=0

i=0

duz,

——Z 2um.,(zk)—i%zd"b%(zk)(k v+ (14)

3 'pPaHUYHUMHU YMOBaMU1

d
Zu,,(p,,(zk) 0, Z ;’f' 0,,(z,) =0, sxmo r =0,

0y(z) -

N dll] N N ,
a.;dj’mzk) + azéu.,%(zk) Mz;"z;‘l’z;(zk) =4,
SKIIO » = R

v 15
s (20 =0 (15)

N
> l(z) +
i=0
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Otpumana cucreMa 3BHYAHHMX AudEpeHLi-
anpHUX piBHSAHB (14) mae xoedimieHTH TIpH Hes-
KHUX 4JIeHaX, sKi 32 r=0 yTBOPIOIOTb HEBH3Haue-
HicTh 0/0, IUIsI PO3KPUTTSA SKOI CKOPHUCTAEMOCS
IrpaHUYHMMH TIepexofamu, To0To skmo r —0, TO
u,/r—du,/dr(i=0,N). Toni pisusunsa (14) B
Touti =0 HAOYAyTh BUTISATY

2 da,

ZM‘Pn( k)__* Zdu“ @:( )_* zzuz,(Pz:(zk)’
diq’z,(zk ZMZI(P2I (z) -~ Ltd Z duh 0,(z,) (16)

= dr? a,

Iloz[afoqn JIO CUCTEM PIBHSHB ( 14), ( 16) rpannyHi
ymoBu (15), moxommMo 10 KpaloBOi 3amadvi, Ky
MOXHa Po3B’si3aTu uncenpHo. [lpu upomy s r =0,
BHKOPHUCTOBYEThCS CHcTeMa piBHAHB (16), a s ycix
IHIIMX 3HA4YeHb r — CUCTeMa PiBHSIHB (14).

BBenemo no3naueHHs

du,, ul:
Vi =W Yo = ar V3i = Uiy Vo =

Tomi po3B’si3yBaibHY CHUCTEMY ﬂn(bepeﬂuiaﬂb-
HUX piBHSHB (14), (16) MOXXHA TIOAATH Y BEKTOPHOMY
BUIIISIL

(i=0,N).

dY

d—:A(r)?Jrf,(OSrsR), (17)
»

TYT Y = {Vigseees Vins Vagsoos Vans Vaos oos Ysns Vags oo Va5
A(r) - KBajpaTHa MaTpHUI MOPAKY

4N +1)x 4N +1), f —BekTOp Mpapoi yactunu. I'pa-
HHMYHI YMOBU MOKHA 3aITCaTH aHAJIOTT9HO

BY(0)=bi, B,Y(R) = b, (18)

ne B, B, NPSMOKYTHI ~ MaTpUIl  TOPSIKY
AN + 1) x 4N +1).

Po3B’s30k kpaiioBoi 3amaui (17), (18) zmiiicHro-
€TbCS. CTIHKAM YHCEJIBHUM METOJOM JIUCKPETHOT
OpTOroHai3aIii.

UucroBi pe3ynbrati Ta ix obroBopenHs. Jlocro-
BIpHICTH 1 TOYHICTh OTPUMYBAHHMX PE3YJbTaTiB ITiJI-
TBEPPKEHO TOPIBHSHHAM PO3B’SI3KiB, OTPUMaHUX
Ha OCHOBI PO3IISIHYTOI METOAMKH, Ta PO3B’SI3KY,
OTPHMaHOTO 32 LIAPHIPHOTO 3aKPIIJICHHS TOPIIB i3
BUKOPUCTAHHSIM METOIB BIJOKPEMIICHHS 3MIiHHHX
3a JIOTIOMOTOI0 PO3BUHEHHS PO3B’SI3Ky B paau Pyp’e
Ta YUCEJILHOTO METOJY JIMCKPETHOT OPTOrOHAII3allil,
OIMKCaHoro B poboTi [8].

Ha ocHOBI 3anporoHOBaHOTO MiAXOIY POBEAECMO
JOCHIJDKEHHSI Halpy»XEHOTO CTaHy TPHIIAPOBUX
CYUUIbHUX HWTIHAPIB 13 HeMepepBHO-HEOTHOPI THIM
3allOBHIOBaueM, 10 MepeOyBaloTh MiJl AI€I0 PiBHO-
MIpHO-PO3IO/IJICHOT0 HOPMAJIbHOTO HaBaHTAXCHHS
3a JIBOX TPAHUYHUX YMOB Ha TOPIISIX.

3ajjauy poO3B’s3aHO 332 TAKUX BUXITHUX JIaHUX:
R=6l,, [ =14/,; BHYTpilIHIi map BUTOTOBJICHUH i3
HepxaBirowoi crami (£, =200Tla, v, =0,29) i mae
CTally TOBIIUHY A =/,; CEpPeAHId Map BHUTOTOBIIE-
HUH 13 HEMEPEePBHO-HEOAHOPITHOTO MaTepialy i Mae
TOBUIMHY A, = 2/,; 4], ; BIAMOBIIHO, 30BHIIIHIN mIap
BHUIOTOBJICHUN 3 OKcuay anrominiro ( E, =380 ['Tla,
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, =0,25) 1 Mae TOBIUHY A, = 3/,; /, . 1yt cepenuboro
rapy BHOpaHO MaTepiai, MOAYJIb MPYKHOCTI SKOTO
Mae KBaapatuiyHy E,(r)=ar’ +br+c abo miHIlHY
E\(r)=dr+e (r,<r<r) 3aleXHICTb BIJ pajiaib-
HO1 KOOpAWHaTH, TIpHu IboMy KoedimieHT Ilyaccona
JIOPIBHIOE CEpeTHHOMY apu(hMETHIHOMY 3HAUYEHHIO
KOe(IIi€HTIB CYyCIIHIX MapiB v, = 0,27 . 3aJeKHO Bif
TOBIIMHU CEPETHHOTO MIAPY JUIS BIAMTOBITHIX CTAJINX
3aKoHIB 3MiHM Moxyns FOHTra BHOpaHO BETUIMHHU:
a=20;b=10;c=170; d=90;e=110 I TOBIIAHU
h=21a=5b=15¢=180; d =45;e =155 nus TOB-
UHA h, = 41, .

Pesynmbratit  po3B’s3aHHS  3amadi  HABEACHO B
cepeaHbOMY Tepepi3i TOBKHWHU HWJIIHApa Ha pHc. 1,
2 nuist pO3MOINTY TIOJIB PajiallbHuX o, Ta KOJOBHX o,
HaTpy>KeHb y3/I0BX pajiyca IIIIHApPa JUIs KBaapa-
TUYHOTO (CyWiJIBHI JiHIT) Ta JiHIAHOTO (TYHKTHpHI
JIiHiT) 3aKOHIB 3MiHN MOJYJIA MIPY>KHOCTI Ta JIJIsl IBOX
BapiaHTIB TOBIIMHM CEPETHBOTO IIapy: TOBIIWHI
h, =21, BinmoBimaroTh KpuBi (1), ToBmuUHI A, =3/, —
KpuBi (2).

Benuunna pagianpHUX HampyXeHb, SK BUIHO
3 puc. 1, CyTTEBO HE 3aNEKHUTH BiJl CIIOCOOY 3aKpi-
TUIGHHS TOpUiB. BiAMIHHICTE MK HampyXeHHIMHU
JIIIO TOMITHA y BHYTPIIIHHOMY Iapi i CTAaHOBHUTH
npubau3HO 2,5 % mobmu3y oci muitiHApa s 000X
3Ha4e€Hb TOBIIMHU CEPEIHBOTO INapy Ta 3aKoHIB
3miau Moxymst FOHra. B inTepBai, HabImKeHOMY 110
30BHIIIHBOT TOBEPXHI, pajliaibHI HAIPY>KEHHS 30ira-
FOTBCS TSI 000X 3aKOHIB 3MIHM MOAYJS MPYKHOCTI
Ta TOBIIMHH 3alIOBHIOBAYa, 1[0 [TOB’s3aHO 3 HEOOX1I-
HICTIO 33JIOBOJIbHSHHS TPAaHUYHMX yMOB Ha Ol4HIN
MTOBEPXHI MUJTIHAPA.

B inTepBani, O61u3pkoMy 10 CepeaWHHU IWTIHApA,
BEJIMYMHA Pa/IlalIbHAX HAMPYXKEHb MPAKTHYHO HE 3aJie-
KHTH BiJl 3aKOHY 3MiHA MOMYJIS MPY>KHOCTI Ta TOBIIIUHN
CEPeMHBOTO Iapy. 30UTBIICHHS TOBIIMHU CEPEIHBOTO
Iapy BIUTMBAE Ha 30UTBIICHHS BEIWYMHU PATiabHAX
Harpy>XeHb Ha OCi IWITiHApa B Mexkax 6,3 %o.

Ha Bigminy Bix pamiansHuX (puc. 2), KOJIOBI Hanpy-
YKCHHS OUTBIIT Iy TIINBI IO 3MIHH TOBIIMHH CEPETHBOTO
Iapy Ta croco0y 3aKpiruIeHHsI TOpIiB. Tak, Ha 30BHIMI-
Hilf TOBepXHI IITIH/pa BEIMYMHA KOJIOBUX HAIPY>KeHb
30UTBIIyEThCS Ha 8 % y BUIMAAKY IIApHIPHOTO 3aKpi-
TUTEHHS TOPIIIB MOPIBHSHO 13 YKOPCTKUM ISl TOBIIUHN
CepemHbOro mapy 4, = 41, iHa4,5% —y cepenvHi muTiH-
Jipa JJ1st TOBIIMHU A, = 2/, . IIpu iboMy Ha oci mumiHapa
BIZIMIHHICTD MK HAITPY>XEHHSIMH 3aJI€KHO BiJT CIIOCO0Y
3aKpilUIEHHS] TOPIIB aHAJIOTIYHA pajliallbHAM Harpy-
KEHHsM. BIUTMB 3MiHM 3aKOHY MO MPY>KHOCTI TaK
caMo HE CYTTEBHMHA. 3MEHIIEHHS TOBIIMHHU CEPETHHOTO
apy TMPHU3BOAMTH SIK JI0 KUJIBKICHOI, Tak i1 10 sIKiCHOT
3MiHH KOJIOBHX HAITPy>KEHb.

Ha puc. 3 naBeneHo rpadiku po3noairy pagiaib-
HUX (puc. 3, a) Ta KooBuX (puc. 3, 0) HaNPYKEHb Ha
TOPIAX IAJIH/IPIB 32 JKOPCTKOTO 3aKPITSIEHHS TOPIIIB,
Jle, Ha BIIMIHY BiJl IIAPHIPHOTO 3aKPIMJICHHS, MAIOTh

ISSN 2786-6254



46

O'?-/q[) O-T/QO
9.5 /-" Z 9.5 L HZ
@ Aég;
9 / 9
::'::*\51- 2 /[
=N
8.5 85 T —
ES ‘/ ES
"‘-':_a/1 1 \:
8 R —
o 1 2 3 4 5 5 o 1 2 3 4 5 r
a 0

Puc. 1. Po3nogin pagianbHUX HANpykeHb o, 3a MIapHipHOTo (a)
Ta KOPCTKOro (0) 3aKpinyeHHs1 TOPUIB y mepepisi z =//2

o9 /0 ) o9/ q0 2
/7
12 Z — 12 —
///7 P 1 Jﬂﬁf"
11 7/44 11 A 4
/%/
10 10 v
//// g
9 9 //
; § ——
0 1 2 3 4 5 r 0 1 2 3 4 5 r
a 0
Puc. 2. Po3nonin koJIoBUX HANIPY:KeHb o, 32 LIAPHIPHOIO ()
Ta :KOpcTKOro (0) 3akpinJieHHs: TOPUIB y nepepisi z=//2
ar/qo % /0 1
2 A
s = 43 \
1 — /_/.--— 2

[F8)

"N\ T

2 \\ 5 \\;\\\
2 \ \\

1 N\ A

0 1 2 3 4 5 r 0 1 2

a 0
Puc. 3 Po3nonin pagiagbHux o, (a) Ta K0JIOBHX o, (0) HANPYXKeHb
32 KOPCTKOI0 3aKpillJIeHHsI TOPUIB y nepepisi z =0

[F8)
=
tn

r

Mmicie KpaioBi eeKTH, 0 MOISATAI0Th Y CTPIMKOMY — NPY’KHOCTI Ta TOBIIMHHU CEPEIHBOTO Inapy. B3morx
3pOCTaHHI BEJIMYMHHM SIK pajialIbHUX, TaK 1 KOJOBUX  paJialibHOT KOOPAMHATH BEJIWYMHA HAIPYKEHb G,
HanpykeHb. llpu 1bOMYy pajianbHI HANpyXEeHHS 3MEHIIYETHCS BiJl OCI 0 30BHINIHBOI ITOBEPXHI MPH-
MEHII YyTIMBI 70 Bapiamii 3akoHy 3MiHH Moayias  Onu3Ho Ha 15 %.
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st KONOBHX HANpyXeHb y BUIAIKy TOBIIMHHU
CepeIHbOro mapy 4, =2/, Ha HOro TpaHwIIi, 10 30i-
raeThes 13 CepeqHiM Tepepi3oM MUITiHIpa, BETHIHHA
HanpyXeHb 3pocTae npuoau3Ho Ha 15 %, a moTiM
MOHOTOHHO CIIaJIa€, 3MEHIIYIOYHCh TpUOan3Ho B 1,5
pasa. Y BUnajxy OiJ1b1101 TOBIIMHU CEPEAHBOTO APy
(h, = 41,) BeTMUMHA KOJIOBUX HAIIPY>KEHb B IHTEpBaIi
3MiHHM pajianbHOi koopauHatH (0 <r <3 /4R) npak-
TUYHO HE 3MIHIOETHCS, a JlaJli MOHOTOHHO CIIAJIaE,
3MEHIIYIOYNCh NpUONIM3HO Ha 15 % Ha 30BHILIHIN
MTOBEPXHI.

BucnoBku. Ha ocHOBI MeTony CIUTaifH-armpoKcH-
Marii (yHKIIH B MO€JHAHHI 3 YHCEITHHUM METOOM
JUCKPETHOI OpTOTrOHai3amii pO3B’s3aHO BicecH-
METpHYHY 3aJady JiHIHHOI Teopii MpYKHOCTI Ipo
HaNpyXEHUH CTaH CYLUIbHUX TPHUILAPOBHX LIMJIiH-
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JIpiB 13 HETepepBHO-HEOTHOPITHUM 3allOBHIOBAYEM,
o TepeOyBaroTh il AI€0 PiBHOMIPHO-PO3IOIiIe-
HOT'O paJiaibHOTO HaBaHTAXXEHHS 33 PI3HHUX CIIOCO-
0iB 3aKpirieHHs TOpLiB. Po3misiiatoThcs qBa 3aKOHU
3MiHH MOJYJISI TPY>KHOCTI CEPEIHBOTO MIapy Bij pai-
aJbHOI KOOPJIWHATH — KBAJIPATUYHUHN 1 JIIHIKHUHN Ta
JIBa BapiaHTH TOBILMHU CEPEAHBOTO MIapy.

BcranoBieHo, 1110 B yMOBax po3misyBaHoi 3a1a4i
3aKOH 3MiHM MOJYJIS PYKHOCTI CyTTEBO HE BIUINBAE
Ha PO3MOIUI XapaKTEPUCTUK HAIPYKEHOTO CTaHy
JTAHOTO KJIacy IUJIIH/PIB.

Croci0 3akpirieHHsT TOPIB OiJbIIOI MipOrO
BIUTMBAa€ HA BEJIMYMHY KOJOBHMX HANpYKEHb SK Ha
30BHIITHIN MOBEPXHI NUIIHAPA, TAK 1 B CEPEAHBOMY
foro mepepisi. J[ns pamianbHUX HampyXeHb el
BILIMB IIOMITHHN Ha OCI IMITIHpA.
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Knrwuosi cnosa: mpiwuna, seur, Y poOOTi po3B’s3aHO 3a/ady NpPO JABOBICHUM 3rHH Oe3MeXHOI i30TpOMHOT

npyscHa watiba, i30mponHa TUTACTUHH 3 TIPYKHOIO KPYTOBOIO 11aii0010 3 1HIIIOT0 MaTepiany Ta HACKPi3HOIO
NAACMUHKA, KOHRMAKM, NPSIMOJIIHIHHOIO paliaibHOI0 TPILIMHOK Yy I1ai6i. beperu TpimmHM BiibHI
KOMNIEeKCHI nomenyianu, BiJl 30BHIIIHBOTO HABAHTAKCHHS, a HA MEXI MPYXKHOI KpYyroBoi Imaiidu Ta
3a0auyi NiHIIHO20 CNPAICEHHS, IUIACTUHU BUKOHYIOTbCS YMOBH 17€aJIbHOTO MEXAHIYHOTO KOHTakTy. Jlis
KOHMAaKmue 3yCuiiis, PO3B’sI3yBaHHS 3314l IPUITYCKA€ThCS, 11O IiJ €10 PIBHOMIPHO PO3IOAIICHUX
Koegiyicnmu inmeHcugHocmi. 3TUHAJIBHUX MOMEHTIB Ha HECKIHUCHHOCTI Oeperd TPIIUHU KOHTAKTyIOTh 110

o0acTi cTanoi MUPUHU (CMYTOBUH KOHTAKT) HA BEPXHil OCHOBI IIACTUHH IO
BCill OBXUHI TpiuH. 3a1aua po3B’si3aHa 3a TAKUX KpaoBUX yMOB: P, = P,
_ _ w _ow, ) _ @ O )0
Mrl _Mr29 Wy =W,, —\rl :7’,2’ Oy =0Op 5 Opg =O0p5 5 Upp =Up 5 Upp = Uyp , HA L
(YMOBH i1€a/IbHOTO MEXAHIYHOTO KOHTakKty); P* =0, M, =8hN, =0,
2
oy =-0.5N/h,  0[v,]fox, + ah[Dw/oxdy, | =0,  a= 0.5(1 +(1-7) )
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8 =1-1v/3 (yMOBHU CMyTOBOTO KOHTAKTy OeperiB Tpimuum), y = A /h, x, € L, e M, — 3ruHaIbHANA MOMEHT, P. —
y3aranpHeHa B ceHci Kipxroda nepepisyBanbHa cuna, o, i 6,,, — KOMIOHEHTH T€H30pa HANPYKEHb Yy MOIAPHIN
cucTeMi KoopauHaT, N — KOHTaKTHE 3yCHIUII MDK Oeperamu TpIllMHHU, / — TOBIIMHA IUIACTHHH, 4 — BHCOTA
KOHTAKTy O€periB TPIlMHK, W — IIPOTHH IUIACTUHH, Gp 1 Ty, , — KOMIIOHEHTH TEH30pa HANPYKEHb Y IEKaPTOBIM
CHCTeMi KOOP/IMHAT, v, — KOMIOHEHTA BEKTOpa nepeMimiens; [f] = f* — f~, 3HakaMu «+» i «—» 03Ha4eHi rpaHNYHi
3HAUCHHS (QYHKIIH IPH MPSIMyBaHHI TOYKH IUTOLTHHH JI0 TPIIIMHY, SKIIO ¥, — £0 .

Uepes KOHTAKT OeperiB TPIIIMHUA PO3B’SI30K 3a/1a4i MIYKATUMEMO y BUIIISII PO3B’S3KIB JBOX B3aEMOIIOB’I3aHUX
3aJla4: 3aja4i 3rUHY TUIACTUHH, BUKOPUCTOBYoUH Teopito Kipxroda — JIsBa, Ta rutockoi 3amadi. 3 BUKOPUCTaHHIM
MeTOmiB Teopii (yHKHiH KOMIJIEKCHOI 3MIHHOI Ta KOMIUIEKCHHX moTeHniamia KomocoBa — MycxemmBini
MoOyIOBaHO 3amadi JiHiHHOTO crpspkeHHsS. OTpuMaHi 3amadi JIHIHHOTO CHpPSDKEHHS PO3B’sI3aHI aHANITHYHO, Ta
OTPUMAHO CHCTEMY CHHTYIISIPHHX IHTETPaJbHUX PIBHSIHb BiTHOCHO CTPHOKIB MEpeMINIeHb y IUIOCKiH 3amadi Ta
CTPHUOKIB KyTiB ITOBOPOTY B 33/1a4i 3THHY Ha Oeperax TpimmHu. LIs cucTeMa CHHTYIISIpHIX 1HTETpaIbHAX PiBHSIHB 32
JIOTIOMOTOF0 METOY MEXaHIYHUX KBAAPATyp 3BEICHA 10 CHCTEMH aNreOpaiqHnX piBHSIHb, sIKa PO3B’sI3aHa YHCEIHFHO
3a roromororo Metony ["ayca. [IpoBeneHo ynucnoBuii aHai3 3a1a4i Ta moOynoBaHi rpadiuHi 3aJeKHOCTI KOHTAKTHUX
3yCHIIb 1 KO€(III€HTIB IHTEHCUBHOCTI 3yCHJIb 1 MOMEHTIB 3a PI3HUX T'€OMETPHUYHUX TapaMeTpiB 3a7aqi Ta pi3HUX
3HAa4YeHb PIBHOMIPHO PO3IMOIJICHUX 3THHAILHIX MOMEHTIB Ha HECKIHUEHHOCTI. Y YacTKOBHX BHIIAJKaX OTPUMaHi
pe3ybTaTH 3IHIUTHCS 3 BITOMUMH pe3yabTaTaMi, OTPUMAaHIMH B HAYKOBHX MpaNsX iHITMMH aBTOPAMH.

KitrodoBi ciioBa: TpimuHa, 3TWH, Ipy’KHA 11ai0a, 130TPOIHA IIACTUHKA, KOHTAKT, KOMIUIEKCHI TIOTSHITIaIH, 3a/1a49i
JIHIAHOTO CHIPSKEHHS, KOHTAKTHE 3yCHILIS, KOS(IIIEHTH IHTEHCUBHOCTI.
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This work presents a solution of biaxial bending of an infinite isotropic plate
with an elastic circular washer made of a different material and a through straight
crack inside the washer. The edges of the crack are free from external loads
and the conditions of ideal mechanical contact are fulfilled at the boundary of
the elastic circular washer and the plate. It is assumed that under the action of
uniformly distributed bending moments at infinity, the edges of the crack are in
contact on area of constant width (strip contact) on the upper base of the plate
along the entire length of the cracks. The problem is solved under the following
boundary conditions: 1Prl =Fas My =M, w=w, % S s 26O
gg =oly, uly =uly), Yor =%r on | (condltlons of ideal mechamcal contact);
=0, M, =8hN , tj,, =0, o}, , =-0,5N/h, o[vy]/ox, +ah|Owjoxdy, | =0,
0‘ 0. 5(1 + (1 - )4\3 d=1-y/3 (c'onditions of strip contact of crack edges),
y="nh/h, x, € L, where M, —bending moment, P — generalized Kirchhoff
shear force, o, and ®mro — stress tensor components in the polar coordinate
astem N —contact force between the edges of the crack, ;, _ plate thickness,
height of the contact zone of crack, , — plate deﬂection, Oy, and
Ty, — Stress tensor components in the Cartesian coordinate system, y, —
displacement vector component; [f]= /" - f, the “+” and “~ signs indicate
the boundary values of the function when the point of the plane approaches the
crack at V1 7 %
Due to the contact of the crack edges, the solution to the problem will be
sought as a superposition of two interrelated problems: the problem of the
plate bending, using the Kirchhoff-Love theory and the plane problem. Using
the methods of the theory of functions of a complex variable and complex
potentials of Kolosov—Muskhelishvili, linear conjugate problems were
constructed. The obtained lineare conjugate problems are solved analytically
and a system of singular integral equations was obtained for the displacement
jumps in the plane problem and the jumps of rotation angles in the bending
problem at the crack edges. The system of singular integral equations was
reduced to a system of algebraic equations, using the method of mechanical
quadrature and was solved numerically by the Gaussian method. A numerical
analysis of the problem is conducted and graphic dependencies of contact
forces and intensity coefficients of forces and moments were constructed for
different geometric parameters of the problem and different values of uniformly
distributed bending moments at infinity. In some cases, the results obtained
coincided with the known results obtained in scientific works by other authors.

Beryn Ta oruisig sriteparypu. [nacTuHUacTi KOH-
CTPYKTUBHI €JIEMEHTH LIMPOKO BUKOPHUCTOBYIOTHCS
B pi3HHX c(epax TexHikH. BoHM MOXyTh MiCTHTH
JIOKaJIbHI TEXHOJOT1YHI BKJIIOYEHHS, a MiJ] 4ac eKc-
IUTyaTtalii B TAaKUX €JIEeMEHTaX MOXYTh yTBOPIOBa-
TUCSI TPILIMHM, IO CYTTEBO 3HMKYIOThH JIOIyCTHUME
HABaHTAXXCHHs, SKE MOXKHA NPHUKIAAATH O KOH-
CTPyKWii. 3 (I3UYHOTO TOMISAAY OYEBHJHO, IO 3a
3TUHY TUIACTHHH OEperu TPIlMH B3a€MOIIITUMYTh
Mix coboro. Tomy po3poOka METOIB OLIHKK Hampy-
XKEHO-Ae(POPMOBAHOI0O CTaHy IIACTUH 13 TPILLIMHAMH,
Oeperu SIKUX KOHTaKTYIOTh Y pa3i 3TUHY, € BaXKIJIUBOIO
HAyKOBO-TEXHIYHOIO MPOOJIEMOIO MEXaHIKH.

HocnipkeHHs  Harpy>keHO-1e()OpMOBAHOTO ~ CTaHy
IUIACTUH 13 TPILIMHAMY 32 3TUHY IUIACTHHH 3 BUKOPHC-
TaHHSM KJIACHYHOI TEOpii 3rMHY IUIACTUH NPOBEICHO B
poborax [1-4]. Y Hux npumyckanocs, mo Oeperu Tpi-
IIMHA KOHTAKTYIOTh TIO JIiHIT TI0 BCIi JOBXHHI TPIIMHA
Ha BEpXHIH MOBEpXHI IUIACTHHM (JIIHIHHMHA KOHTAKT).
Kamsrrod k. @., lampkwii L. I1. i broprens A. [5] exc-
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TIEPUMEHTATFHO BUBYAITN KOHTAKTHY B3a€MOJIit0 OeperiB
TPIIIMHN 32 3TUHY TUIACTHHH Ta ITiITBEPIMITH HAsBHICTH
MEeMOpPaHHOI CKJIaJIOBOI B TIOJT HAIPY>KEHb TTOOH3Y Tpi-
IIVHH, 1110 € MPSMHUM HACITIJIKOM KOHTaKTY ii OeperiB.

VY mpausix [6, 7] ynepiie moOyJoBaHO aHATITHY-
HUH PO3B’S30K 3a/1a4i NpO 3TUH IUIACTUHH 3 HACKPi3-
HOIO TPIIIMHOIO, Oeperu Kol KOHTAKTYIOTh 10 BUCOTI
TUTACTUHU (CMYToBUM KOHTAkT). Hampyxeno-nedop-
MOBaHH CTaH 3a 3rUHY 0€3MEXHOI IIIACTUHH 3 Mpsi-
MOJIHIHHUMH TPILIMHAMH 32 CMYT'OBOI'O KOHTAaKTY
ixHix OeperiB i KPyroBUM OTBOPOM a00 abCOIIOTHO
JKOPCTKOIO KPYTOBOKO IIaH00I0 PO3TIISIHYTO B [8— 10]
Hocaimxenus HarpyKeHO- z[e(bopMOBaﬂoro CTaHy TiJ
3 MDK(a3HUMU TPIIIMHAMY 13 30HAMH KOHTAKTY MPO-
BeZieHO B pobOotax [11, 12]. BruiuB koHTaKTy OeperiB
TEpPMOi30JIb0BaHOI Mi>K(a3HOI TPILIMHU 38 TEPMOME-
XaHIYHOTO HABaHTAXEHHS Ha HampykeHo-aedopmo-
BaHUil ctaH nociimkeHo B [13]. Tomy 3amaui 3ruHy
TUTACTHH 3 OTBOPAaMH, BKIIOUCHHSMH Ta TPILIMHAMH,
Oepery SKHX KOHTaKTYIOTb, € aKTyaJIbHUMH.
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VY miii poOoTi AOCTIKY€EThCS 3ajada Mpo 3THUH
HECKIHYEHHOI 130TPOMHOI IUIACTHHU 3 MPYKHUM
KPYTOBHM BKIIIOUCHHSM 1 MPSIMONIHIHHOIO HAaCKpi3-
HOIO palialbHOI0 TPINIMHOIO, Oeperu SKoi IIaaKo
KOHTaKTYIOTh 10 O0JIaCTi CTaNOol MIMPHUHU IO BCIH 1X
TIOBKHHI Ha BEPXHIH OCHOBI TIJIACTHHH.

®opmyaoBaHHA 3a1a4i. PosrsiHeMo 6e3mexHy
130TPONHY MJIACTUHY TOBIIMHOIO 2A, sSIKa MICTHTbH
MpYy>KHY KPYToBY I1aii0y pazniyca R Ta NpAMOJIHIHHY
HACKpI3HY TPIIIMHY JOBXKHHOK 7. Y CEpeHHHIN
IUIONIMHI TUIACTHHH BUOEPEMO JIeKapTOBY CHUCTEMY
KoopauHar Oxy 3 IOYAaTKOM Yy LEHTPI NPYXKHOI
maiou. Y momuHi Oxy BBEAEMO IOJSIPHY CUCTEMY
KOOpAMHAT 7 1 § 3 MOJIOCOM y Touli O Ta MoJjsip-
Hoto Biccto Ox . LleHTp pamiaibHOI TPIMHHE PO3Mi-
IIEHUH y TOYLI O, 3 KOOpAUHATaMH (x,,0) Ha oci Ox .
VY Toumi O, BUOEPEMO MOYATOK JAEKAPTOBOI CHCTEMHU
koopawHat O,x,y, , sSKa Oyme MoB’s3aHa 3 TPIMIUHOIO.
Hexail Ha HECKiHUEHHOCTI IUIACTMHA 3THHAETHCS
PIBHOMIPHO PO3IOALICHUMU MOMEHTaMU M>* 1 M .
Yepes S*(S,) nozHauMMo 001aCTh yCepeHHi Mpyxk-
HOT 1aiowu, a yepes S(S,) — 330BHI; uepe3 L, —
JiHIO, JIe pO3MillleHa TPIllIUHA, 8 Yepe3 7, — KOJIIOBY
MEXYy TIpY>KHOI 11aifou (auB. puc. 1).

VY Y Y VYV V¥V Y M7

Ry Ky Fp Ky $7(s.) M,

Y=

=

Puc. 1. Be3ame:xHa mJ1acTHHA 3 MPY/KHOKO 1AKHO010
Ta paaiajJbHOIO TPILIHHOIO

[py>xHIM XapakTeprCcTUKaM TOB’sI3aHUX 13 Iaii-
000 TpHUMHCYBaTUMEMO iHAEKC «l», a 3 ImIacTu-
HOIO — 1HJIEKC «2». 3ayBaKUMO, IO TYT 1 B MOAAITh-
moMy iHaekc j HaOyBae 3HadeHb 1 1 2, me j=1
BiAnoBinae maiibi (obmacte S)), j=2 — IUIACTHHI
(obmactp S, ).

BBakarnmeMo, M0 3a Takoro HaBaHTAKCHHS
Oeperd TpIIIMH KOHTAKTYIOTh IO 001acTi cranoi
[TUPUHA BETMIUHOIO /4, HA BEPXHIN OCHOBI IIACTUHHU
IO BCil TOBXKHHI TPIHU (CMyTOBHI KOHTAKT). Uepes
KOHTaKT OeperiB TPILIMHHU PO3B’ 30K 3ajadi IIyKaTh-
MEMO y BHIVIAA1 PO3B’SI3KIB JIBOX B3a€EMOIIOB’SI3aHUX
3ajad: 3a/ia4i 3rUHY TUIACTUHU, BUKOPUCTOBYIOUH TEO-
pito Kipxroga — JIsiBa, Ta mockoi 3aadi.
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Ha mexi npyxHOI 1maii0M BUKOHYIOTbCS YMOBH
171eaJIbHOr0 MEXaHIYHOTO KOHTAKTy

Pi=Py, M\y=M,, w=w,, %:%’Ha L, ()
or or

o) =c,, o =, wy =uy, wp =wy,Ha [, (2)
ne P, — ysaranenena B ceHci Kipxroda nepepisy-
BajpHA cuia, M, — 3TMHAJIBHUNA MOMEHT, W; — Ipo-
IMH -1 YaCTWHH; O\, O\ — KOMIIOHEHTH TEH30pa
HaIPYKeHb, a U}, U} — KOMIIOHEHTH BEKTOpa Mepe-
MIIIEHb Y TIOCKIN 3a7a4i B TOJSIPHIN CUCTEMI KOOP-
IAHAT f, Q.

KpaiioBi yMOBH CMYTroBOTO KOHTaKTy OeperiB Tpi-
mmHA [ 7]

+ + + ; N,
Pt =0, M =8hNi> T, =05 oy, =50

5:1,%1 xleL,a (3)
6;;7]+ah{8i,2;;,}=0’ 0L=%(1+(1—V)2)9
=2 e, @

e N, — KOHTaKTHE 3yCHILISI MiX OeperaMu TPIluHH,
M — Bucora KxoHTakTy Geperi TpilMHY, w — Hpo-
TUH IUIACTHHHM, Gp 1 Tpg, — KOMIIOHEHTH TEH30pa
Hanpy>XeHb y JNEKapTOBI CUCTEMI KOODJIMHAT, v, —
KOMIIOHEHTA BEKTOpa mepeMimens; [f]=/f" -/,
3HAKaMH «+» 1 «—» TMO3HA4YeHI TpaHWYHI 3HAYCHHS
(GyHKIIA Tpy MPSMYBaHHI TOYKW TUIONUHH A0 Tpi-
LIUHHA, AKIO ¥, — 0.

Po3B’s130k 3a1aui

3 BHUKOPHUCTaHHSAM KOMIUICKCHUX IIOTCHIIIAJIIB
IJIOCKOI 3a/avi Ta 3amadi 3ruHy ImiactuHu [9, 14],
3aJI0BOJIBHSIOUN KpaiioBi ymoBu (1) — (4), po3B’s-
30K 3aJ1a9i 3BEIEMO 10 3a]1a4 JIHIHHOTO CHPSIKEHHS,
PO3B’SI3aBIIN AKi, OTPUMAEMO CUCTEMY CHHTYIISIPHUX
IHTErpallbHUX PIBHSAHB BIAHOCHO HEBIIOMHUX CTpPHO-
KiB IIepeMilIeHb ¢/(f) Ta CTPHUOKIB KyTiB IOBOPOTY
0O, (t)Ha Geperax TpIlIMHH, siKa HAOYy/IEe BUIVISLY
[(Z(tx)81(0)+ LV (1,x) Re (g1 (1)) + M (1) & ()t = N (x),x € L, (5)

L

T(R(x)0 (1) + I (£, x)Re Q, (1) + S (6,%) O ()t + H (x) = M, (x),x < I, , (6)

L

IS
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X[{f;_T]M+[H§?]nT_Rz—[X f(](wrk)]}

L(l)(t,x):f 22A4ht 2(“2_u1)+ Hy — 1y Hy 4K 5;22 i
R(-4) A y) 4 3
K, — WK
A= kg, A= b, 4 =R RE
4,
A4_P-2_P-1 g = é,
A A,
)

R ('1[”27,121”(‘)/\’_#;1]7}]2 —l+RZ(2TX_R2)[£_Tj _71~<T7
Xl am-r) A4 | T (m-r) \T r-x

(T-x) AX (IX-R XT - R
X 1 . ‘Ej(”l _l:lz)Tz
(T-X) A4 (XT-R)
- . - R?
L(]) (t’ x) - 27'[“.1R2 [D:;l (1 - Kl ) " DS] Xz\J b

I

A i+ Ky, A Oy + K, , 1:14 = P-z[i“l 5

1

PRE(ESS I A

s Py — ~ s

A 1- 4,

E:_“g% ~:_;14(r<7+1) g:_i
oo1-4, 07 1+4, ~ 4’

=X+ X
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T=x,+t, K.=3_Uf,
T 1+,
po_ MM MY - MY _2EN
PoaD,(1+v,)” 2T 2D, (1-yy)  3(1-v)
. 3+v,
STNTI L
J
i 0 |ow .ow .
1) =- - 1)=0,(t)+iQ, (t
Q) 1+K](3X1|:6x| ayu}’Ql() 0u(1)+10. (1),

U A CUR

g(t) =g (1) +igy(n)°’
e Q(1):0:(1), g,(r),g;,(r) — ACHI HEBIZOMI (yHKLLL;
w=E/2(1+v)), £ 1 v, — BIINOBIAHO MOIYIb MPYX-
HocTi 1 koedimient [Tyaccona s j-i obmacti, j=1,2.
3 kpaitoBoi yMOBH (4) MaTUMEMO
1+%,

g;l(XI)+mQ“(xl): e[-1.1]. (7)

3ayBa)kUMO, IO MalOTh BHUKOHYBaTUCh YMOBH
OJTHO3HAYHOCTI MPOTUHY  KyTiB MOBOPOTY HOpMAai
JI0 CepeluHHOI MOBEPXHI 3a 00XOoy KOHTYpY Tpi-
LIMHY, SIKi HAOYyTh BUIVISILY

jQ, t)dt =0, jzlmQ, t)dt = 0. (8)

b

0, x

Takum unHOM, 1100 BU3HAYUTH HEBiOMi (QyHKIIIT
g/(t), O (f), MM MaEMO CUCTEMY CHUHIYJIAPHHX IHTE-
rpanbHUX PiBHAHB (5) — (8), sIKy pO3B’A3yBaTUMEMO
YHCENBbHO METOJIOM MEXaHIuHuX KBaaparyp [14, 15].

YucenbHuii anamis

Ha puc. 2 naBemeHo rpadix 3BEAECHOrO KOH-
TakTHOro 3ycuins N =hN/M; wmix Geperamu
TpILMHKA Bix 0e3po3MipHOT KOOpI[I/IHaTI/I E=x/1,
SKmo p=M; /M”—l A=R/l=5 O—xo/l—
y=h/h=0.13. Kpusa 1 HOGy,Z[OBaHa g F= ‘g*:*‘
KpuBa 2 — g B=-0.3, kpuBa 3 — aisg B=0 KpI/IBa
4 — nmna B=0.3, kpuBa 5 — s B=1. HKLuo B<0
, BEJIMYMHA KOHTAKTHOTO 3yCHIIJISI € MaKCUMAaJIbHOIO
y Bepumni a (§=-1), a axmo B >0 — MakCUMajbHa
y BEPIIMHI b (& = 1), NOOIN3Y MEKi IPYKHOI MIAKOH.

N4
0.8+
A4
0.6+ Z 3
041 j/ >
021 N5 i
\/\
0 2§ i I 1 1 i

Puc. 2. I'padix KOHTAKTHOTO 3ycHJIA N*
Mi OeperaMu TPilliMHU NPH Pi3HHUX j
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Puc. 3. I'padix xoedinieHTiB iNTEHCHBHOCTI MOMEHTIB K, Y BepIIMHAX
TPIlMHMA @ Ta ) Bin B =1g E,/E, 3a pi3HUX 3Ha4eHb X,

Ha puc. 3 mnoOynoBano rpadiku KoedilieH-
TiB inTencuBHOCTI Momentie (KIM) Ki=K/(M;I) y
BEpIIMHAX TPINMHU ¢ Ta  BiJ B:lgf; s A =4,
p=1, y=0.13. Kpusi 1 lfIOGyILOBaHi mir X, =0
, KpuBi 2 — st X, =0.3, kpuBi 3 — g X, =1.3,
kpuBi 4 — anst Xy =2 Skmo B <0, KIM y BepmmHax
TPIIIKHK a Ta D 3pocTaroTh 31 30UIbIICHHIM B . SKIIO0
B >0, BenmmunHa KIM y Bepuusi Tpimmau b € Oinb-
mroro 3a Bennmuuny KIM vy ii Bepimni a. Kpim Toro, 3
HaOJIMKSHHSIM BEPIIMHU TPIIKUHA D 10 KOIOBOT MEKi
nojiny mMarepiainis, skip B> 0, KIM y Hiif 36inb1ry-
IOTBCSI JU1s1 OYIb-SIKOTO (hiKCOBAHOTO f .

BucHoBku. Y miii poGoti Brepie moOy1oBaHO
PO3B’SI30K 3aj1a4i MPO 3TMH HECKIHYCHHOT IUIACTHHU
3 MPY’)KHUM BKJIFOYCHHSIM 1 IPSIMOJTIHIHHOIO pajiialib-
HOIO TPILIMHOIO Y I[bOMY BKJIIOYEHHI, 32 CMyTOBOTO
KOHTaKTy ii OeperiB, a TaKoK JOCIIIKEHO BILIUB
MOJYJIIB MPYKHOCTI MarepiaiiB TUIACTHHU Ta NPYXK-
HOI Maif0M Ha KOHTAaKTHE 3yCHJUIS U KOe]ilieHTH
IHTEHCUBHOCTI MOMEHTIB y BEPIIMHAX TPIL[HU.

Konu Momysi mpyHOCTI Marepiajqy IUIaCTHHHU
Ta TpyXHOI maidou € omHakoBumu (B=0), oTpH-
MA€EMO BHITQJIOK OJHIET 130JIbOBAHOI TPINIMHUA 3a
CMYTOBOTO KOHTakTy ii OeperiB y muactudi [6, 7], a
AKmo B=0 1  _ (> OTPUMAEMO BHIIA/I0K onHi€l 130-
JHOBAHOT TPILIMHY 3a JIHIHHOTO KOHTAKTy ii Oeperis
[1, 2]. Sk moka3aB 4KMCEIbHUI aHaJi3, 3BEICHI KOe-
¢ilieHTH HTEHCUBHOCTI 3yCuib k, =k, / (M Nl ) i
womentis K =K, /(M;I) nop’ssani sanexwicrio
ki /K{ =30(1+v,)/(3+v,), Tomy rpadiuni 3amexHo-
CTi i1l ' HE HaBeJleH] B pOOOTi.

VY mepcneKkTHBi IMJIAHYETHCS AOCHIJUTH Hampy-
JKEHO-TIC)OPMOBAaHUM CTaH IJIACTUHH 3 MPYKHUM
BKIIFOUCHHSIM 1 CHCTEMOIO HACKPI3HHX MPSMOJIHIH-
HUX TPINIMH, SIKi PO3MIIIEHI SIK y TJIACTUHI, TaK 1y
MPY>KHOMY BKJIFOUEHHI, 332 CMYTOBOTO KOHTaKTy iXHIX
OeperiB. A TakoX i3 3aCTOCYBaHHSIM €HEPTETHYHOTO
KPHUTEPII0 pyHHYBaHHS MJIaHY€ETHCSI BU3HAUYUTH BEIU-
YMHY MaKCHMAJILHOTO HABaHTa)XCHHS, SKE MOXH
OyTH TIPUKIIAJICHE 10 TAKOT IJIACTUHH.
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Knrouosi cnosa: sunaokosi [Tig yac mpoeKTyBaHHA KOHCTPYKLIN 3 KOMIIO3UTHUX MaTepiajiB Ha MPaKTHII
napamempu KomMno3uma, BUKOPUCTOBYIOTb MOJENb KOMIIO3UTAa y BUIVISAI CYIUIBHOTO OJHOPITHOIO
HOPMATbHULL 3AKOH PO3NOOITNY, cepenosuiia. Pi3uko-MexaHi4Hi HOTO BIACTUBOCTI K OHOPITHOTO MaTepiany
Mamemamuyme cnooieanis, BiZloOpakaroTh e(heKTHBHI cTali. 3BHUUaiHO, MapaMeTpu CKIAAO0BUX YaCTUH
WinbHicmv po3nooiny, KOMITOHEHTIB KOMIIO3UTA € BUIAJKOBUMHU BeMunHaMu. Tomy #oro edexkTuBHi
2omozeHizayis, epexmusHmi CTaJIi TEX € BUMAIKOBUMHU BEJIMUNHAMU. Y 3B’43KY 3 LIUM aKTYaJIbHOIO 33][a4el0
Xapaxmepucmuxu. € TOMOT'€Hi3allis KOMIIO3UTA 3 ypaxXyBaHHSIM CTOXaCTUYHOCTI Horo nmapamerpis,
y TOMY YHCJIi BU3HAYEHHS XapAKTEPUCTUK MPYNKHUX CTAJHUX SIK BUIIAJKOBUX
BEJINYNUH.

Y po60Ti 06’ €KTOM JOCTIIKEHHSI € OTHOCIPSIMOBAHHUH BOJIOKHUCTHH KOMIIO3HT,
(ha3aMu SKOTO € TPAaHCBEPCAIBHO-130TPOITHI MATPHIIA T TOPOYKHUCTE BOJIOKHO.
Pazniyc BONOKHA Ta TMOPOXKHUHM y HBOMY MOJCIIOIOTHCS BHIAJKOBUMH
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BEJIMYMHAMH, 10 MAIOTh HOPMAaJbHUN 3aKOH pO3moity. BinnoinHo, epeKTHBHI mapaMeTpu KOMIIO3UTa TaKOXK
€ BUMAJKOBUMH BEJINYMHAMU. 3alpONOHOBAHO METOAMKY BH3HAYECHHS MaTeMaTHYHOTO CHOAIBaHHSA €(EKTHBHOTO
MO37I0BKHBOTO MOAYJISI MIPY>KHOCTI, SIKY MOJKHA 3aCTOCYBAaTH JUIs 3HAXO/DKCHHS 1HIINX YHCIOBUX XapaKTCPHCTHK
¢(eKTUBHHUX MapaMeTpiB SIK (PyHKIiH BUNAAKOBUX BEJINYHH.

Jns po3B’si3aHHS 3a7adi TOMOTCHi3amii KOMIO3UT MOJACTIOEThCA — CYHIJIBHAM OHOPIAHUM TPaHCBEPCATBHO-
130TponHUM MarepianoM. Ha moBepxHi KOHTAKTy Mi’K MaTpHICIO Ta BOJIOKHOM BHKOHYIOTHCSI YMOBH 11€aNbHOTO
3’eHAHHA. Y PE3yNbTaTi BAKOHAHOTO JOCTIHKEHHS OTPUMAaHO (GOpMYITy JUIsl €(pEeKTUBHOTO MO30BKHBOTO MOTYJIS
NPY>KHOCTI K (PyHKIIT BUMAIKOBUX BETMYMH. BUnaakoBuMu € 00’ €MHI YaCTKH BOJIOKHA Ta MOPOKHUHH Y BOJOKHI
JUIS. KOMITO3UTA. 3HAHACHO IMUTBHOCTI PO3MOALUTY IIUX BHIAAKOBHX BEIWYMH. [IpykHi cTasi BOJTOKHA Ta MaTpHIl
PO3IISIAOTHCS SIK JeTepMiHOBaHI BennuuHu. OTpruMaHnii BUpa3 e(eKTUBHOTO MO3I0BKHBOTO MOIYIIS IPYKHOCTI
y BUIVISL (DYHKIIIT BUMTAAKOBHUX BEJIMYHMH JJO3BOJIUB BU3HAYNTH HOTO XapaKTEPUCTUKH — MaTEMaTHYHE CIIO/IIBAaHHS Ta
nucrepcii. OTpuMaHi MiTBHOCTI PO3MOALTY BHIIQJAKOBUX apTYMEHTIB MOJKHA 3aCTOCYBATH JJIS1 BU3HAUCHHS 1HIINX
MOMEHTIB IIi€i BUIIQJIKOBOI BEJIMUYMHH. 3aPONOHOBAHY METOAMKY MOXKHA 3aCTOCYBAaTH Ul PO3B’SA3yBaHHS 3a7adi
TOMOTCHi3a1lii KOMITO3HTIB, (pa3n SIKMX MAIOTh BUITAJKOBI XapaKTEPUCTHKHU 3 IHITMMHU HEIICPEPBHUMHU PO3TIOIiIAMH,
BIIMIHHUMH BiJl HOPMAJIBHOTO.
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When designing structures made of composite materials, a composite model
is used in practice as a continuous homogeneous medium. Its physical and
mechanical properties as a homogeneous material reflect the effective
constants. Of course, the parameters of the components of the composite are
random variables. Therefore, its effective constants are also random variables.
In this regard, the actual task is to homogenize the composite taking into
account the stochasticity of its parameters, including the determination of the
characteristics of elastic constants as random variables.

In the work, the object of research is a unidirectional fiber composite, the
phases of which are a transversal-isotropic matrix and hollow fiber. The radius
of the fiber and the cavity in it are modeled as random variables with a normal
distribution law. Accordingly, the effective parameters of the composite are also
random variables. The method of determining the mathematical expectation
of an effective longitudinal modulus of elasticity, which can be used to find
other numerical characteristics of effective parameters as functions of random
variables, is proposed.

To solve the homogenization problem, the composite is modeled by a continuous
homogeneous transversal-isotropic material. The conditions of perfect bonding
are fulfilled at the contact surface between the matrix and the fiber. As result
of the research, a formula was obtained for the effective longitudinal modulus
of elasticity as a function of random variables. The volume fractions of the
fiber and the cavity in the fiber for the composite are random. The distribution
densities of these random variables are found. The elastic constants of the
fiber and matrix are considered as deterministic variables. The obtained
expression of the effective longitudinal modulus of elasticity as a function of
random variables allowed us to determine its characteristics — mathematical
expectation and variance. The obtained distribution densities of random
arguments can be used to determine other moments of this random variable.
The proposed method can be used to solve the problem of homogenization
of composites, the phases of which have random characteristics with other
continuous distributions different from the normal one.

Beryn. Po3BuTOK cydacHOi TEXHIKH TiCHO TIOB’sI-
3aHHW 3 PO3pOOKOD HOBHWX MaTepiaiiB. Baxiuse
Miclle cepejl HHX TOCial0Th KOMIIO3MINHHI MaTe-
piayiu, BIACTHBOCTI SKHMX JO3BOJSIIOTH CTBOPIOBATH
KOHCTPYKILIi, ONTUMaNbHi 3a CBOIMH MapaMeTpaMH.
KomnosuTy 3HafiiuM mMpoKe 3acTOCYBaHHS y Pi3-
HUX cdepax MammHOOYIyBaHHS Ta OYyJIiBHHUIITBA.
VY 3B’s3Ky 3 MM BHHHKA€ HEOOXiAHICTh BU3SHAYCHHS
ixHix BnactuBocTeid. 11100 YHUKHYTH NpOBEACHHS
BHCOKOBApTICHUX EKCIIEPUMEHTAIBHUX JOCHIHKEHb
BUHHUKA€ HEOOXITHICTh PO3POOKH MaTeMaTHYHUX
MoJleNield KOMIO3UIIIMHUX MarepialiB, sSKi O J103BO-
T BU3HAYUTH iXHI (Di3MKO-MEXaHI4HI XapaKkTepu-
CTHKH.

3amaya BU3HAYCHHS XapPaKTEPUCTHK KOMIIO3MTA
SK OJHOPiAHOTO Matepiany (eQeKTUBHHX Xapakre-
PHUCTHK) 32 BIIOMHMH XapaKTEPUCTUKAMU HOTO CKJIa-
JIOBUX €JIEMEHTIB — 1€ 3aJa4a roMoreHizamii KoMIo-
3uta. Ilin gac po3B’si3yBaHHs 1€l 3agadi KOMIIO3UT
PO3MISAIOTh y BUIVIAAI TpPaHCBEPCaIbHO-130TPOII-
HOTO OJTHOPIHOTO MaTepiaiy.

CyTT€BOTO PO3MIUPEHHS JIialla30Hy TEXHIYHUX
XapaKTEPUCTHK KOMIIO3UIIMHUX MaTepialliB MO)KHa
JOCATTH, BAKOPUCTOBYIOUH JUIS iX apMyBaHHS TIOPOK-
HHUCTI BOJIOKHA.
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VY TEeXHONOriYHOMY NpoLeci BUPOOHHUITBA KOM-
MO3UTHUX MarepiaiiB 374e011b1I10r0 BHKOPHCTOBY-
I0TbCSI 1X KOMITIOHEHTH, reOMeTqu}n napameTpy
SKMX MalOTh TICBHI BHIIAJIKOBI BIIXMJICHHS BiJ MpO-
€KTHHX 3HaYCHb. 3 OTIAY Ha TE, 1O i BIIXHUJICHHS €
pesynbraroM CYKYMHOI Jii BEJTMKOI KiJBKOCTI (paKkTo-
piB, OKPEMHIi BILIHB KOKHOTO 3 AKHX € HECYTTEBHM,
TO IOLIJIBHO OKPEMi XapaKTEPUCTHKH (a3 KOMIIO3UTa
PO3IVISIIATH SIK BUTIAJIKOBI BEJIMYMHU 3 HOPMaJIbHUM
3aKOHOM PO3MOALTY.

CTOXaCTHUYHICT, IMX TapaMeTpiB JOLJIBHO Bpa-
XOBYBAaTH TIiJl 4ac pO3B’sI3yBaHHS 3aJlad TOMOTCHI3aIlii
KOMIO3UTiB. [lpy 1IbOMy €(eKTHBHI XapaKTepUCTUKH
KOMITO3UTIB OTPUMYEMO y BUIVIAAl (DYHKLIH BUIaaKO-
BHUX IApaMETPiB iX KOMIIOHEHTIB, TOOTO BOHU € TaKOX
BUIA/IKOBUMH BEIMYMHAMU. {11 BUKOPHUCTAHHS LMX
e(eKTUBHUX MapaMeTpiB y NIPOEKTYBaHHI KOHCTPYKIIiH,
BUTOTOBJICHUX 3 KOMIIO3UTHHX MarepialliB, HEOOXiIHO
BU3HAYHUTH YHMCIIOBI XapaKTEPUCTHKU LIUX BUIIAJKOBHX
BEJIMYMH, 30KpeMa iX MareMaTH4Hi CIIO{IBAaHHSI.

Mertoro poboTH € OTpUMaHHs GOPMYIHU AJIsl MaTe-
MaTUYHOTO CTOAIBaHHSA €(DEKTUBHOTO MO310BKHBOTO
MOAYJSl MPYKHOCTI MEpUIOro poiay TpaHCTPOI-
HOT'O KOMIIO3UTa 3 TPAHCTPOITHMMHU KOMIIOHEHTAMHU:
MaTpHLEIO Ta TOPOKHUCTUM BOJIOKHOM.
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O0’exkTOM JOCTIKEHHS € OIHOCIPSIMOBaHUI
BOJIOKHUCTHH KOMIIO3UT, WO CKIAAEThCS 3 TPaH-
cTponHUX (a3, IIO MOIENIOETHCS OIHOPIIHUM
TPAHCTPOITHUM MaTepiajoM. 3ajada TOMOTeHi3allii
PO3B’S3y€ThCS Y NUJIIHAPUYHIA CHCTEMi KOOpIWHAT
(r,9,z). Bick Z 30iraeTbes 3 BicClO BOJIIOKHA, 10 SIKOT
€ MEepHeHINKYIISIPHA IUIOIIKHA 130TPOHii BOJIOKHA Ta
KOMIIO3HUTA.

J1o OCHOBHHUX TiroTe3, IPUHHATHX Y LIBOMY JOCITi-
JDKEHHI, HAJIC)KATh:

— Marepiaju MaTpUlli i TOPOKHUCTOTO BOJIOKHA €
TpaHCBEPCATBHO-130TPOITHUMH,

— HaIpy>keHO-1e(OPMOBAHHI CTaH KOMITO3UTa MOJIE-
JIFOETECS JITHIHHAME PIBHAHHSAMHE TEOPii MPY>KHOCTI;

— Y KOMITO3UTI MK MarpuLel0 Ta BOJIOKHOM Mae
MiCII€ 17eaJbHUI KOHTAKT;

— IOCTIIKYETBCS OHOCTIPSIMOBAHUN KOMITO3HT 3
IeKCaroHajJIbHOI YKJIaJKOK BOJIOKOH;

— CTOXaCTUYHUMH XapaKTePUCTUKAMU KOMIIOHEH-
TiB KOMIIO3HUTA € BHYTPIIIHIN Ta 30BHIMHIN pajiycn
MOPOXKHUCTOTO BOJIOKHA, [0 MOJICJIIOETHCS BUTIA KO-
BHMH BEJIMYMHAMH 3 HOPMAJIBHUM PO3OAITIOM.

Y po0Ooti Brepiie po3B’sI3aHO BU3HAYCHHS HMO-
BipHICHMX e(eKTUBHUX XapaKTEPUCTHUK BOJOKHH-
CTOTO KOMITO3UTA 3 MOPO)KHUCTUMH BOJIOKHAMH.

Orisin .mTepaTypn Ta MOCTAHOBKA NpodJeMu.
3ajgaya rOMOIeHi3alii  TPaHCBEPCAJIbHO-i30TPOII-
HUX BOJIOKHHCTHX OIHOCIIPSIMOBAHUX KOMIIO3UTIB 3
JIeTepMiHOBaHMMHU KOMITOHEHTAMH JIETaIbHO PO3TIIsi-
HyTa y MoHOrpadii [1].

Y monorpadii [2] BUCBITICHO MIUPOKUN CIIEKTP
CTOXaCTUYHUX METO/IB, IO BHKOPHUCTOBYETHCS Y
pO3B’s3aHHI  3aJa4 TOMOTEHI3amii KOMITO3UTHHX
MarepiaiiB. Ha ocHOBI iX 3acTOCyBaHHSI TOCIiIKEHO
MEXaHIYHI BJIACTUBOCTI PI3HMWX THITIB KOMIIO3HTIB,
30KpeMa BOJOKHUCTUX Ta HAaHOKOMIIO3UTIB. Po3ris-
JMAIOTHCA Pi3HI MIAXOAW 10 BH3HAYEHHS TNPYKHHUX
CTalluX 3a HasBHOCTI Ae(EeKTiB y BUIISAII MOLIKO-
JUKSHB, TPIIITIH, PO3B’A3Y€EThCS 3a/1aua TOMOTeHI3ai1
3 ypaxyBaHHSIM HasBHOCTI IuQy3ii, BIJIMBY TeMmIIe-
paTypHUX (aKTOpiB, MOCTIIHKEHO ACSIKI PEOJIOTiuHI
nporecu y komnosutax. OTpumani eQeKTuBHI Tep-
MOIIPY’>KHI IapaMeTpu sl BOJOKHHUCTOTO KOMIIO-
3HUTa, apMOBAHOTO BOJIOKHAMH Pi3HUX THITIB.

VY crarti [3] orpumaHO epEKTHUBHHIA IOmeped-
HUM MOAYNb MPYKHOCTI JUIsl KOMIIO3UTa 3 BUMA[-
KOBO PO3TAlIOBAHUMH OJHOCHPSIMOBAaHUMH BOJIO-
KHaMH 3 ypaxyBaHHSM B3a€MOJii MK BOJIOKHaMHU.
Takoxx po3B’si3aHa 3a7a4a TOMOTEHI3alil Uil BU3HA-
YEHHS MOMEPEYHOr0 MOAYJS MPYXKHOCTI KOMITO3UTA
3 HECTHUCIMBOIO MAaTPHULEI0 Ta YKOPCTKHUMHU BOJIOK-
Hamu. CTOXaCTHYHUHN IT1IX1J1 O TOMOTeHI3aLil 3acTo-
CyBaJM TakoXx y po0oti [4]. TyT Ha oCHOBI BHKOpH-
cranHsi Mmerony Monre-Kapno nocnianmm mixdasni
SIBULIA Y BOJIOKHUCTUX KOMITO3UTaX. 30Kpema, 10CTi-
JDKEHO TIpOoIeC TOPYIICHHS 3’€JIHAHHS BOJIOKHA Ta
MaTpHII.

Y poborax [5-7] posmismanucs 3amadi BHU3HA-
YEHHS OKPEeMUX €(PEKTUBHUX XapPaKTEPUCTHK BOJIOK-
HUCTHUX KOMIIO3UTIB 3 YpPaxyBaHHSIM BHIIaJIKOBOCTI
JesIKUX napameTpiB a3 kommnosura. Tak, y [5] otpu-
MaHO (HOpMyILy [UIs BU3HAUYCHHS MaTeMaTU4HOTO CIIO-
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JIIBAaHHS CTOXACTHYHOTO €(PEKTUBHOTO MO3/I0OBKHBOTO
MOJYJISI TIPY>KHOCTI JIJISl BHITAJKY, KOJIM IIi XapakTe-
PHCTHKY JUIS MATPHII Ta BOIOKHA € HOPMAJIBHO PO3-
MOJTIICHUMU BUITA/[KOBUMH BeIMYnHaMH. VY [6] oTpu-
MaHO TaKy 3aJeKHICTh JJISI BUIMAJKOBOTO pamycy
CYIUTBHOTO BOJIOKHA, Y [7] BU3HAYEHO CTOXAaCTUIHUI
e(eKTHBHUI MOJYNb 3CyBY 3a HasBHOCTI HOpMallb-
HOTO PO3IIOJIIJICHOTO PaJIiyCy BOJIOKHA.

OOG’eKTOM JOCHIIXKCHb [2—7] € KOMIO3UITIHHI
Marepiajid, apMOBaHi CYLIUIbHUMH BOJOKHAMH.
[IpoTe y 6araTh0X KOHCTPYKIIISIX 3 TEXHIYHUX Ta €KO-
HOMIYHMX BHMMOI JIOLIJIbHO BHKOPHCTOBYBaTH KOM-
MO3UTH, APMOBaHI MTOPOXKHUCTUMHU BOJOKHAMU. Bike
OTPUMAHO PO3B’SA30K 3ajadi TOMOTEHi3allii KOMIIO-
3WTIB 3 IOPOKHUCTUMHU BOJIOKHAMHU 0€3 ypaxyBaHHS
nii BUnaakoBux ¢aktopiB. Po3s’si3aHHs 1€l 3amaui
HaBesieHo y poOorti [8]. ¥V Hill oTpuMaHi aHamiTHYHI
JETepMIHOBaHI 3aJie)KHOCTI E€(QEeKTUBHHUX CTAINX
TPaHCBEPCATBHO-130TPOITHOTO  OJTHOCIIPSIMOBAHOTO
BOJIOKHUCTOTO KOMITO3UTa 3 IOPOKHUCTHMHU BOJIO-
KHaMH BiJl MPYKHUX KOHCTAHT HOTO CKJIAJHHKIB Ta
00’€MHOT0 BMICTYy BOJIOKHA 1 IOPOKHUHU y KOMITO3H-
IifHOMY MaTepiai.

Ha cporomui HEpO3B’SI3aHUMH  3QJIHINAIOTHCS
3aJa4l CTOXaCTHYHOI TIOMOreHi3amil BOJOKHHCTHUX
KOMITO3HTIB, ()a30f0 SKHX € TOPOKHHUCTE BOJIOKHO.
OpHa 3 TaKKX 3aJ1a4 PO3B’SI3YEThCsI Y 1iK poOOTi. Po3-
poOJieHa MpH bOMY METOJIMKAa BU3HAYCHHS CIIBBiI-
HOIIIEHb /TSI BU3HAYEHHS CTOXaCTUYHHX XapaKTepHC-
THUK KOMITO3UTIB 3 MOPOXKHUHHUX BOJIOKOH BH3HAYa€e
aKTyaJbHICTB I[LOTO JOCIIKCHHS.

IlobynoBa e()eKTUBHOIO M03/10BKHbOI0
MoayJisi mpy:kHOCTi. [[ist moOymnoBru MaTeMaTwmdHOT
MOJIEJIi TOMOTEHI30BaHOTO BOJIOKHHACTOTO KOMITO3UTY
3 MIOPOKHUHHOTO BOJOKHA BUAITMAMO HOTO TIPEJICTaB-
HUIbKUH CJIEMEHT, 1110 Ma€ TPAHCTPOIIHI BIACTHBOCTI.
Bin € xoMOiHaIli€r0 JBOX TpaHCBEPCAIbHO-130TPOT-
HUX OWIHAPIB HECKIHYCHHOI JOBKUHH, 110 MOJIEITIO-
I0Th BIITIOBITHO MaTPUINIO Ta MOPOKHUCTE BOJIIOKHO.

Criovarky BHIUJIAMO TIPEICTABHUIIBKUN €IeMEeHT
(enemeHTapHY KOMIPKY ) TeKcaroHainbHOT popmu (puc. 1).
[NotiM mepeiigemMo 10 MIIHAPUYHOI KOMIPKHA TaKUM
YUHOM, 11100 00’€MHUI BMICT BOJIOKHA B IF'€KCaroHalb-
Hil KOMIpIli i 00’€MHHUIT BMICT BOJIOKHA B IIAJTIHAPHY-
Hili KoMip1ii Oyiu O OTHAKOBHMHL.

Puc. 1. Cxema cTpyKTypH ejieMeHTAPHOL
KOMipKH
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Hexaii | Ta g BigmosigHo 06’ €MHHMIT BMiCT BOJIOKHA
Ta TOPO)KHMHM B HBOMY y Marepiajli KOMIIO3UTA.
BpaxoBytoun, mo o0nacte, sKy 3aiiMae MaTpuus B
eJIeMEHTapHIN KoMipIli, 1 00macTe, Ky B Hill 3aiimMae
BOJIOKHO, MalOTh OJTHAKOBY BHCOTY, Ma€MO TaKi CIIiB-
BIHOIIICHHS:

n ¢, @ n(az_cz) a* - c?
g—ig—*z’h 7, 1= 3 = 3 =h—g'(1)
nb® b b nh b

Po3srnsiHeMoO cyMmicHE MO300BXKHE PO3TATHEHHS
MOPOXKHUCTOTO UHWIIHApPA (¢ <F<a), IO MOACITIOE
BOJIOKHO, 1 IOPOXKHUCTOTO IuJIiHApa (a <7 < b ), mo
MOJICIIIOE MaTPHLIO.

OOMexxuMocs BHIIAQAKOM, KOJIM Ha MiK(a3Hii
MOBEPXHI KOMIIO3UTa BUKOHYIOTHCS YMOBH iJealib-
HOTO KOHTaKTy, TOOTO YMOBH HEIEPEpBHOCTI pali-
QIBHUX TEPEMIIeHb Ta HAPYKEHb:

o, (a)=o0,(a), u;(a)=u, (a), 2)
OChOBI IIEPEMIIIICHHS JIJIsl MATPUI Ta BOJIOKHA CITiBII-
aJaloTh, TOOTO ()= u, (), a 30BHIIIHS OBEPXH

MaTpHIli Ta BHYTPILIHS MOBEPXHS IMOPOKHHUCTOTO
BOJIOKHA BUTBHI BiJl HALIPY>KEHb!

5, (5)=0. ;(c)=0. 3)

TyT 1 mani CUMBOJI ° — O3HAYa€ BEIMYUHU, IO Bij-
HOCSITBCS /IO BOJIOKHA, & CUMBOJ * — BEJIMYWHH, 10
BITHOCSATBHCSI IO MATPHIILI.

Po3B’s13yr0un BiceCHMETPUYHY KpaioBy 3amady
po CyMicHE AehopMyBaHHS MATPHUIll Ta TOPOKHU-
CTOTO BOJIOKHA, BU3HAYAEMO y HUX MEPEeMIIIeHHs Ta
Hanpy>KeHHS.

Jami po3B’s3yeThesl 3aaya BU3HAYCHHSI KOMITO-
HEHTIB HampykeHO-Ie(OopMOBaHOTO CTaHy y pasi
aHAJOTIYHOTO  NMe(OPMYBaHHS MPEACTABHHUIILKOT
KOMIpKH, BUTOTOBJICHOI 3 OXHOPIAHOTO TPAHCTPOII-
HOTO Marepiamy. Po3B’s3yroun 1110 KpaloBy 3a/ady,
BH3HAUYAEMO padiallbHi Ta OCHOBI TEpPEMINICHHS Y
TOYKaX OJHOPITHOTO TPEICTABHUIIBKOTO EJIEMEHTY.
Hexait o, Ta o, — pO3TATYBalbHI HaIpyXEHHS,
MIPUKIAACH] BIATOBIMHO JO BOJOKHA Ta MATPHII,
G, — BIIMOBITHO JTO OMHOPiTHOT KOMipKH. MarnMeMo
OTHAKOBI YMOBH PIBHOBar" JJIs 000X 3ajad, SKIIO
BUKOHYETHCS PIBHICTH

n(a2 702)65 + JT(b2 7((12 fcz)fcz)cg =nb’s,, (4)

oy (h—g)+o,(1-h)=0,. ®)]

Jnst BU3HAUEHHS TO3A0BKHBOTO MOZYJS IPYK-
HOCTI OJTHOPIJTHOTO KOMITO3UTHOTO MaTepiaiy, ToOTO
e(eKTHBHOI XapakTePUCTUKH E,, BUKOPUCTAEMO
YMOBH: PIBHICTH OCHOBHX IEPEMillIeHb Ta PiBHICTbH
pajiaJibHUX TEPEeMIllleHb Ha 30BHIIIHIN [WJIH-
JPUYHIA TOBEPXHI MPEJCTaBHUIILKOTO EJIEMEHTY,
OTpHMaHi SIK PO3B’SI3KM ONHCAHHMX BHILE Kpaio-
BUX 3aja4. Sk mokazaHo y monorpadii [1], mertox
Y3TOPKEHHS pO3B’s13KiB KpalioBOi 3aja4i Ipo CyMicHe
neGopMyBaHHS MaTpuLi Ta BOJOKHA Ta KpaloBoi
3aJa4i Opo BiAMOBiAHE AeGOpMyBaHHS MpPEACTaB-
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HUIBKOI IMJIIHAPUYHOT KOMIPKH, BHUTOTOBIEHOI 3
OJTHOPITHOTO KOMIIO3UTa, € €(PEKTUBHHUM METO0M
roMoreHizaiii BOJIOKHHUCTOI'O KOMIIO3HUTA.
BuxopucTtaHHs 1[bOTO MiIXOMy Aa€ MOXKIHUBICTH
oTpuMary eQEeKTUBHUH IMMO3AO0BXKHIA MOIYNb MPYXK-
HocTi E, (h,g):
E((a-E(h-g)(1+h)(1-h)d" -

E, =— s (6)

v \-Ej(h-g) (1+h)d ++d (h-g)o
VY 1poMy CHiBBiTHOIIICHHI
oa=(1-h)((Evy - Exvis)(h-8) - E; (h+g)),
y=d (o—E; (h-g)(1+h))=2(h-g)h(vyEd +v,Ed vy

1 8 .
d =L - E

E - E(+h)(h-g)
o 5 o

=— *E’
E a-EQ+h)(h-g) "

2h . R
P=—rpr (VoiEs (1= h)+ vy, Es (h - g)).
11

Tyt E,, E, — IO3M0BXHIH Ta MOTIEPESUHNN MOIYITi
IPYKHOCTI TIEPIIOTO POLLY, Vi, Vo Vy; — Koe]ilieHTn
[Tyaccona TpanctpomHoro Matepiamy. Popmymna (6)
MOJICIIIOE 3aJISKHICTh TO3/I0BKHBOTO MOJIYJIS TPYXK-
HOCTI E, I TpaHCBEPCAIBHO-i130TPOITHOTO MaTe-
piay, 0 MOJIEITIOE KOMITO3HUT, BiJl PYKHUX Xapak-
TePUCTUK MAaTpPHIli, BOJOKHA H 00 €MHHUX YaCTOK
BOJIOKHA Ta TIOPOXKHUHH.

BusHaueHHsI MAaTeMATHYHOIO CHOJAiBaHHS
e()eKTUBHOT0 MO310B:KHLOTO MOAYJSI MPYKHOCTI
BOJIOKHHCTOr0 KOMIIO3UTA 32 HAsIBHOCTi BUTIAIKO-
BHX MapaMeTpiB BoJIOKHA. [|J1st po3B’s13aHHS 3a1adi
BH3HAYECHHS MAaT€MaTHYHOTO CHOAIBaHHA e(eKTHB-
HUX XapaKTePUCTUK KOMIIO3UTA, 110 € BUIIAIKOBUMHU
BEJIMYMHAMM 32 HAsBHOCTI CTOXACTHYHHX Iapame-
TpIB iX CKJIATHHKIB, MOTPIOHO CITOYATKy BH3HAUNUTH
MIUTHHICTH CYMICHOTO PO3MOMITY IMX BHUIIAJIKOBUX
nmapameTpiB. Po3missHEMO peai3allito mporoHOBaHOT
METOUKH Ha TIPUKIIAJl BU3HAUYCHHS MaTeMaTHYHOTO
CIIOMIBaHHS €(MEKTHBHOTO TIO3IOBKHBOTO MOy
HPY>KHOCTI BOJIOKHUCTOrO Kommosura E, (h,g). Lei
MOKa3HUK € (YHKIISIMHM BHITJKOBHX BEJIWYHH, IO
BU3HAYAIOTHCSl BUIAJIKOBUMH MapaMeTpaMu IOPOK-
HHCTOTO BOJIOKHA — HOTO BHYTPIIIHIM Ta 30BHIIITHIM
paxiycamu — ¢ Ta a (puc. 1):

2 2

h= 27 g= % : (7)

Ha npaxrumi niHidHI po3Mipyd KOMITOHEHTIB KOM-

MO3UTa HaiyacTille € BUIAJKOBHMH BEIHMYMHAMHU 3

HOPMAJTLHUMH 3aKOHAMH PO3IIOJILTY, IO TOSICHIOETHCS

TUM, 110 BIIXHJICHHS BiJl BCTAHOBJICHHUX IPOEKTHHUX

PO3MIpIB y Hpolieci iX BHUIOTOBJICHHS BHUHHUKAIOTh

BHACIIJIOK BILIMBY BEJTMKOI KUTLKOCTI HE3HAUHHX (haK-
TOpIB, Cepest TKUX HEMa€ JOMIHYIOUHX 32 BITHBOM.

Hexait pagiycu a ~ N, (m;o,), ¢~ N, (%;qz), ne

m, Ta m, — MaTeMaTU4Hi CIOMIBaHHS paJiycCiB Bif-
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MOBIAHO @ Ta ¢, 6, Ta c, — CEPEAHHOKBAIPATHIHI
BIIXWJICHHS, TPUYOMY G, = gM,, G, = &,M,, JI€ KOH-
CTaHTH g, Ta &, BU3HAYAIOTh MaKCHMalbHI JIOMY-
CTHMI BIIXWJICHHS y YaCTKaX MPOEKTHUX PO3MIPIB a
Ta ¢ . [1linbHOCTI po3noAiNy BETUYHH a Ta ¢ MaloTh
BHIJISIL:

(" " )Z (c=m, )Z

1 1

TT52,2
f = 2em - ¢ 2e3my . (8)
‘ elml\/2n ¢ 82”17\/2TE
3HaI71I[eMO IIIIHLHICTI) pO3HOI[iHy BUITa KO-
BOI BEIIMUMHH h = —2 , 0 € q)yHKHlCIO BI/IHHI[KOBOI

BEIIMYMHU ¢, 10 Mae HOpMaibHUil posmoxin. Jlis
HOPMAJIbHO PO3MOJIJICHOT BHUIAJAKOBOI BCIMYMHU
oOacTio 11 BU3HAYEHHS € BCS YuCioBa npsima. Ha Hii
¢ynxuis /4 (a) He € MOoHOTOHHOIO. Ha (—«;0) BOHa
€ MOHOTOHHO CIIaJHOIO, Ha (0; + «) MOHOTOHHO 3pO-
crae. OCKiIbKH 4 (a) He MOHOTOHHA y CBOiH o0JacTi
BU3HAYCHHSI apT'yMEHTY a , TOMYy oOepHeHa (pyHKIis
a=vy(y) € HeogHO3Ha4yHOW. Po03i0’emM0 umcIOBY
npsIMy Ha J1Ba IPOMIKKH (—o0; 0) Ta (0; + o), Ha KOXK-
HUX 3 AKMX (QyHKLISA 4 (a) € MOHOTOHHOIO. Ha Kox-
HOMY 3 IUX 1HTEpBAJIIB MOHOTOHHOCT1 3HAaXOJAUMO
obepHeHy (yHkit0. Ha (—o0; 0) oTpumyemo:

2

h:%:alz—bﬁ.

:>a2—b\/_

Ockinbku h(a) He MOHOTOHHA y CBOill obnacTi
BU3HAYCHHS, TO ii HIUIBHICTh BU3HAYAETHCS 3a (Hop-
myoro [9]:

Ha npomixky (0; + ) h= 7

Sy = a] (h |a1 (h |+ /. (az |az | ©)
3Hax0AUMO al'(h)z 2\[}% a, (h) = 2\/_

J1st BU3HAYEHHS MIITFHOCTI PO3MOALUTY f, BHKO-
puctaemo Gopmymy (9).

| (-bh-m) 5
a (h))-la (h) = ———-e %" . —_=
1. (@ (1) Ja (h) = =
Jiem)
] 7[ 5 2':2] ] 7(\m+m,,)2
o e TR 1, xm
2, %m 2e,m,N2mh
| (ph-m ) 5
a,(h)-la, (h)|= —— e 2m .2
To (o (1)) -Jor (1) = 2
sy ’
1 ! 2 2’:) 1 ]
= _.e Ty [ — . 2eim;,
28,% lznh 281mh\/21th
| (Eem ) (Rem)
= e MM 4 m | 10
S 2e,m,N2nh (10)

Tyt mh:% 1h>0.
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AHaJOTIYHAM CITOCOOOM OTPHUMYEMO IIUTBHICTH
PO3IOIITY BUIAJAKOBOI BEIMYMHH g (c):

(Vgrm, )2 (Vg-rmg )Z
/= 1 o 2 23

= +e ,
2g,m,[2ng

(11)

ne m, = % 1g>0.

BunanxoBi BenuuuHu h(a) Ta g(c) € He3alex-
HUMH, OCKUIBKM @ Ta ¢ € He3aJe)KHUMH BHUITAIKO-
BHMH BEITMYMHAMH, TOMY CyMiCHA IIUIBHICTH iX PO3-
noaity nopisHioe f, (h)- f,(g).

Tomy wmaremMaTH4yHe CcCHoJiBaHHS e()EKTUBHOTO
napaMeTpa — HO3I0BXKHBOTO MOJYIIS IIPY>KHOCTI, 110
€ BUIIAJIKOBOIO BEIMYUHOKO E| (A, g), BUBHAYAECTHCA 32

dopmyoro [9]
M (E)= [dn[E (hg)f,(h)/,(8)ds,
a3 ypaxyBaHHsIM BHIIIC BBEJICHIX OOMEXKEHB Oy/IeMO MaTi

M(E)= jdthl (h.g)f,(h) f,(g)dg.  (12)

YV TeXHIYHUX PO3PaxXyHKaX JOIITLHO BHKOPHCTO-
ByBaTH 3Ha4yeHHA M (E,), 10 CIpUATUME IIiJBH-
HIEHHIO iX TOYHOCTI.

Posrnsinemo opHocnpsiMoBaHuii komrozur UD
GFRP Ha ocnoBi nomiedipuoi cmonu (Polimal 109),

apMmoBaHmii  ckioBosiokHamu  (E-ckio).  IlpyxHi
XapakTepucTukn ckimaguukiB [10]: g BojokHa
Maemo E°=73TTla, v*=0,22, =29,91Ta; nnsa

Mmarpuii E° =3,241Tla, v' =0,385.

Ha pucynkax 2-3 mpencTaBieHO 3aJeKHOCTI
MaTeMaTUYHOTO CIIOAIBaHHS ITO3IOBXXHBOTO MOJIYIIS
npy;xxHocti M (E,) Bix m, y mianasoni 0,55...0,75 y
pasi (hiKCOBaHMX 3HAYEHb m, Ta KOHCTAHT & Ta &, .

BucnoBxku. Po3B’s3aHHA 3amaui  romoreHizarii
BOJIOKHHCTHX KOMIIO3HUTIB 32 YMOBH HAasBHOCTI PiB-
HOMIpPHOT KOHIICHTPUYHOI TOPOXXHUHH Yy BOJIOKHI
CTBOPIOE [EPEAYMOBH ISl IPOEKTYBAHHS ONTUMATh-
HHX KOMIIO3ULIHUX MaTepiajliB 3 TOYKH 30Dy iX eKc-
TUTyaTaliiHUX Ta EKOHOMIYHUX XapaKTePUCTHUK.

[Ipn pOMy [UIS CTBOPEHHS a/IeKBaTHUX MareMa-
TUYHUX MOJIEJe TOMOTeHi3alii moTpiOHO BpaxoBy-
BaTW CTOXaCTUYHHUI XapakTep 0ararbOX reoMeTpHy-
HUX Ta (i3UKO-MaTeMaTHYHHUX [ApaMeTPiB OKPEMHUX
CKIaJHHUKIB KoMmmo3uTa. Tomy edexTuBHI Xapakre-
PHCTHKH KOMIIO3MTHOTO Marepiany € QyHKUisMA
LMX BUIAJKOBHMX BEIMYMH. 3aMiCTbh 3a/adi BH3HA-
YeHHS €(PEeKTUBHUX CTAJHX JJIsl KOMIIO3UTIB Y LOMY
BUNIAJIKYy TPHUXOAUMO 10 BU3HAYCHHS €(EKTHBHUX
XapaKTEPUCTHK BHITAJKOBHX BCTHYMH, HANPUKIAL,
iX MaTeMaTH4HUX CIIOiBaHb, AMCIEPCii Ta IHIIMX
MOYaTKOBUX 1 LUEHTPAITBHUX iX MOMEHTIB.

VY wiii poOOTi po3B’si3aHa 3a/a4a MPO BU3HAYCHHS
MaTeMaTUYHOTO CIIOJiBaHHS €(DEKTUBHOIO TIO3/I0BXK-
HBOTO MOJIYJISI TIPY’KHOCTI TPAHCTPOITHOTO OJTHOCIIPSI-
MOBAHOTO BOJIOKHHCTOTO KOMITO3UTA 3 TIOPOXKHUCTUMHU
BOJIOKHAMU. [Ipy 1IbOMy BHITAIKOBHMH BEIMYNHAMHU
3 HOPMAJbHMM 3aKOHOM PO3MOALTY MOAEIIOBAJINCD
TEOMETPHYHI IapaMeTpu MOPOKHUCTOTO BOJOKHA —
paiycu BOJIOKHA Ta pajiyCH MOPOXHUHU. AHATITHY-
HUIl BUpa3 Uil e(EKTUBHOTO TO3IOBKHBOTO MOMYIIS

ISSN 2786-6254



12

10

0
0,5 0,6

mg=0,1
- = =mg=0,25

0,7 0,8

Puc. 2. 3aexkHoCTi MATEMAaTHYHOIO CIIOAIBAHHS MO3/10BKHBOI0 MOIYJISI
NPY:KHOCTI M (E,) Bil m, 3a (pikcoBaHMX 3HAYEHT m, Ta | = = 0,4

14

12

10
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0,5 0,6

mg=0,1
- = =mg=0,25

0,7 0,8

Puc. 3. 3aj1eskHOCTI MATEMATHYHOTO CTIOAIBAHHS MO3M0BKHBLOI0 MOIYJIS
NpPY:KHOCTI M (E,) Bix m, 32 QiKCOBAHMX 3HAYEHb m, TA | =, =0,3

MIPY>KHOCTI 3aJISKUTh BiJi 00’€MHHX YaCTOK BOJIOKHA
Ta TIOPOKHUHU Yy eJleMeHTapHiii Komipmi. s orpu-
MaHHS TIIi€l 3aJIeKHOCTI BUKOPHUCTAHO Y3TOMKCHHS
PO3B’SI3KIB IBOX KpalloBHX 3a[a4 — 3afadi Mpo CyMic-
HUI TIO3JOBXKHIH PO3B 30K MaTpUIIi Ta HOPOKHUCTOTO
BOJIOKHA Ta 3aJia4i Npo Take X AeopMyBaHHS eJe-
MEHTapHOI KOMIPKH 3 OHOPIJTHOTO KOMIIO3UTa, MeXa-
HIYHI XapaKTePHUCTHKH SKOTO ITOTPIOHO BHM3HAYWTH.
Ockinbkn  00’€MHI YacTK{ BOJIOKHA Ta TIOPOKHUHH Y
eNIeMEeHTAPHI KOMIpII € QyHKIIii BHIIaJKOBUX Tapame-
TPiB, TO CIIOYATKYy BU3HAYAEMO iX IIUTLHOCTI PO3MOJILITY.
Le nae 3Mory oTpUMaHHS PO3B’sI3aHHS 331a4i.
3anmporoHOBaHa peali3aliss METOAWKHA BHU3HA-
YEHHS CTOXaCTHYHHX XapaKTEPUCTHUK e(EeKTUBHUX
ImapaMeTpiB KOMITO3UTIB 31 CTOXaCTUUYHUMH KOM-
IMOHEHTAMH CKJIAJA€ThCA 3 TaKUX eTamiB: 1) oTpu-
MaHHS aHaJiTHYHOTO BHUpa3y JUIS BiJIMOBIIHOIO

Computer Science and Applied Mathematics. Ne 1 (2025)

e(exTUBHOrO TMOKa3HWKa y BHUIISAL (PYHKIIIH CTO-
XaCTHIHUX KOMITOHCHTIB; 2) imeHTH}IKAIsI Po3-
MOAITIB IMX BHUIAIKOBHX KOMIIOHEHTIB; 3) 3Ha-
XOJDKEHHSI IIIJIBHOCTI IX CYyMICHOTO PO3MOJIIIY;
4) orpumaHHs GOPMYIH AJIsl 3HAXOPKEHHS CTOXaC-
THUYHUX XapaKTEePUCTHK (MaTeMaTHYHOTO CIOJi-
BaHHS, TUCIIEPCii, MOMEHTIB) €()eKTHBHOTO IMOKa3-
HUKa U1 KoM1io3uTa. L{ro popmyiy y MmaitOyTHROMY
JOLUIBHO BUKOPUCTOBYBATH IIiJl Yac MPOEKTYBAHHS
KOHCTPYKTUBHUX €JIEMEHTIB, BUTOTOBIICHUX 3 KOM-
MO3UTHUX MaTepiatis.

[lepcnekTUBU MOJANBIIMX JOCTIHKEHb Y LBOMY
HanpsiMi TOB’A3aHi 3 BH3HAUEHHSIM CTOXaCTUYHUX
XapaKTEPUCTUK €(PEKTUBHOTO IIONEPEUHOTO MOMYJIS
MIPYKHOCTI, €PEKTUBHOTO MOMAYJISA 3CYBY, Koe]ilieH-
TiB [lyaccoHa TpaHCTPOITHOTO KOMITO3UTa 3 TIOPOXK-
HUCTUMH BOJIOKHAMH.
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Knruosi cnosa: memoou VY pob6oTi po3MIAHYTO METO[ iA€albHOI TOYKH, IO BUKOPUCTOBYETHCS IS
NPULHAMMSL pilleHb, PO3B’sI3aHHA 3aJa4d BOKpUTEpialibHOI onTuMizanii. Enepiie noseneHo, 1o
bacamokpumepianvha KOJIM K1JIbKICTh 3MIHHUX, BiJl IKUX 3aJIeXKaTh KpUTEPii ONTUMI3allii, TepEBUILY€E
onmumizayis, Memoo i0eanbHoi JIBi, IiJIbOBA (DYHKIIiS CKaIIPU30BaHOI 33/1aui BTpayae OmyKIicTh. Lle poOuts
MOYKU, 03HAKA ONYKIOCTI HEMOXXJIMBUM 3aCTOCYBaHHS METOAy MHOXHHKIB JlarpaHxka, OCKIIBKH
¢yuxyii Cinveecmepa, memoo HEOOXiIHI yMOBH ONTHUMAaJIbHOCTI HE BUKOHYIOTHCS.

mHoxcnuxig Jlazpanica. Oco61MBICTIO METONY 1/IeaIbHOT TOUKH € TE, 110 BiH HE NOTpedye N0JaTKOBOT

iHpopmanii Bix ocoOu, sika HpuilMae pillleHHS, IMOJO MEPEeBaru OJHOIO
KPUTEPil0 HaJA IHIIMM y MHOXHHI MOXIIHMBHUX aubTepHaruB. OnHAaK MeETox
0a3yeTbcs Ha MPUIYLIEHHI, IO iCHY€ TEBHHA ONTHUMAaJIbHUK PO3B’ 30K
3a/a4i JIBOKpUTEpialbHOT ONTUMI3allii, SKAH MOXHA 3HAWTH HUIAXOM il
MEPEeTBOPEHHSI HAa BIJAMOBIAHY CKAJISPU30BAHY OIHOKpPUTEpiajbHY 3a/auy.
OCHOBHHUI TPUHIUT BUOOPY KOMIPOMICHOTO PILlICHHS MOJISATAE Y BU3HAYCHHI
aJBTEePHATUBH, 3HAUEHH: SIKOT € HaWOMMKYUM 0 i7iealibHOI TOYKH B TICBHIH
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MeTpHIi. TakuM 4HHOM, METOJ 3a0e3Neuye MOXKIMBICTh OTPUMAHHS HAOIMKEHOTO ONTHMATIBHOTO DIillleHHsS 0e3
noTpedu y BBEJCHHI JOIaTKOBUX BaroBux Koe(iieHTiB a00 Cy0’€KTUBHUX OIIIHOK.

Ioxazano, mo 6ymnu cripoOu po3B’sI3aHHS JBOKPUTEPiaNbHOI 3a/1a4i ONTHMI3aIli] y cdepi IuIaHyBaHHS BUPOOHUIITBA
MPOIYKIIi1y BUMAJKY i3 YOTHpPMa 3MIHHUMHU. BCcTaHOBIIEHO, 1110 TaKy 3a7a4y HE MOKHA PO3B’ 13aTH METOJIOM 1/1eabHO1
TOYKHU. Lle MOSICHIOETBCS THM, 110 YMOBH CiATIOBOi TOUKH, IKi BUKOPHCTOBYIOTBCS JUISl IEPEBIPKH ONTUMAIBHOCTI,
HEe MOXYTh OyTH 3aCTOCOBAaHI uepe3 BiACYTHICTb OMYKJIOCTI LiTbOBOI (DYHKIIIT.

OTxe, METoJ i/leanbHOT TOYKM € e(DEeKTUBHUM JUIsl aHami3y 3aha4 JBOKpUTEpialbHOI ONTHMI3alii, amxe Horo
3aCTOCYBaHHS OOMEKY€ThCS BUTIAJIKAMU 3 KUTBKICTIO 3MIHHHX He OiJIbIle 3a JIBi. Y CKIaHININX 3a/1a4ax i3 OLIbLIO0
KIJBKICTIO 3MIHHUX BUHHMKAIOTh TPYAHOIIIi, OB’ 5I3aHi 3 BTPATOIO OMYKJIOCTI IITbOBOT (DYHKIIiT, III0 YHEMOXKJIUBITIOE
BUKOPUCTAHHS KIITACHYHUX METOIB PO3B’SI3yBaHHS.

Tomy momasnbIi KOCTiIKEHHS OyAyTh CIPSIMOBaHI Ha PO3pOoOKy IMiAXOIB JUIA TOIIYKY aJbTCPHATUBHUX METOJIB
onTHMi3alii (HaBiTh y BHUMAJKaX HEONMYKIHUX CKAIIPU30BAHUX (YHKINH), 37aTHUX 3a0e3meduTH e(eKTHBHUI
PO3B’SI30K JUISL CKIIAJIHUX OaraToKpUTepialibHUX 3a71a4.
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The paper considers the ideal point method for solving two-criteria optimization
problems. It is proven for the first time that when the number of variables on
which the optimization criteria depend exceeds two, the objective function of
a scalar problem loses convexity. This makes it impossible to use the Lagrange
multiplier method, since the necessary optimality conditions are not met.

A feature of the ideal point method is that it does not require additional
information from the decision-maker regarding the preference of one criterion
over another in the set of possible alternatives. However, the method is
based on the assumption that there is a certain optimal solution to the two-
criteria optimization problem, which can be found by transforming it into the
corresponding scalar single-criteria problem. The basic principle of choosing
a compromise solution is to determine the alternative whose value is closest
to the ideal point in a certain metric. Thus, the method provides the possibility
of obtaining an approximate optimal solution without the need to introduce
additional weighting factors or subjective estimates.

It is shown that there have been attempts to solve a two-criteria optimization
problem in the field of production planning in the case of four variables. It
has been established that such a problem cannot be solved using the ideal
point method. This is explained by the fact that the saddle point conditions
used to check optimality cannot be applied due to the lack of convexity of the
objective function.

So, the ideal point method is effective for analyzing two-criteria optimization
problems, but its application is limited to cases with the number of variables not
exceeding two. In more complex problems with a larger number of variables,
difficulties arise due to the loss of convexity of the objective function, which
makes it impossible to use classical solution methods.

Therefore, further research will be aimed at developing approaches that will
allow the search for alternative optimization methods (in cases of non-convex
scalar functions) capable of providing an effective solution for complex multi-
criteria problems.

Beryn. Maremarnuni MeToxu  IUlaHyBaHHs i
ONTHMI3aLi BIAIrPAtOTh KIFOYOBY POIIb Yy Cy4acCHOMY
MCHEDKMCHTI, CKOHOMILI Ta ynpasiiHHi. Bonn He
JIUIIE CTIPUSIFOTH 3MEHIIICHHIO PU3HKIB T/ Yac yxBa-
JICHHS PillleHb, ajieé ¥ AOTIOMAararoTh MaKCHMi3yBaTH
puOyTKH, 3HUKYBATH BUTPATH i e()EKTHBHO PO3IO-
ninsata pecypeu. OCHOBOIO IIMX METOJIB € MaTeMa-
TUYHE MOJENIOBAHHS, SKE Ja€ 3MOTY IPEICTaBUTH
peanpHi MpoOIeMH Yy BUIIISINI MaTeMaTHIHAX 3aj1ad,
PO3B’sI3aHHS SIKUX 3a0e3leuye 3HaXO/KEHHS ONTH-
MaJIbHUX Ta e()EeKTUBHUX PILLICHb.

O06’eKTOM IBOTO JOCIIIKEHHS € Mpouec Po3B’si-
3aHHSA 33]1a4 IBOKPHUTEPiaIbHOT ONITUMI3aIlii 3a J0I0-
MOTOI0 METOAY 11€aIbHOI TOUKH.

MeTo10 mocCaiIKeHHs1 € aHami3 e(eKTHBHOCTI
METOJy 1/eajbHOi TOYKM B pO3B’sI3aHHI 3ajad
JBOKpPHUTEPialbHOT ONTHMI3allil Ta BU3HAYCHHS HOTO
00MEKEHb, [T0B’13aHUX 13 BTPATOIO OMYKJIOCTI LiIbO-
BO1 (yHKIIIT 31 301IbIIEHHSIM KITBKOCTI 3MIHHHX.

I'imore3amu JOCIIIKEHHS € T€, 1[0 METO/I 11€ahb-
HOI TOYKH JTa€ MOKJIUBICTH OTPHMATH KOMIIPOMICHE
pillleHHsI Y JBOKPHUTEPiadbHUX 3aj1a4axX ONTHUMIizalii
6e3 moTpeOu y BBEICHHI BaroBux koediwieHTiB abo
Cy0’€KTHBHHMX OLIHOK; 33 YMOBH, SKIIO KUIBKICTb
3MIHHHUX Y 3a71a4i ICPEBUILYE JBi, TO CKAIAPU30BaHA
Lin1b0Ba (YHKLIS BTPAva€ OMyKIIiCTh, 10 YHEMOXKIIU-
BJIIO€ 3aCTOCYBaHHS METOAY MHOXHUKIB Jlarpanxa;
JUISL BUTIQJIKY CKJIaTHUX OaraToKpuTepialbHUX 3a1ad
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(3 OuUTBII HiK JTBOMA 3MiHHI/IMI/I) HeoOXiHI anmbTep-
HATMBHI METOIM ONTHMMi3auil, 31aTHi BPaxoByBaTH
HCONYKJTiCTh LLTHOBOT yHKIIIT.

Orasin Jgiteparypu. Metos 11eajibHOI TOYKH
JUTSL PO3B’sI3yBaHHsI JBOKPUTEPIaIbHUX 3a/1ad OINTH-
Mizanii po3nsiHyTrid B [1; 2, ¢. 170-173]. B [1] Ta
B OKpEeMHX ITyOJiKarlisax, Hanmpukian [3], mei mMeton
JIETabHO PO3MISTHYTHIH y BHIAJKY JBOKPUTEpiaib-
HUX 3a7a4d 3 IBOMa 3MIHHHUMH, aJDKe, K Oyme IMmoka-
3aHO B po0OTI, 32 O1IIIIOT KUTLKOCTI 3MIHHHX I[1JIbOBa
(GyHKIIS CKansprU30BaHOl 3a/1adui BTpayae OMyKJIiCTh
1 Ui pO3B’si3aHHS TaKWX 3a7a4 METOJOM iJieaIbHOT
TOYKM HE MOXKHA BHUKOPHCTATH KJIACHYHUI METOA
MHOXKHHKIB Jlarpamxka. biauspkumu poOoTamMu 10
IIBOTO JOCHIKeHHS € mpami [4; 5]. Y mocmimkeHH1
aBTOPIB BUKOPUCTaHI METOJIH, 0ny6niKOBaHi B TIparli
[6, c. 247, ¢. 259]. Takox crpoba po3B’s3aTH JBOKPH-
TepiajbHy 32724y ONTHMI3ALi i3 Y0THPMa 3MIHHUMH
Oyna omyOnikoBaHa B mipartti [7, c. 46—49].

Meromu. Y [1; 2, c. 170-173] posmisgaerscs
METO]I 1/IeITbHOT TOYKH, KM MOYKHA BUKOPUCTATH JIJIsI
PO3B’sI3yBaHHs JIBOKPUTEPIaIbHUX 3a]a4 ONTHMI3aIlil.,
Leii MeTon He BUKOPHCTOBYE JIONOMIKHY IH(OpMaLLi
BiJ1 0CO0H, sIKa NPHIAMAE PILICHHS, TIPO HAABHICTH Nepe-
BarM OJHOTO 3 KPHUTEPIiB HA MHOXHMHI AJIBTCPHATHB.
OnHak poOUTHCS MPUITYIICHHS TIPO HASIBHICTH TakK 3Ba-
HOTO ONTHMAJILHOTO PO3B’SI3Ky 3aadi JBOKPHUTEPiaTh-
HOI ONTHMI3allii, KK MOKe OyTH 3HAHICHUH IIISIXOM
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TIEPETBOPEHHS JIBOKPUTEPIANBHOI 3a/1a4i Y BIIMOBIIHO
CKaJIIPU30BaHy OJHOKPHUTEPIAIBHY 3a/1a4y.
SIK110 HA MHOXHHI anbTepHaTHB M

max f(X) = A;, max f,(X) = 4,

TO iZI€aJIbHOK Ha3uBaeThCs Touka (A1 Ay)

[IpaBuno BHOOpPY KOMIPOMICY B LLOMY METOI
MoJIsira€ 'y 3HAXO/DKCHHI albTEepHATUBH, IO Mae
OIIIHKY, SIKa € HaWONMKYOI0 IO 1/1eajbHOI TOYKH B
JesIKii MeTpHIi.

Hamu po3misinaeTbesi OUIyK KOMIIPOMICHOT alib-
TEPHATHUBH SIK PO3B’ 30K CKAIIPU30BAHOI 3a1adi

(i X)) = A+ (fz () = Az)? - min
Ha MHOXXHHI aJIbTEPHATHB.

Hanpuxnan, SIKIITO
[3, c. 24-28]

fi X) =2x; + 3x, - max,

pO3B’s3yBaTH  3amady

fo X) =3x; +x, - max

3a YMOB
{3 X1 + 2x, <12,
4x; + 5x, < 20;

x; =20,x, =20,

TO imeanbHOrO € Touka (12, 12) 1 po3B’si30k 3amadi
3BOJUTLCS J0 BiMITyKaHHSI MiHIMyMY (DyHKITIT

L= (2%, + 3x, — 12)2 + (3x; + x, — 12)? > min

Ha MHOXKHHI aJIETEPHATHB.
ITokaxemo, 1110 SKIIO

fi (X)) = ayx; + byx, + C1X3,
fo (X) = azx; + byx, + cpx3,

ne — Q1,02 b1,b2,C1,C2 Oyap-sKi ymcia, TO LiILOBA
(hyHKIIiSI cKansipr30BaHoOi 3a/1a4di He € OITyKIIOKO.

Crpagni mo3Hauumo uepe3 L mimboBy (yHKIIiFO
CKaJISIpU30BaHOI 3aj1a4i, TOJ1

L = (a1x; + b1xy + 133 — A7) + (ax1 + box, + cx5 — A5)32,

3HaiIeMOo YaCTHHHI MTOX1THi Bi (PyHKIIII L, omeprkimo:

oL

P Zal(alxl +bix; +c1x3, — Al) + 2a2(a2x1 + byx; + cx3, — Az),
1
aL

P 2by(ayx; + byxy + 13, — Ay) + 2by(ay%; + boxy + Cx3, — Az),
2
aL

Fra 261(a1x1 +byxy + c1x3, — Al) + 2c2(a2x1 + byx; + cyx3, — Az).
3

Toxi st YaCTUHHUX TIOX1THUX APYTOTO MOPSIKY
OJICP’)KYEMO 3HAUCHHS:

2 2 2

0°L
— =2(af +a3) =2(a1by +ay by), =2(aic + az c3);

ox? "0 x,0x, 0 x,0x3
%L 0%L 0%L
9x,0%, =2(a1by + a, bz).m =2(b} + b%).m =2(byc1 + by ¢3);
%L 2 %L
- - - -2 2o o2+ D).
9x20%, (c1a1 + c2a3), %207, (e1b1 + ¢3b3), 92 (cf+ ¢3)
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CKJ'IB.I[CMO BU3HAYHUK

%L %L %L
@ 0 x10x, 0 x10x3
_ | 9% 92L 92L
A= 0x,0x, d x% 9 x,0x3
9%L 9%L %L
dx30x;  0x30x, ox?

[TigcTaBisitoun 3aMiCTh MOXIJAHMX iX 3HAYEHHS,
OJIEPIKYEMO

2(a? +a2) 2(a;b; +a, by) 2(asci +a,cy)
A=12(bya; + byay) 2(b? + b3) 2(byci + by c3)
2(ciay + cza;)  2(c1by + c3by) 2(c2 + ¢3)

Toni
A=38[(af + a3 )(bi + b)) (ci + ¢3) + 2(aby + az by)(ascy + +azc; )(bicy +
+bycy ) = (af + a3 ) (bycy + bycy )*—(bf + +b3 )(ascy + +az )% — —(cf +
c3)(ahy + azhy )%

Po3kpuBIIN TyKKH 1 3BiBIIM TOAIOH] WiIeHH, OAep-
Kyemo, 110 A = 0.

Pe3ynbTarn. Yinepiie npoBeeHe I0CHTIHKEHHS
O3HayJae, 10 1iaboBa (yHKUis L 3rigHo 3 03HaKOIO
CineBecrepa [4, c. 247 | He € onyKII010, TOOTO 3aCTO-
cyBaru MeroJ MHOXHHMKIB Jlarpamka [4, c. 259] B
OMY BHIIQJIKy HE MOXKHA. 3a/1aqy HE MOKHA PO3B’s-
3aTH METOZIOM 1/1€aIbHOT TOUKH.

Busnaunuk A = 0 1 Toi, KOJIM KUIBKICTh 3MIHHHX
dyukuiit f (X)maf,(X) nepesumye tpu. lle o3Ha-
Yae, 10 HiIboBa (YHKLIS CKaJIIpU30BaHOI 3a1adi B
TAKOMY BHUIAJKy TaKOX HE € OIMYKJIOI0, TOMY 3aCTO-
CyBaTl METOJ MHOXKHUKIB Jlarpamka ajst po3B’s3y-
BaHHA TAaKWX 3aJa4 He MO)kHA. Taki 3aa4ui He MalOTh
PO3B’sI3Ky METOJIOM 1/1eaTbHOI TOUKH.

Crin 3ayBakuTH, IO BiZIoMi cripoOM po3B’s3aTH
JBOKpPHUTEpiaJibHy 3aJady ONTHMi3alil 3 KUIbKICTIO
3MIHHHMX, L0 HepeBuulye naBi. Tak, HanmpukiIan, B
[5, c. 46—49] posmsgaeThest TBOKpUTEpiabHA 3a1a49a
IUIAaHYBaHHS BHUPOOHMUTBA MNPOAYKLii i3 YOoTHpMa
3MiHHUMH. LlinboBa QyHKLIs cKkanspu30BaHOi 3a1a4i
B IIbOMY BHIAJKy Ma€ BUIJISIL:

L =Q2x, +3x, + X, + x, —190)> + (x, + 2x, + 3x; + 4x, — 275)* — min .

Ockinbku
Si = 4(2x, + 30, 4%, + X, —190) 4 2(x, + 2x, + 3x; + 4x, — 275),
Xy
oL
o 6(2x, +3x, + X3 + x, —190) + 4 (x; + 2x, + 3x; + 4x, - 275),
X5
oL
P 2(2x, + 3%, + x; + x, —190) + 6(x, + 2x, + 3x; + 4x, — 275),
3
TO
oL 'L 'L
— = 10’ = 16, = 10’
0x; 0Xx,0x, 0X,0x,
oL .. 0L L 18-
0x,0x, T ox? " 9x,0%, ’
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2 2 2
0L _yo, TL 15, 0Ly
0x;0x, 0x;,0x, 0x;
ot 10 16 10 58 5
A=16 26 18/ =88 13 9|=
10 18 200 |5 9 10

= 8 (650 + 720 - 325 - 405 - 640) = 0.

Otxe, npesicTaBIeHa B TOCIIHKEHHI 3a1a4a He Ma€e
PO3B’s13Ky. YMOBH CiJUTOBOi TOYKH 3alMCaHi, PoTe iX
HE MOJKHA BUKOPUCTATH y 3B’SI3KY 3 THUM, LIO LJIOBa
(yHKILIS CKaIIpU30BaHOI 3a]Ja4i HE € OMYKIIOH0.

BucHoBku. Meton ieanbHOi TOUKH € €PEKTUB-
HUM JUIsl aHami3y 3a/ad JBOKPUTEPiabHOI ONTHMI-
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3arlii, ayie Horo 3acTOCyBaHHSI OOMEKYEThCS BUTIA]I-
KaMH, 110 TependavyaroTh He OibIe HiXK JB1 3MiHHI.
V cxknamHimux 3amadax i3 OUTBIIO KUTBKICTIO 3MIiH-
HUX BUHUKATUMYTh TPYIHOIII, TIOB’sI3aHi 3 BTPATOIO
OIYKJIOCTi IIbOBOi (DYHKIII{, 10 YHEMOXXIIHBIIIOE
BUKOPHUCTAHHS KITACHYHUX METOIB PO3B’A3yBaHHSI.
Tomy mofabIn JTOCHIKCHHS MATUMYTh BEKTOP
CIpsIMyBaHHS Ha PO3POOKY IiIXOMIB ISl TIOUIYKY
aJpTEpPHATHBHUX MeTOAIB onTtuMmizarii. Lle cTocysa-
TUMETHCSl TAKOK BHUIMAJKIB HEOMYKJIHX CKAJSIPH30-
BaHUX (yHKIH, mo 31aTHi 3a0e3neunt e(eKTruB-
HUI PO3B’SI30K IS CKIIQJIHUX 0araToKpUTepiaabHUX
3a1a4. A po3B’SI30K TaKUX 3a/1a4 € HEOOXITHUM erle-
MEHTOM TMiJBUIIEHHS e(DEKTUBHOCTI yIPaBIiHCHKIX
pillieHb y 0araTboX rajgy3sx HayKHd Ta IPOMHUCIOBOCTI.
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VY crarti mpeacTaBiIeHO PO3POOKY TPOTOTUITY JONaTKa sl BHSBICHHS
i aHajily aHOMaliil y pPO3MOMUICHUX KOMIT FOTEPHHX CHCTeMax MHUIIXOM
BIJICTE)KCHHS TOJi{, peali3oBaHOrO Ha MPHKIaJi OaHKIBCHKOI CHCTEMH
CroBiIeHb. PO3po0eHni MPOTOTHIT CKIIAAAETHCS 3 IBOX OCHOBHHUX MOAYJIIB:
MOAYJST BHSIBJICHHS aHOMAJid 1 MOMyns aHamizy mepuionpuduH. Mopyib
BUSBJICHHSI aHOMAJIil 37aTeH aHai3yBaTH JaHi, 10 TeHEPYIOThCS CHCTEMOIO
MiJi CIOCTEPEKECHHSM 4Yepe3 PO3MOJIINIEHY CHCTEMY BiJICTEKEHHS MO/,
Ta 1JCHTU(IKYBaTH AaHOMAJbHY MOBEAIHKY, OCOOJIMBO Taky, IO BIUIMBAE
Ha JIOCBiJ KOpHCTyBada. MOAynab aHalizy MNEPIIONPUYNH HPU3HAYCHUH
JUIS aHAaJli3y BUSBJICHOI aHOMaJIbHOI TIOBEJIHKM B KOHTEKCTI 3aJIe)KHOCTEH
CEepBICY Ta BCTAHOBJICHHS CEPBICY-TIEPIIONPUYNHI AaHOMAIBHOI MOBEIIHKH
3 ypaxyBaHHSM €(eKTy MOIIUPEHHS aHOMalii. Y poOOTi eTaJIbHO OMHUCaHO
apXITeKTypy Ta NPUHIMUNH (QYHKIIOHYBaHHS 000X MOJIYJIB, X B3aEMOJIIIO
4yepes CUCTeMy aCHHXPOHHO1 komyHikallii Apache Kafka, a Takoxx ocoOnuBocTi
peaizamii anropuTMiB BUSIBICHHS Pi3HUX THUMIB aHOMaiii. OcobnuBa yBara
IPUAITSIETHCS TIPOLIECY BUSBICHHS IIOMIIOK, HOPYIICHD IIOPOTOBUX 3HAUCHD
Ta aHaji3y 4Yacy BiATyKy cepBiciB. [IpeacTaBieHO 1HHOBAIIMHUN MigXia 110
PEKOHCTPYKIIT CTPYKTYpH 3aJICKHOCTEH aHOMallii Ha OCHOBI YaCOBUX MITOK
Ta 1IeHTU(IKATOPIB TPEHCIB, IO Aa€ 3MOTY TOUYHO BH3HAYATH MEPIIONPUINHH
npoOJieM HaBiTh 32 BiJICYTHOCTI MOBHOI iH(popMmanii mpo Bci crenu. [Ipororun
pO3pO0ICHO 3 BUKOPHCTAHHSM Cy4YaCHHMX TEXHOJOTIH Ta (peiMBOpKiB 3
BikpuTUM KozioM, 30kpema Spring Cloud Sleuth ans BiacTexeHHs MO,
Apache Kafka mns acuaxponnoi komyHikarii Ta Apache Spark mms o6poOxu
JaHuX. ApPXITEKTypa CHCTEMH CIIPOEKTOBAHA 3 ypaxXyBaHHSIM MOXIHBOCTI
MacmTa0yBaHHS Ta JIETKOTO MJONABAHHS HOBUX QJITOPUTMIB BHSBICHHS
anomaiii. [IporoTun ycmimmHO BHSABISIE Pi3HI THIHM aHOMAJiH, BKIIOYHO 3
MOMIUIKaMH, TIOPYIICHHSM ITOPOTOBHUX 3HAYCHB 1 aHOMAJIBHUM YacOM BIITYKY
CEPBICiB, a TAKOXX TOYHO BU3HAYAE CEPBICH-TIEPIIONIPUINHH ITPOOIEM, IO A€
3MOTY 3HAYHO HMPUCKOPUTH MPOIEC AIarHOCTUKHU i YCYHEHHS HECIIPaBHOCTEH
y CKJIaJHHUX PO3IMOAIICHUX CHCTEMaX.

DEVELOPMENT OF A PROTOTYPE APPLICATION FOR ANOMALY DETECTION
BY TRACKING EVENTS IN DISTRIBUTED COMPUTER SYSTEMS
ON THE EXAMPLE OF A BANKING NOTIFICATION SYSTEM

Vakaliuk T. A.

Doctor of Pedagogical Sciences, Professor,
Head of the Department of Software Engineering
Zhytomyr Polytechnic State University
Chudnivska str., 103, Zhytomyr, Ukraine

orcid.org/0000-0001-6825-4697
tetianavakaliuk@gmail.com

Talaver O. V.

Assistant at the Department of Software Engineering

Zhytomyr Polytechnic State University
Chudnivska str., 103, Zhytomyr, Ukraine

orcid.org/0000-0002-6752-2175
olegtalaver@gmail.com

Computer Science and Applied Mathematics. Ne 1 (2025) ISSN 2786-6254



70

Key words: distributed computer
systems, anomaly detection,

root cause analysis, event
tracking system, microservice
architecture, Apache Kafka,
Spring Cloud Sleuth, Apache

Spark.

Martseva L. A.

Doctor of Pedagogical Sciences, Associate Professor,
Professor at the Department of Computer Engineering and Cybersecurity
Zhytomyr Polytechnic State University
Chudnivska str., 103, Zhytomyr, Ukraine
orcid.org/0000-0001-5037-6565
L.a.martseva@gmail.com

Mintiy I. S.
PhD in Pedagogy, Associate Professor,
Associate Professor at the Department of Computer Aided Design Systems
Lviv Polytechnic National University
Stepan Bandera str., 12, Lviv, Ukraine
orcid.org/0000-0003-3586-4311
mintii@iitlt.gov.ua

Zhylyaev E. V.
Student
Zhytomyr Polytechnic State University
Chudnivska str., 103, Zhytomyr, Ukraine
orcid.org/0009-0000-4396-7826
evgenzilaev8@gmail.com

The article presents the development of a prototype application for detecting
and analysing anomalies in distributed computer systems by tracking events,
implemented on the example of a banking notification system. The developed
prototype consists of two main modules: an anomaly detection module and
a root cause analysis module. The anomaly detection module can analyse
data generated by the system under surveillance through the distributed event

tracking system and identify anomalous behaviour, especially those that affect
the user experience. The root cause analysis module is designed to analyse
the detected anomalous behaviour in the context of service dependencies and
identify the service root cause of the anomalous behaviour, taking into account

the effect of anomaly propagation.

The paper describes in detail the architecture and principles of operation
of both modules, their interaction through the Apache Kafka asynchronous
communication system, and the specifics of implementing algorithms for
detecting various anomalies. Particular attention is paid to detecting errors,

violations of thresholds, and analysis of service response times.

An innovative

approach to reconstructing the structure of anomaly dependencies based
on timestamps and trade identifiers is presented, allowing us to accurately
determine the root causes of problems even without complete information
about all spans. The prototype was developed using modern technologies and
open-source frameworks, including Spring Cloud Sleuth for event tracking,

Apache Kafka for asynchronous communication, and Apache

Spark for data

processing. The system’s architecture is designed to be scalable and add new
anomaly detection algorithms easily. The study’s results demonstrate the
proposed approach’s effectiveness in detecting anomalies and determining
their root causes in distributed computer systems. It accurately identifies
the root cause services, which can significantly speed up diagnosing and

troubleshooting complex distributed systems.
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AKTyaJbHicTh. Y Cy4acHHX YMOBax CTPIMKOTO
PO3BUTKY PO3IOIIICHUX KOMIT FOTEPHUX CHCTEM
Ta MIKPOCEPBICHOT apXiTEeKTypH OCOOIHMBOI aKTy-
anpHOCTI HaOyBae mpoOjeMa BUSBICHHS W aHali3y
aHomaniil y ix poOori. Po3momineni cucremu cra-
FOTh BCE OUIBII CKJIQJHUMHU, IO YCKJIATHIOE MPOLIEC
MOHITOPHHTY iX CTaHy Ta BUSIBICHHS NEpPLIONPHYUH
npobiemM. TpanumiiiHi METOAM MOHITOPHHTY YacTo
BUSIBISIIOTHCSI HEE(DEKTHBHUMHE UYepe3 PO3MOiIICHHH
XapakTep Cy4aCHHUX CHUCTEM, JI¢ aHOMajisi B poOoTi
OJTHOTO KOMITOHEHTa MO)K€ BHKIIMKATH KaCKaJIHUH
edexT i mpu3BecTH 0 3001B y pOOOTI IHIIIMX CEPBICIB.
[Ipu npoMy BU3HAUEHHS NEPLIONPUYUHHU IPOOIEMHU
CTa€ HETPUBIATBHUM 3aBIAHHIM, OCKLTBKH TIOTPEOye
aHaITi3y BEIUKOi KiTHKOCTI B3aEMOIIOB’ A3aHUX TTOJIIH
1 3aJIEKHOCTEH MiX cepBicaMu.

AKTyaJbHICTh pO3pOOKH CIIEIiali30BaHUX 1HCTPY-
MEHTIB U151 BUSIBIICHHS] aHOMaJIil TAKOXK MOCHITIOETHCSI
3POCTAaIOUMMH BUMOTaMH JI0 SIKOCTI OOCIIyrOBYBaHHS
KOPHCTYBauiB Ta HEOOXiJHICTIO IIBUIKOTO pearyBaHHs
Ha npobneMu B poOoti cucteM. [Ipu npoMy Ba)kIHBO
HE JIMIIE BUSABIATH aHOMAIil, ajge W aBTOMATHYHO
BU3HAYATH iX MEPIIONPUINHH, 1110 JACTH 3MOTY 3HAYHO
CKOPOTHUTH Yac Ha JIIaTHOCTUKY W YCYHEHHS ITPoOieM.
Oco01BOT yBaru 3aciiyroBy€ MOXKJIUBICTh BUSIBJICHHS
aHOMAJTiif Ha OCHOBI TaHUX, 110 HAJAIOTHCS PO3MOJLIIE-
HOIO CUCTEMOFO BIJICTE)KEHHS TOA1H, 0e3 HEOOX1THOCTI
BCTAHOBJICHHS TOJATKOBUX JATYHUKIB UM MOIHQIKAIil
HasBHOI iHppacTpykTypH. Lle poOUTH pirieHHs OiLTBIIT
YHIBepCAILHIUM 1 JISTKMM Yy BIIPOBAHKEHHI JUIS PI3HUX
THUITIB PO3IOIICHUX CHCTEM.

AHaJi3 oCTaHHIX JOc/igxkeHb i myOJikamii.
AHai3 HayKoBOI JiTeparypu CBIIYUTH TMPO 3HAYHY
yBary JOCTIIHHUKIB A0 MPOOIEeMaTHKH MOHITOPUHTY
Ta onTuMizamii podOTH PO3MOJiIEHUX KOMII IOTep-
Hux cucteM. Robert Heinrich Ta inmi [1] gocmimky-
BaJIM BUKIIMKH Yy c(epi onTuMizanii NpoayKTHBHOCTI
MIKpOCEpBICiB, BU3HAYMBIIM KIIOUOBI HATPSMH
JOCHIDKeHb 1 mpoOneMu, 1o moTpeOyloTh BHpI-
meHHs. [XHs po6oTa 3aKIana TeOpeTHUHE TIiAIPyHTs
JUIsL pO3yMiHHSI crienudiku poOOTH 3 MiKpocepBic-
HOIO apXiTEKTypPOIO.

BaxiuBuii BHECOK Y PO3BUTOK aBTOMAaTHU30BaHOIO
TECTyBaHHS MPOIXYKTHBHOCTI MiKpOCEPBICIB 3pOOHITH
André¢ de Camargo Ta cmiBaBTOpH [2], 3aIpOTIOHY-
BaBIIM ApXITEKTYpy ISl aBTOMAaTHU3aIlii TECTiB MPO-
JyKTUBHOCTI. IXHE JOCTiIKEHHS IEMOHCTpYE TpaK-
TUYHI TAXO0AH A0 BUPIIICHHS TPOOJIeM MOHITOPUHTY
PO3MOIUIEHUX CUCTEM.

Holger Knoche [3] 30cepeauB yBary Ha miaTpumii
MPOAYKTUBHOCTI IiJI Yac TOCTYIMOBOI MOAEpHi3allii
MOHOJIITHOTO MPOrPaMHOTO 3a0e3MeYCHHS 10 MiKpO-
cepBicHOI apxitektypu. Lle mocnmikeHHs: 0coOnMMBO
aKTyaJbHE JIJIsl OpTraHizailii, 0 3IHCHIOTh ePeXiT
710 MiKpocepBicHOT apxiTekTypH. [TopiBHsUTbHMIT aHa-
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JIi3 IPOyKTHUBHOCTI CEPBICiB HA OCHOBI KOHTEHHEPIB
Ta BIPTyaJbHUX MAIlMH TPEICTABICHUH Yy poOOTi
T. Salah Ta iHmwMx [4], WO Ja€ MOXKIUBICTH Kpaiie
PO3YMITH OCOOJIMBOCTI Pi3HUX MiJXOAIB JO PO3rop-
TaHHsSI MiKpocepBiciB. Y cBoiii momepeaHii poOoTi
[5] mi >k aBTOpH OCIITWIIA EBOJIOIIIO PO3MOJiJIe-
HUX CHCTEM y HampsiMi MiKpOCEPBICHOT apXiTeKTypH.
T. Ueda, T. Nakaike Ta M. Ohara [6] npoBenu xapak-
TEPUCTHKY pOoOOYOr0 HaBaHTAXKCHHS ISl MIKpocep-
BiCiB, IIIO 1aJI0 3MOTY KpaIle 3p03yMIiTH OCOOIHBOCTI
iX (DyHKITIOHYBAHHSI ITiT HABAHTKCHHSIM.

Oco0OnmuBy yBary Ciia TpHUIUTATH PoOOTaM,
MIPUCBIYCHUM BHSBIICHHIO ¥ aHaizy aHOMAIIH.
T. Pitakrat Ta criBaBTOpH [7] 3ampornoHyBain apXi-
TEKTYpHO-OPIEHTOBAHMN IMMiIXiJl 1O 1€papXiyHOTO
OHJIalH-porHo3yBanHa 300iB. T. M. Ahmed Ta
iHmm [8] mociimpKyBamu €QEeKTHUBHICTh IHCTPYMEH-
TiB YOpaBIiHHS MPONYKTUBHICTIO Aonatkis (APM)
JUTSL BUSIBIICHHS perpeciit mpoaykTuBHOCT. M. Mdini
Ta criBaBTOpu [9] 30cepeaminch Ha MOHITOPUHTY
CHUCTEeM MOHITOPUHTY MEpEeXi 3 BUKOPHCTAHHSAM
pO3Mi3HaBaHHS MATEPHIB ISl BUABJICHHS aHOMAJIH.
M. Zasadzinski, V. Muntés-Mulero tTa M. S. Simo [10]
3aMpoIIOHYBAJIH MiIX1/1 A0 aHAIi3y MEepIIONPUYNH Ha
OCHOBI aKTOPIB y PO3MOIIJICHOMY CEPEOBHIII.

[IpoBenenuii aHami3 JiTepaTypu CBITYHTH TIPO
aKTUBHUH PO3BUTOK JOCTIKEHb y cdepi MOHITO-
PUHTY H aHajily aHoMasill y PO3MOIINIEHUX CUCTE-
max. Ilpu npomy ocoOmuBa yBara NPUIUISIETHCS
aBTOMaTH3allii TpOLECiB BUSBICHHA mOpolieM Ta
BU3HAYECHHSl iX TEPIIONPHYUH, a TaKOK po3poOIi
MacIITabOBaHUX PIlICHB JJISl POOOTH 3 MIKpOCEpBic-
HOIO apXiTEKTYPOIO.

MeTo10 cTaTTi € PO3pOOUTH MPOTOTHI JOAATKA
BUSIBIICHHSI aHOMAJIii MIISIXOM BiJICTEKEHHS MOMIH Yy
PO3MOAIEHIX KOMIT IOTEPHUX CHCTEMaX Ha IMPUKJIIaIi
0aHKIBCBKOI CUCTEMH CIIOBIIIEHb.

Buxnan ocHoBHOTro MmartepiaJy. Po3poOka mporo-
THUILy JOAATKa BUSBJICHHS aHOMaJIil LJIIXOM BiJcCTe-
JKEHHS TIOZIH Y PO3MOAIICHUX KOMIT FOTEPHUX CHUCTE-
MaxX Ha TpUKIaai 0aHKIBCHKOI CHCTEMH CIOBIllIEHb
nepeadadaTIMe po3poOKy TakMx MOAyIiB. Momynb
BUSIBIICHHsSI aHOMaslii Mae OyTH 3IaTHUM aHali3y-
BaTW JlaHi, sIKi TEHEpye CHCTEMa IIiJ] CIOCTepeKeH-
HSIM, 5IKa, 31 CBOTO OOKY, Ma€ PO3MOAUICHY CUCTEMY
BiJICTE)KEHHSI TIOJTil, 1 TIOBIIOMJISITH PO aHOMAJIbHY
MOBE/IIHKY, 0COOJIMBO TaKy, 110 MA€ BIUIUB Ha JOCBIJ
KOpHCTyBada. €IMHUM JDKEpeiIoM iHpopMalii mpu
pOMY Ma€ OyTH came pO3MOJiJIeHa cUcTeMa BijacTe-
JKCHHSI 1oIid. Moynb aHai3y NEpIIONPHYNHU Ma€e
3aBIaHHS aHaJi3yBaTW IIPO3BITOBAaHY aHOMAJbHY
MOBEMIHKY B KOHTEKCTiI 3aJIC)KHOCTEH CcepBicy, IO
POJEMOHCTPYBAaB TaKy aHOMAJIbHY IIOBEIIHKY, Ta,
BPAXOBYIOUHM TaKe SIBUILE, SIK MOLIMPEHHS aHOMAaJIb-
HOI TOBEIIHKH, BCTAHOBIIIOBATH CEPBiC-NEPIIONPH-
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YUHY aHOMaJIbHOI MoBeMiHKH. KOHTeKcT cTpykTypn
3alIe)KHOCTEHN CepBiCy TaKOK Ma€ BCTAHOBIFOBATHCS
nunre 3 iHdopMariii, M0 HAAA€ThCS PO3IOAITICHOO
CHCTEMOIO BiICTE)KEHHS MOMIM.

Peanizauyia mooynio eusnenenns anomaniu. Po3-
IJISTHEMO HACaMIIEPEd GUKIUKU, 3 AKUMU MONCEMO
CcmuKHymucs Tij 9ac peanizaiii IpoTOTHITY JOAaTKa
BUSABJIEHHS aHOMAJIH ILIISIXOM BIJACTEXEHHS ITOAIN
y PO3MOJUICHUX KOMIT'IOTEPHUX CHUCTEMax Ha MpH-
Kjaal OaHKIBCHKOI CHCTEMM CIOBilIeHb. [lepriumnm
BHKJINKOM, SIKHI TIOTPiOHO BUPILIUTH, € TOH (aKT, 10
HeMa€ HisIKOi TIoMepeaHboi iHpopMaIllii Ipo cucTeMy
miz crioctepeskeHHsM. OCKiTBKY BHSIBICHHS aHOMa-
T Mae TpaIroBaT 3 OyIb-SKOI0 MTPOTPaMor0, KU
Ma€ PO3MOIIJICHYy CUCTEMY BiJICTEKEHHS TOMIN, €IH-
HUM TIOTIEPETHRO JTOCTYITHUM 3HAaHHSM € TMOBEJliHKa
Spring Cloud Sleuth B KOHTEKCTi KOHKPETHHUX TTOJIIH.

HacTtymHorO BUMOTOO JI0 CHCTEMU € BUSIBICHHS
aHoMmautii y pexumi onnaiiH. lle o3Hauae, mo nmaHi
MaroTh OyTH KiacuQikoBaHi SIK HOpMasibHi abo aHO-
MaJbHi, SIK TUIBKH BOHH CTaOTh JOCTyIHUMHU. OTHAK
OOYHMCIICHHSI TIOPOTOBUX 3HAYCHb MPUHHITO BUKOHY-
BaTH IE€PE]] TIOYATKOM BUSIBIICHHS aHOMAJTi.

Kpim Toro, 1eit mpotoTun oOMEKEHO BHUKOPHC-
TaHHSM JIMIIE JaHWX, 10 JOCTYIHI 3 PO3MOALIeHOT
CHCTEMH BIJICTEXKEHHS IMOAii. JlocuTh 4acTo BHUKO-
PHUCTOBYIOTHCSI anapaTHi JaTYMKH, HANpUKIad, Jis
300py iH(OpMAIli MOI0 3aBaHTAKEHHS PECypciB
HLITY. Po3pobiennii mpoToTHIT 0OMEKEHUH B 00’ eMi
JOCTYTHOI iH(OpMaIii 10 JHIe Ti€l, Mo HATAEThCS
Spring Cloud Sleuth. be3 nomarkoBux HasamryBaHb
e Oyme mnwmmie iHGOpMaIlis PO TPHUBAIICTH CHEHY
U iH(OpMaIis Ui BUSBICHHS BIAMOBIAHOI CITY)OU
Ta METOAY, Jie 3raAyeThcsi TOM camuil crneH. OpHak
i3 BUKOPHCTAHHSM JIOJIaATKOBUX HAJIAIITYBaHb IS
300py iH(opMalii AOIAaTKOBO OTpUMYEThcA iH(Op-
Mallisi MI0JI0 3aBaHTa)XEHHs pecypciB mam’siti JVM
Ta cepenHbOro BHKopHucTaHHA pecypciB LITY B
OCTaHHIO XBUIIUHY.

Haperri, MOaysib 11 BUSIBJICHHST aHOMAJTi# TIOBU-
HEH MiITPUMYyBaTl MOAYJIBHUHM MiAXiJ, AKHH Oyso
BCTaHOBJICHO IIiJI Yac MpPOEKTyBaHHS cucteMu. Lle
moTpedye acMHXPOHHOI KOMYHIKAIii 3 pO3IMoiie-
HOI CHCTEMH BIJCTEXKEHHS TOJIN 10 Ta i3 CHCTEMOIO
aHaITI3y MEPIIOTPUYNHM TICIIs BUSBICHHS aHOMAJIIH
3 BUKOpUCTaHHIM TeMu cuctemu Kafka. Kpim toro,
AITOPUTMH, SIKi BUKOPUCTOBYIOTHCS ISl BHSIBICHHS
aHOMaJTiii, TIOBMHHI OyTH pealli3oBaHi TaKUM YHHOM,
00 JIeKiJIbKa aJrOpUTMIB MOTIH TIPAIfOBAaTH Iapa-
JISJIBHO, a JI0/IaBaHHSI HOBOTO aJrOPUTMY MOIJIO OyTH
JIETKO 3/1HCHEHO.

[IpoBenemo omsir poGOYOTo MPOLECY BUSBICHHS
aHomaniii. ba3oBy koHuemniiro peanizamii cucTeMH
BUSIBJICHHS TPHOX THITIB aHOMAaJIiii, OMMCAHUX BUIIIE,
roka3aHo Ha pucyHky 1. s BuiydeHHs iHpoOpMa-
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nii 3 Kafka BUKOpHCTOBYEThCS 3araqbHOBXKHBAHHI
MOJIyJb, a/pKe Leil Mpolec € OTHAKOBUM JUIS BCIX
TPHOX alTOPUTMIB. 3BITYBaHHS PO AHOMAJIIIO TAKOXK
CXOXKe JUISI BCIX aTOPUTMIB, y KiHLI iH(opMawis npo
BCi aHOMatii Mae OyTH TiepejaHa B TOH caMHid TOIIIK
Kafka B monepenuabo BusHauenomy opmari (JSON).

BUABMEHHA
AomMUmKK

BHecok aaHmnx
npo cnex
¥ cucTemy

BeranoeneHi 3eiTyBaHHA
noporoei npo
aHaueHHA anomanio

36inbWweHIi
uac
Bigryky

Puc. 1. Konuenuisi po6ouyoro npouecy
BUSIBJICHHSI aHOMAJIil

[Mporpamy mae OyTu po3pOOJEHO TaKUM YHMHOM,
100 JIOBiJIbHA KUIBKICTh QJITOPUTMIB ISl BUSIBJIICHHS
aHoMmaliii mMorna OyTH BCTaHOBJIGHA Ta 3allylleHa
napayieinbHo. BoHH MOXYTh BUSBIISITH SIK Ti caMi, TakK
1 pi3Hi aHOMAaJIIi — 32 YMOBH, 1110 BOHU POOJISTH 1€ Ha
OCHOBI JIaHMX, IO CTOCYIOThCS CIieHiB. [HTeprpera-
i IUX JaHUX PO aHOMAJIbHI CIICHU € 3aBIAHHIM
MOJIYJISI aHAI3Y MEPUIONPUYHHU.

[lepen TuM, sk Oymb-SIKWUH 3 aJITOPUTMIB BHUSB-
JIEHHS aHOMaNii MO)Ke T[I0YaTH IHAWBITyaTbHY
00poOKy maHux, mporpama Spark moTpedye mocTym
IO TaHUX, SIKi OyJIH PO3BITOBaHI PO3MOIIIEHOI CUC-
TEMOFO BIJICITIIKOBYBaHH:I 1ofIiH 1 30epeskeni B Kafka
3a ornoMororo incTpyMmeHTtapito Spring Cloud Sleuth.
Tomik MicTuTh 00’€kTH crieHiB y popmari JSON. Lle
€ KOHTeHHepoM A5 iHdopMalii Tpo NEeBHY KUTBKICTbh
CIICHIB, a TaKOX CEpPBIC, SKOTO BOHU CTOCYHOTBHCS.
JSON 00’€KT TakoX MOETHYETHCS 3 JIOJATKOBOIO
iH(pOpMAIIIEI0 y 3ar0JIOBKY TIepe]l HUM.

HaiiGinbi rikaBa iHpopMartist MICTUTBCS B 00’ €K-
Tax creHiB. OCOOJMBO TPUBAIICTh Ta TETH, IO SBJIS-
I0Th CO00I0 aTpuOyTH CIEHy Ta BUKOPHUCTOBYIOTHCS
aNTOpUTMAaMH BUSBICHHS aHoManiil. ImeHtudika-
TOpH, IM’sT Ta 1H(GOPMAIIIS PO XOCT CIAYTYBATUMYTh
JUTst imeHTH(]IKaIi] Ta TpYyITyBaHHS 3aMUTIB, SKi IPe-
CTaBIISIIOTHCS BIIMOBITHUMHU CIICHAMH.

JIyist CTBOpEHHS MOYATKOBOTO MOTOKY 3 BXiJHUMH
nmannmH 3 Tormiky Kafka BUkoprcToByeThCs crieriaib-
HUM KoHHEKTOp 3 Apache Spark Streaming, sikuid, 3i
CBOro 00Ky, BHKOPUCTOBYEThCS ISl peati3allii BUsB-
JeHHsa aHoMmaiiil. Ilicias Toro Ak MHOTIK AAaHHUX BiJ-
KPHTO, BiH MOKe OyTH 3MiHEHHH 3a TOIIOMOTOIO Olle-
pauiii ¢inerpanii Ta menminry. Ha neprmomy erami
BUJAJSIETHCS 1H(OpPMALlisS 3aroJoBKa, TOMY 3alUllia-
etbest uie JSON, sikwuid, 31 CBOro 00Ky, EPETBOPIO-
erbest B 00’ ekt crieny st Spring Cloud Sleuth st
TTOJICTTIICHOT 0OPOOKH.

OCKUTBKH aHOMaJil BHSIBISITUMYTHCS Ha pPiBHI
CIICHIB, BOHM MalOTh OYTH OTpHWMaHi 3 JINCTa BCe-
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penuHi 00’ekTa crieny. Ilicast BUITydeHHS OKpeMHuX
CrieH- 00 €KTiB BOHH TOEIHYIOTHCS 3 BiJIMOBIIHUM
0o0’exToM Xxocta sk tuple (cTpykrypa manux). Lle
poOuThCs A 30epekeHHs iHpOopMaLii mpo XOCT Mif
gac OOpOOKHM JaHHX AJITOPUTMaMHU AJISl BUSIBICHHS
aHomaniii. OTpuMaHna CTPyKTypa JaHHX BHKOPUCTO-
BYETBCS B MOTOIIi JIAHUX, SIKUI 1 00pOOSEThCS aro-
pUTMaMH JJ1si OOUMCIICHHS Ta MaHIYJISIIIii.

Busignennss nomuiox BUKOHYETBCS, SK TIOKa3aHO
Ha puc. 2. lle mporeaypa BinCiBy Ha BXiTHOMY TTOTOIT
JTAHUX CIICHIB, SIKMIi HATA€ThCS alropuTMY. BinciB 3mitic-
HIOETBCSI 3 BUKOPUCTAHHAM http-KOIIB 1 TETiB ITOMIUIOK,
o HagatoTeest Spring Cloud Sleuth. Ti crienn, o 3amm-
IIAIOTHCS B KiHIT, BBAYKAIOTHCS aHOMAJTISIMH.

Ha mepmromy erarmi BiJICIIOIOTBCS BCi CIIEHH, SIKi
MAaIOTh KOJI CTaHy, BU3HAYHUH SIK HOPMaJIbHHUIA, a00 K
Ti, 110 MAIOTh MOPOXKHIM TET MOMWJIKH. Y MPOTOTHUII
HOPMaJIbHUM KOAOM cTaHy BBaxkaeTbesa 200 (ok) Ta
201 (cTBOpeHo). OmHak y pa3i mOTpeOH el CIHUCOK
MOYKHA PO3IIUPUTH.

Bigcie Bigcie
cnenie 3 cnenie Gea
nomMunKami 3 KopWCHaT
Komom 404 iHdbopmauii

InapT Bincie
eI creuie Gea
npo cnenm

3BITYBAHHA

i aHomanit

Puc. 2. Ilpouec BUSIBICHHS IIOMHJIOK

Ha nmactynHomy erami BiJCIIOIOTBCS BCi CIIEHH 3
kojioM cTany 404 (He 3HaiifieHo). Y cucTeMi 1ed Kou
CTaTyCy HaJlaBaBCsl, JIMIIC SKIIO KOPUCTYBau 3aIlUTy-
BaB ajipecy, sikoi B cuctemi He Oyno. Lle 6 mpusBeno
JI0 30UIBIIEHHS KUTHKOCTI 3BITOBAaHMX aHOMAJIIH, SKOH
BeJIMKA KUJIbKICTh KOPUCTYBa4iB HEMPABUIHHO BBOAWIIN
URL-ampecu. Komu >k cepBic BHYTPIIIHEO HAJICHUIIAE
3aITUT JI0 1HITIOTO CEPBICY, KK HE € aKTUBHUM, TOZ1 KO
crarycy Oyme 500 (BHyTpIITHS TTOMHIIKA cepBepa). Lle
POOHUTEHCS TS PO3MUICHHS IIUX JBOX PI3HUX BHIIAJIKIB.
OnHak 11er QiIBTp MOYKHA BUIAJIMTH B pasi OTPEOH.

Hactymauii etan motpibeH mmst mpoTufii Aeskum
HacyiIKaM 0OpoOKH BUHATKIB (ppeiMBOpKOM. 3aMicCTh
TOro mo0 3yNMHUTH MPOLEC BiICIIAKOBYBaHHS MOl
Ha CIICHI, HA SKOMY OyJIO TIOBiJIOMJICHO MPO BUKJIFO-
YEHHsI, KJIacH JIJIsl OOPOOKU BUHSITKIB BUKIIUKAIOTHCS
nero mizHime. e npussoauts 110 Toro, 1m0 iHdGopma-
1St I0/TI0 TOJ1iT He 00MEKY€EThCSI KOHKPETHUM CIICHOM,
aJle TAKO)K MICTUTUME BUKJIMKH KJIACIB JUIsi OOPOOKH
BUKJIIOUEHb. [1[00 3amo0irTv 1uM T0IaTKOBUM CIIEHAM,
MOKHa BuKopuctarn HanamryBanHs Spring Cloud
Sleuth. Moxe crarucs, 1110 BUHATOK B OJJHOMY CEpBici
CIIPUYMHHTDH BUHATOK B 1HIIIOMY CEPBICi — HAPUKIIA],
KOJTH OUiKyBaHHA kKox cTarycy € 200 (oK), aie oTpuma-
Huil kox € 500 (BHyTpilIHS MOMUIIKA cepBepa). Takuit
BUHATOK He Oyne BiAQimsTpoBaHMM, apke B HBHOTO
Oyzme okpeMa iHpOpMAITs MIOI0 MOMUIKH. BcraHoB-
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JICHHSI TOTO, SIKMH 13 BUHATKIB € TIEPIIONPHYUHOIO, €
3aBJIaHHSIM MOJIYJIS QHANI3Y TIEPIIONPUYHHH.

1106 mo306aBUTHCS CHIEHIB, SIKI HE MICTATh KOPHUCHOI
iHdopMariii, ocTaHHIM KpOKOM (DiTbTpa JJIsl BUSIBIICHHS
TIOMIJIOK € BIJICIB YCIX CTIEHIB i3 KomoM ctany 400 (Herpa-
BIbHHH 3amuT) 1 500 (BHYTPIIIHS TTOMIUIKA CepBeEpa),
10 HE MaloTh Tery MOMWIKH. BinginsTpyBaHHS Taknx
CIeHIB 0e3 Tery MOMWJIKH He TMPU3BOIHTH JI0 BTPATH
tH(OpMAIIiT TIPO KOIHUI 13 BUHSATKIB, aJie MOKPAIILYE 3Bi-
TYBaHHS [P0 aHOMAJTII, 110 € AKTyaJIbHUMH.

CreHn, sIK1 3aJMIIAIOTLCS IIICIA BCIX €TamiB Bil-
ciBy, OyLyTb IIPO3BITOBaHI SIK AaHOMAJIBHI 1 TOTIM 00po-
0J1eH1 3a JOTIOMOTOI0 MOJTYJISI aHAi3Y MEPLUIONPHYHHHU.
Lle Oyno CBiIOMUM pIllIEHHSIM aHAJIi3yBaTH CIICHU HE
yiiie 3 koxoM crarycy 400 i 500, ockinbku 1e Jae
MOKJIMBICTDL BUSIBISTH BMIAAKH, SIKI 1€ HE Bigomi,
ayle MOXKYTh ONMHHTHCS 1 B iHIIHM cuctemi. SKio x
30CEPETUTHCS JIUIIE Ha BIJOMHUX ITOMHJIKAX, TaKi HOBI
BUTIAJIKN Oy Th MPOCTO TPOITHOPOBAHI.

Lett MOmyNb BUSABIICHHS aHOMAJIH € TOCUTH TPO-
ctuM. Mloro MoHa 3aImycKaTh B AeKiTbKa KOIiil mpa-
IIOI0YHX TapajielbHO 3 PI3HUMH HaJAIITyBaHHIMU.
Mo)kHa TakoXX BKa3aTH, KW 3 TEriB MOTPIOHO Odi-
KyBaTd, TOOTO SIKy caMe METPHUKY 3 THX, 10 30upa-
IOTBCSl PO3IIOIICHOI0 CHUCTEMOIO BiJICITiIKOBYBaHHS
MoJIifi, HEOOXiAHO TOpPIBHIOBATH 3 BH3HAYCHHUMU
MMOPOTOBUMH 3HAUYEHHSIMU (pHuc. 3).

Bigcie MopieHATH
cneHie Gea 3IHaYeHHA
ouikyeaHoro Tery 3

Tery noporoenm

IMnopt
AaHux
npo cnedHu

3eiTyBaHHA
aHomanii

Puc. 3. Ilpouec BUsiBJieHHS NMOpPYlIEeHb
IIOPOroBHX 3HAYEHb

Kpim Toro, MOkHa Takok BU3HAUUTH, YA TaKUH
TEr OYIKYEThCS TPUCYTHIM y KOKHOMY CIIeHI, 9u
JMIIE B ACSKUX. SIKIIO Ter MO3HAYCHO SIK TaKWH, 1110
OYIKYETBCS JIMIIE HA ACAKHX CIIEHAaX, IMEPIIUM Kpo-
KOM € BHJIQJICHHS BCIX CIEHIB, Ha SIKUX LOTO TETY
Hemae. Y BUMAJKY, SKIIO TET O4iKyE€ThCS Ha KOOKHOMY
CICHI, Jiana3oHu 0e3 Tery 3BiTyBaTHMYTHCS SIK aHO-
MaJIbHi.

[Ticnst pOrO KPOKY BifICIBY 3Ha4eHHs Tery Oyne
BWJTyYEHO JIIS TIOPIBHSIHHS HOTO 3 TOPOTOBUM 3HAYEH-
HSIM, IO BCTAHOBIOETBHCS IMOINEPENHBO. SIKIIO 3Ha-
YEHHSI IEPEBUIIYE TIOPOTOBE, CIICH Oyj1e 3BITOBAHUM K
AHOMAJIBPHHMN 1 CIIPSIMOBAHHUHN IS TIOAAJTBIIION OOPOOKH
3a JI0TIOMOT'OF0 MOZYJISl aHAJTI3y MEPLIONPUYNHU.

HatickramaimuM anropuT™MOM BHUSBICHHS aHO-
MaJlif y LbOMY INPOTOTHUII € aJTOPUTM BHUSIBICHHS
3aHAATO BUCOKOIO 4acy Biaryky. Lleit anroputm mae
a3y TpeHyBaHHS U1 pO3paxyBaHHsS HOPOTOBHX i
0a30BUX / OUiIKyBaHMX 3Ha4eHb. Pe3ynprar miei daszu
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MOTIM BHKOPUCTOBYETHCS Tia 4Yac a3y BUSBICHHS
AHOMAJTIH.

Tpenysanvna ¢asza. ls daza morpedye HaOOpY
ICTOPMYHUX JaHUX, UIS YOr0 € JyXe KOPUCHHM
¢ynkuionan cxosuma Kafka. Kafka 36epirae yci
JlaHi 3 TOIIKY Ha OCHOBI BU3HaU€HO1 NOMITUKH. Komn
HOBHH KIIIEHT MOYMHAE 3UUTYBATH JaHi 3 TOMIKY, BiH
MOX€ BHOpaTH OTPUMATH BCi JIaHI 3 TOIIKY Mics
MOMEHTY MiJ’€IHAHHS KJi€eHTa. [HIIMM BapiaHTOM,
SIKMI 1 BUKOPUCTOBYETHLCS JUUIsl TPEHYBaHHS, € OTpPH-
MaHHS BCiX JaHUX TOITIKY.

[1ix gac iMIIOpTY TPEeHYBAIBHUX JaHUX MPOrpamMa
30mupae Taki imeHTH(IKaTopu: Ha3Ba cepsicy; [P-a-
npeca ta mopt xocra; URL-anpeca cepsicy; http-me-
ToZ ab0 X Ha3Ba KIIACy BiAMOBITHOTO KOHTPOIEpA.
VYes s iHpOpMaIiis AOCTYITHA 32 YCTaJIeHUM Haja-
mTyBaHHIM 3a gonomororo Spring Cloud Sleuth. 3 i
BHKOPUCTAHHSM CTBOPIOETHCS HaOIp YCiX CepBiciB,
10 MOBiAOMUJIM PO TOH caMuil CIICH MiA 4ac TPeHy-
BaHHs. CepBicH, SIKi HIKOJIM paHillle HE MOBiIOMIISLIH
Ipo Jiana3oH, He PO3Mi3HAIOTHCS aJTOPUTMOM 1 He
MOXYTb CIIOCTEpIraTucs Mmijl 4ac HaCTYIHOI (a3Hu.

Hactynmaum kpokoM B 00poOuli AaHuX € po3-
JIJICHHST HOro Ha JIeKiIbKa MEHIIUX HaOopiB, IO
OJJHOMY Ha KOKHHH OKpemuil cepBic. OCKIIbKH
MOKHA TIPUITYCTUTH, 110 KOKEH CEpBIC MaTUME pi3-
HUH XapakTep MOBEAIHKH, el KPOK Ma€ CEeHC — BiH
3a0e3meuye OCHOBY ISl BU3HAUCHHS OYIKyBaHUX 3HA-
YeHb, HE IOKJIAJal0uiCh Ha aJrOPUTMHU MAIIMHHOIO
HaBYaHHS Ul INPAaBUJIBHOIO rpynyBaHHs. Lle nae
3MOTY 3MEHIIUTH KUTbKICTh (DYHKIII HA HACTYITHOMY
eTari HaB4aHHS JUId KOKHOI 3 mopmeneil. st kox-
HOTO 3 MiTHA00PiB Oy/Je po3paxoBaHO OKpeMi 0a30Bi
Ta MMOPOTOBi 3HaUYEHHs. [ IbOTO MPOTOTHUITY JIHILE
TPUBATICTh CIIEHY BKJIIOUYEHA B TPCHYBAHHS, a BKIIIO-
YEHHS! 1HIIUX MOKa3HUKIB HE MOKPAIIMIIO BUSBICHHS
anomadniil. J{ist BpaxyBanHsl Qakty, 1o Habip JaHuX
JUISE TPEHYBaHHSI caM 10 CO0i MOXKETE MICTUTH ayT-
naepu, Oyno BukitoueHo 0,1 % maHux, sKi Manu Hai-
OlTbIi 3HAYCHHS! TPUBAJOCTI. 3aBISKU IIbOMY KiH-
LEBUI pe3ynbTaT JUIs BU3HAUCHHSA 0a30BUX 3HAUYCHb
Oy/ie MEHIII 3MIlIeHnH y OiK eKCTpeMaIbHO BEIUKUX
3HaueHb. YUM MeHIIi eKCcTpeMalibHi HaiOinbLIi 3Ha-
YEHHSI, TAM MCHIINHI BIJTMB MaTUMeE IIel KpOK Ha KiH-
LIeBI pe3yJbratu. SIKIIO K BUIAIUTUA OUIBIIMNA Bij-
COTOK JIAaHWX, MOXKE OYTH BHJIQJICHO 3aHAJTO BEIUKY
KUTBKICTh €KCTPEMAIbHUX 3HAYCHB, 110 MPU3BENE 10
30UTBIIIEHHST KITBKOCTI XHOHOIIO3UTUBHUX CITPAITio-
BaHb HA €Talll BU3HAUYEHHS aHOMaJIiil.

[Ticns mporo meit Habip maHuX 0OpOOISIETHCS IS
HaBuaHHsa monewnro KMeans 3 k = 1 i koxkHOrO
KjactepHoro ueHtpy. Lle poOutscst 3a H0MOMOroro
iMruteMenTariii 1iei monem Bix Apache Spark Mlib.
BusHauaeThcs eMHUNA KIIACTEPHUH LEHTP, OCKIIBKH
KOKEH cepBic MaTrume OoKpemy Mojenb. KiacrepHuii

Computer Science and Applied Mathematics. Ne 1 (2025)

HEHTP I1i€] MOJEINi € TOYKOIO BiUTIKY [Tl BU3HAYEHHS
aHoMamiit. Jlms mpoToTHITy KiacTep TpEeHyBaTH-
METhCSl, BAKOPUCTOBYIOUYH TPUBAJIICTh CIICHIB.

JlomaTtkoBO 10 TOYKH BiJIIKy TMOTPIOHE TaKOXK
MOpOroBe 3HaueHHs. BOHO sBIIsie COOOI0 AMCTAHIIIO
BiJl TOYKH BiJUTIKY, III0 € MPUHHATHO. T1IbKH SKIIO
BiJICTaHb Oy/ic BHWIIA 32 [OPOTOBE 3HAYCHHS, TOYKA
JlaHUX Oyjie BU3HAuYCHA aHOMAJBLHOK. Y KIHIl Tpe-
HYBaHHSI MOJICJI1 JIMUCTAHI[ISI KOXKHOI 3 TOUOK JJaHUX Y
TpEeHyBaJIbHOMY Ha0Opi BiJl TOUKHM BiJUTiKy Oyne po3-
paxoBaHa i BIJITIOBIIHO JI0 1i€i BijicTaHi Oyyie HajaHoO
II'SITh 3HAY€Hb: MaKCHMajbHA BIJCTaHb, MelaHHA
BIJICTaHb; CepeaHs BiACTaHb; 95-if MPOLCHTUIIHL Bil-
craneit; 99-if mpoIeHTHIIH BiCTaHEH.

Jlns mpoTOTUIy BUKOPUCTOBYEThCA 99-i mpo-
LIEHTUJIb BIJCTaHEW, OCKUIBKM BIH II0Ka3aB Hali-
OimpIn 30amaHCcOBaHI pe3yabTaTH MIOAO BHUSBICHHS
AHOMAJTIH 1 32 KUTBKICTIO TIOMUJIKOBUX CITPAIlOBaHb.
3aneXHO BiJl pO3MOALUTY 3HAUEHb y TPEHYBAIEHOMY
Ha0Opi AaHUX MOXKe 3HAHOOUTHCS IHIINK HaOip KpH-
TEpiiB JIs BU3HAYCHHSI IOPOTOBOTO 3HAYCHHS.

Hanpuxinmi ¢asu TpeHyBaHHS MH OTPHUMYEMO
TOYKY BiJUIIKy Ta MOPOTOBE 3HAUEHHS ISl KO>KHOTO
cepeicy. OCKIJIbKY 1€ Bes iH(pOpMAIlis, 10 € HEOOXi/1-
HOIO JIJISL €Taly BU3HAUCHHS aHOMaJlild, HE Ma€ 3Ha-
YCHHS, CKIJIBKU JJAHUX TOTPEOYETHCS )1l OTPUMAHHS
X Pe3yabTaTiB. SIK TUTbKM TaHi HasIBHI, MOXKHA PO3-
MMOYMHATH HACTYIHUHN €Tall.

@aza susenenns. Ilicnsa 3aBeprieHHs ¢as3u Tpe-
HYBaHHS MOYXHAa PO3MOYMHATH BHSIBICHHS aHOMAIIiN
y pexxumi onnaitH. ['00BHUM 3aBmaHHAM 1€l da3u
€ OIIIHKA BXIJIHUX JaHUX 1 BU3HAUYEHHS, YU BlIXHIISA-
IOTHCSI BOHU BiJ] O4iKyBaHOi HOPMH, YH Hi.

Takuit po3paxyHOK € JOCUTbh MPOCTUM. JlJIs1 KOX-
HOT'O BXIJJHOTO CIIEHY PO3PaxOBY€ThCS ineHTU(iIKa-
Top cepgicy. IlotiMm wneil ineHTHdikaTop BUKOPHUCTO-
BYETBCS JUIsl BU3HAYCHHS TPAaBUIBHOI TOUKH BIJUTIKY
Ta MOPOrOBOr0 3HAYCHHS. SIKIIO BiJICTaHb MIX BXiJ-
HUM CIICHOM 1 TOYKOO BiJJIIKYy TIEPEBHUIIY€E TOPOTOBE
3HAYEHHS, TO CIICH BBAYKATUMETHCS aHOMAJIbHUM.

SIk1o BXIiHUI CIIEH MaTHMeE 1IeHTH(IKaTop cep-
BiCy, SIKHH I1Ie HE 3yCTpidaBcs, BiH Oyae MpoirHopo-
BaHuil. [IprauHOIO IIOTO € Te, M0 3@ TAKOTO MiAX0AY
(dbopMyBaHHS MOJEITI HEMae TapaHTii, IO MOIEINb
OXOITTIoBaTUME Bei cepBicH. 11100 3amobirtu Benmukoi
KUTBKOCTI TIOMHJIKOBHX TIOBIJIOMJICHb TTPO aHOMAajlhb-
HICTh JJAHWX, TaKi CEPBICH ITHOPYBATUMYTHCS JIO TOTO
MOMEHTY, SIK i1 HUX Oyle CTBOPEHO BiAIMOBiAHY
Mmopenb. [lim 4ac HacTymHOTO IepepaxyHKy Moje-
nei 1o Hux Oyne nojaHo iHdopMarlio i Ipo HOBHUN
CepBIC, TAKUM YHMHOM MOJICIb MOXKE aJ[alTyBaTUCS
JIO MIHJIMBOTO CEpPEIOBUIIA, HABITh SIKIIO MOMEPEIHI
JlaHi PO CUCTEMY BiJICYTHI.

Y noTouHii peasnizaliii IpoTOTUITY IOTPIOHO Tepe-
3aIyCTUTH BCIO CHCTEMY, 10O OHOBUTH 0a30Bi MOJeIi
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anroput™y. OfIHaK, OCKUTBKH €TMHOIO iH(OpMAaIIi€ro,
sIka HEOOXiJHa Ui BUSBICHHS aHOMANid, € KapTa
JTAHWX, 10 MICTUTh TOYKY BIJUTIKYy Ta IOPOTOBE 3Ha-
YEHHsI U KOYKHOTO CepBiCy, Taka KapTa JaHHX MOXKe
OyTH po3paxoBaHa OKPEMO i IOTiM BUKOPHUCTaHA B yKe
3aIyIeHOMY JITOPUTMI MiJ yac Horo poOoTH.

Sk Ttk crieH Oyie iAeHTHU(IKOBAaHO SK aHO-
MaJIBHUH, MpO 1€ MOTPiOHO BiA3BITYBaTH 1 TOIIIK
Kafka. Came 3BinTH MOAYNb aHAITI3Y MEPUIONPUINHH
OTpHMaE JIaH1 PO aHOMAaJIbHI crieHH. ToMy BCi JIeTeK-
TOPH aHOMAaJIIi MalOTh BUKOPHCTOBYBATH CIITHHHUN
dhopmar JSON i 3anmcyBaTu qaHi Mpo BUSABJIICHI aHO-
MaJii B To camuii Tomik. Bubpanuii ¢popmar 300pa-
JKEHO Ha puc. 4.

Puc. 4. JSON-¢popmar 3BiTOBAaHUX aHOMATii

IIpo3sitoBanuii JSON € crpomeHuM MpeacTaB-
JICHHSIM CTIeHy. BiH MicTUTh Jamiie Ty iH(OpMaIllito,
10 € HeOoOXiHOI I aHami3y nepuionpuduHu. Lle
O3Hayae, MO BCE TETW Ta iHQoOpMalis Mpo TpHUBa-
JICTh, sIKI OyTM BaXKIIUBI caMe ISl BUSIBJICHHS aHO-
Mauii, Terep BUAaJieHi, OCKIJIbKH aHajli3 MepLonpu-
YUHM 3HA€, M0 BCi BXiJHI CIICHH € aHOMaJbHHMHU.
Inentudikaropu x 30epiratorses. Takox I0AaeThCS
OKpEeMHId IECKPHIITOP aJITOPUTMY, OCKUIIBKH Ta cama
aHoMaJlisi Moke OyTH IMPO3BITOBAaHA PI3HHMHU aJro-
pUTMaMH.

Onepatiist 31 CTBOpEHHS eK3eMILIsipa producer Juis
Kafka € myxxe mopororo, ane BiH € HEOOXiTHUM ISt
myOmTikarii TaHux 70 TOMIKy 3 mporpamu. Yepes 1ie
MTOTPiOHO TTOBTOPHO BHKOPUCTOBYBATH producer siko-
Mora JoBIe. Y pa3i BUKOPUCTAHHS HOBOTO producer
JUTSE KOYKHOTO OKPEMOTO aHOMAJIEHOTO CIIeHY, ITBU/-
KOJ[isl IPOTPaMH 3HAYHO TMOTiPIIYETHCA.

SIKITI0 HOB1 QJITOPUTMHU, TOJIaH1 10 CUCTEMU, TAKOXK
30epiratoth BuxigHuii popmar JSON, sik mpomeMoH-
cTpoBaHo y (parmenTi koxy 02, iX MOXKHA JIETKO 1HTE-
rpyBaTH B TOH caMHil poOOUMi Mpolec napaneibHO
3 iICHYIOUMMH aJITOPUTMaMH, a 1X pe3ylbTaTH TaKoX
Oy/lyTh BKJIFOUYCHI B aHAII3 IEPUIONPUYNHHA aHOMAJI].

Peanizauis mooynsn ananizy nepwonpuuunu. Ti
BUKJIUKH, 1110 OYJIM 3rajlaHi B KOHTEKCTI MOJTYJIsI BUSIB-
JICHHSI aHOMAJIiil, TAKO)K CTOCYIOTHCSI 1 MOJYJIsl aHa-
T3y mepimonpuIrHd. Js 1boro MpoTOTUITY BCE IIIe
HeMae iH(opmarii po CTPYKTYypy cepBicy. AHaui3
MIEPIIONPUYNHN TaKOXK Ma€ BUKOHYBATHCS B PEXHAMI
OHJIAlH i Oa3zyBarucs nuiIe Ha iHdopmarii, oTpruma-
HI Bifl PO3MOAUIEHOI CHUCTEMH BiICIiKOBYBaHHS
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nofiii. Kpim Toro, MotyibHHIN MiIX1/1 Ma€ MPOIOBKY-
BaTHCS 1 TYT.

Oco0JIMBO OCTaHHIN MYHKT € Ba)XJINBUM JIs aHa-
T3y MEepIIONPHYNHA. BXIIHUMH NaHUMU YIS 1[OTO
eTary € 3BiTOBaHI aHOMaJbHI CIIEHH, OTPUMaHi BiJ
pizHEX anropuTMiB. OCKUIBKH TaKH aJdTrOpUTMHU
MOXXYTb BUKOHYBATHCS IIapaJieJIbHO OAMH /10 OHOTO,
€ MOXJIMBICTb, IO JIesIKi CTIeHW OyIid MPO3BITOBaHI
JIEKiJIbKa pa3iB pi3sHUMH aJTOPUTMAMH, IO BiIpi3H-
€THCSI BiJT TAXO/MY B MOJIYJIi BUSIBIICHHST aHOMAITIH, Jie
KOXKEH CIICH CIIOCTEpiraBcs SIK yHIKaIbHUH.

I, mapemri, HalOLIBIIMM BHUKIMKOM Ha LIBOMY
erani € 3MEHIICHHsS o0csary iHdopmarlii, yepe3 1o
aZMiHICTpaTopy MOTpiOHO OyAe MPOAMBIATUCS LIS
pO3yMiHHS NepuonpuurHu aHomanii. Lle o3Hadvae,
110 BUX1IHA 1H(OpPMAILis, KA TOBEPTAETHCS HA [IbOMY
erarii, Mae OyTH HACTUIbKM MIHIMAJIbHOO, HACKUJIbKU
1Ie MOYJIMBO, TNPU IOMY 0€3 BTpaTH HEOOXiTHOT
iH(dopmarii, Takoi, MO0 CTOCYETHCS caMOi aHOMAii,
Ta ieHTH(HIKaTOPiB cepBicy, MO 11 CIPUYNHUB.

Iliocomoexa Oanux. OCHOBHOIO METOI LIbOTO
KpoKy € 3unTyBaHHs mannx 3 Kafka, Bupimenss
npobnemMu yONforodMX 3BITIB Ha Ti cami CIIEHH
Ta HaJAaHHS PEIUTH JaHUX y HEBHOMY (opmati JUIs
MOJIAITBII0T 0OPOOKH.

[Hdpopmariis Ha bOMY eTari BU3HA4Ya€eThCs (Gop-
MaroM BUXITHHX JaHUX 13 MOAYJS BUSIBICHHS aHO-
Mmaistid. ¥ upomy Bumnazaky une Span ID Tta Trace ID;
1ICHTU]IKATOp CEpBiCy, 110 CTBOPHUB CIIEH; 4acoBa
MO3Ha4YKa MOYATKy 1 KIHIISI CIIEHY; JECKPUIITOP aHO-
Matii (SIKMi HaJIAIITOBYETHCS OKPEMO); ieHTH(iIKa-
TOp 0aThKiBCHKOTO €JIEMEHTA, SIKIIO TAKUH €.

1106 00’eqHaTH PO IyOILOBAHI 3BITH PO Ti cami
cnieHy, € miaxin Apache Spark Streaming 10 06poOku
JIaHUX Y MIHITTAKeTax JaHuX. AJDKe 3 IPUITYIICHHIM,
0 BCi 3BITH, IO CTOCYIOTHCS TOTO CAMOTO CIICHY,
HaJIAAYTh IO CUCTEMH PUOJIM3HO B TOH caMUi 4ac,
BOHH BCi OyyTh y TOMy CaMOMY MiHIMaKeTi JaHUX.
s ko)kHOTO TIporiecy OOpOOKH BCi CIIEHU TPYITY-
IOTBCSL 32 CBOIMH ifleHTH(iKaTOpamu, TMICIS YOro
BOHHM MOXXYTh OyTH 00’€JTHaHI y €TUHHI 3BiT, 00 €1~
HAaBILM iX AECKPUIITOPH aHOMAJII Ta 3aIMIIAI04YH BCIO
iHIYy iH(OpMAaLilo, IKa HOBTOPIOETHCS. Y KiHII IIbOTO
eTary MOTiK aHOMalili MaTuMe JIMIIE OAWH 3aIHC Y
TOIIKY Ha KOXKCH YHIKaJIbHUH crieH, 0e3 MyOiiKaTiB.
HacrtynHuii kpok aHami3y nepuonpuinHi MOXKE TpH-
MYCKaTH, 10 KOKEH aHOMAJIbHUH CIIEH € YHIKAIbHUM.

O2n50 pobouoeo npoyecy uU3HAUEHHS NEPULONPU-
yynu. IlogatkoBa cuTyarlis, me A0 TOTO, SIK aHami3
MEPUIONPUYNHE PO3MOYHNHAE CBOIO POOOTY, MOKa3aHa
Ha puc. 6. AHOMasbHa TIoBeliHKa cepBicy E cipuun-
HSlE aHOMaJIbHI pe3yNibTaTH B cepBicax A Ta B uepes
MOUIMPEHHS IIOMUJIOK, a TOMY CIICHH 13 CepBICiB A Ta
B Takox OynyTh ineHTH]IKOBaHI K aHOMaJIbHi, X04a
MOBE/IIHKA CAaMHX CEPBICiB Oyia HopMalibHOK. OTKE,
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= :anomalous Span

parentld = 1234567890

traceld = 1234567890

anomalyDescriptor = “splittedKMeans™

begin = 10000000

end = 99999999

spanld = 1234567890
endpointidentifier = "service@host portiuri:-methodName”|

=] :anomalous Span

parentld = 1234567890

traceld = 1224567890
anoemalyDescriptor = "errorDetection”
begin = 10000000

onepauis
ofaHaHHA

=] :anomalousSpan

parentld = 1234567890
traceld = 1234567290
anomalyDescriptor = "splitedKMeans, errorDetection, fixedThreshold™

end = 99999999
spanld = 1234567290
endpointidentifier = "service@hostport/uri::methodName”|

= :anomalous Span

parentld = 1234567890

traceld = 1234567890

anomalyDescriptor = fixedThreshold™

begin = 10000000

end = 99999999

spanld = 1234567890

endpointidentifier = "service@host portiuri::methodName”|

begin = 10000000
end = 99999999
spanld = 1234567890
tifier =" Cportiuri::methodName™

Puc. 5. O6’eqnanns nyo6/aikariB 3BiTiB Ha TOW caMuii cieH

3 MONISAY 3BITYBAaHHS PO aHOMAJIbHY ITOBEIHKY L€
€ IIOMUJIKOBHUM CIIPALIOBAHHSIM CHUCTEMH.

[[lo0 B3MEHIIMTH KIUIBKICTh TaKHX BHUIIAIKIB,
MOTPIOHO TpOaHaNTi3yBaTH KOHTEKCT BHHWUKHEHHS
AHOMAJIPHUX CIICHIB 1 BUIIJIUTH CEpPBiC, IKUH € Tep-
LIONPUYHNHOIO aHOMAJIbHOT MOBEIiHKH.

He Bcs noctynna indopmanis Moxe OyTH Kopuc-
HOWO Juisg Takoi mimi. Hampukmazn, igentudikarop
CIIeHy HE Hece B €001 HisIKOI KOpUCHOT iH(popMaii.
Bynyun nume BUnakoBo 3reHEpOBAHUM YHCIIOM, BiH
He HajJae >KoAHO1 iHpOopMaIii PO MOPsI0K TeHepaii
LIUX CIIEHIB.

Inentudikarop cepsicy Ta JECKPUITOP aHOMAIl
MOXYTh MICTUTH KOPHUCHY iH(OpMAIi0, SK TiJIbKH
MEPIIONPUYNHA 1CHTU(IKOBAHA, OCKIJIBKH BOHHU
HajgaoTh iH(OpMario mpo Te, Je caMme B CepBici
BUHHKIA aHOMaJis1. OmHAK 0 TOTO, SIK CEpBic-TIep-
HIONIPUYMHY OyJle BCTAaHOBJICHO, KOPHCTI 3 i€l iH(Oop-
Marii Tako)X HeMae.

[Ipore imeHTH]iKaTOp TpEHCY MICTHTH HOCHUTH
KopHucHY iH(opMartito. Tpelic € KoJIeKITi€ro CIIeHiB, sSKi
pa3oM CTaHOBIIATH ICTOPIIO €QMHOTrO 3anuTy. KokeH
CIICH Y MEXaxX TOTO caMOro TPEUCy CTOCY€EThCS TOTO
camoro 3anury. Lle o3Havae, 10 K110 BUSBICHA aHO-
Maltisi Mae eeKT TOMMPEHHs], [ie BiJoOpa3uThes Ha
IHIIMX CIICHAaX y MEXax TOro camoro tpeicy. Tomy
imeHTudikaTop Tpeiicy Moxke OyTH BHKOPHCTAHHH
JUISl TPYITYyBaHHS CIICHIB Pa30OM.

Inentudikarop OaTHKIBCHKOTO TPOILECY MOXKE
MaTth Jy)e OOMEKeHe BUKOPUCTAHHS B ILOMY
BUMAAKy. Y Teopii imeHTH(DIKATOp OaThKiBCHKOTO
rporiecy MaB Ou HajaTH iH()OPMAITIIO 71T BUSBICHHS
BiJIHOIIIEHh CIEHIB y MeXax Tpenucy MiX co0ofo.
Opnnak mpoGiema B TOMY, 110 1€ MOJKE CIPAILIOBATH,
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JIMIIE SIKIO MU MaeMo iH(OpMaLilo PO BeCh TPEWAC,
1o B Wil cuTyauii He € rapaHTOBaHO. AHai3 Tep-
HIONPUYMHE MOXKE JIMIIE TMPamioBaTH 3 THMH CIie-
HaMHM Tpeiicy, siki Oy MPO3BITOBaHI Ha eTari BUSB-
neHHst aHomatii. Ile Moxe OyTu 1 Bech Tpeiic, aie
MOYKE CTaTHUCS Tak, 10 JCsIKi ClieHH He OYyJIU iIeHTH-
¢ikoBaHi sk aHomalyibHi. [Ipu nbomy ineHTHUdiKaTOP
0aThKIBCHKOTO IPOIECYy MOXe OyTH BHKOPHUCTAHHMA,
aJjie JIUIIe sIK 3allaCHUN BapiaHT.

Cepaic A

Cepaic B

P

=) =
Cepmc D CepmcE |

| Cepoc ©

Puc. 6. [lomupenHs anomatii — nomupeHHs
a”HoMmaJii 3 ceppicy E BIUInHy/10 Ha moBeTiHKY
cepBiciB A Ta B (3anoBHeHi YepBOHUM)

OcTaHHIMH 3HAYEHHSAMH, 10 MICTATHCA Y 3BITi PO
aHOMaJIbHI CIIEHM, € YacOBl MITKH, SIKUMH IIO3HA4YEHI
TTOYATOK 1 KiHeIlb CTIeHy. BOoHU 1 TOTOMOXXYTh HaM BiJI-
HAWTH CTPYKTYypy 3ajexsocreil. Lle moxna 3poOutn
3aBJSIKK TOMY, SIK IIPALIFOE MEXaHi3M CTBOPEHHS CIICHIB.
KoskeH 13 HUX pO3IOYMHAE CBOIO Ai0, JIMIIE KOJIU 3aITUT
JIOXOIIUTh JI0 BIJIIOBIIHOTO CEPBICY, 1 3aBepIlae CBOIO
Po0OTY, KO CepBic 3aKiHUY€E OMPALFOBAHHS 3aITUTY.

VY MiKpOCepBiCHI apXiTeKTypi 3 BHKOpPHCTaH-
HsAM http-3anuTiB U1 KOMyHIiKalii i 3amuTu 00po-
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OMIOIOTBCS  BIJIMOBIIHUM  KJIACOM-KOHTPOJIEPOM
(controller). Ileit xoHTposep MOXE SIK OINMPAIFOBATH
3aIUT BJIIACHOPYY, TaK 1 BUKIIMKATH 1HII CepBicH 3a
JIOTIOMOT010 1HIIKX http-3amuTiB a0 X omparmoBaTH
3aluT B IHIIOMY KJIaci TOro camoro cepaicy. Hesa-
JISKHO BiJl TOTO, SIK caMe MPOXOAMTH ONMPALOBAHHS
3aIUTY, CIICH y’Ke CTBOPCHUH, SIK TIJIBKH 3aIUT Haili-
LIOB JIO CEPBiCY, 1 3aKIHYUTHCS, K TUIBKU 3amuT Oy/e
00po0iieHo. 3aBasky IIbOMY Ha OCHOBI iH(opmarii
IIPO YaCOB1 MITKH MOXKHA POOUTH MPUITYIIIEHHS 1010
TOTO, SIKWH 31 CIIEHIB OyB MEPIINM.

CrieH CTBOPIOETHCS, KOJHM 3aIllUT JIOCSTAE BiAIO-
BiIHOTO cepBicy. ba Oinbire, GaTEKIBCHKHI MpoTIeC
BHUKJIMKAE JOYIpHIA Tporec. A TOMYy 1 CTBOPEHHS
JOYIpHBOTO TIPOIleCY Mae OyTH JIHIIE CIs CTBO-
peHHs1 0aTbKiBChKOTO. IIpOTHIC)KHE CTBEpPIKEHHS €
MIPaBUIBHUM CTOCOBHO 3aBEPIICHHS POOOTH CIIEHY.

OnHak, KpiM LBOTO O4iKyBaHOT'O TOPSAKY CICHIB,
TaKoK OyJI0 TOMIYEHO JIBA 1HIIII ITi]] YaC CTIOCTEPEIKSHHS
3a pobororo mporotuity. Jpyruii BUnajgok, Halimo-
BipHillle, € PE3yIbTaTOM POOOTH BCIiX CEPBICIB Ha Til
camiil BipTyasibHil MaiuHi. Yepes BiICYTHICTh 3aTpu-
MOK 4epe3 MepeKy MOXKHa OyJio CriocTepiratH CIieHH,
y SKUX 1 OaTbKIBCBKHI, 1 JOYIPHIH MPOIIECH MalH
IJIGHTUYHY YacOBY MITKY ITOYaTKy poOOTH. Y peabHii
PO3TIOUIEHIH cucTeMi, e HasgBHI 3aTPHUMKH B MEPEXKi,
TaKi BUTIAJKU HE TIOBHHHI BUHUKATH.

TpeTiit BUTIAIOK € Iy’kKe KOHTPIHTYITUBHUM, SKITIO
BUXOUTH 3 NPUITYLICHb HEPILOr0 BUMNAAKY. AIKE B
IPOIIECi IEPIIOTO BUTIAJIKY € HEMOXIIMBUM, 1100 0aTh-
KiBCBKHI MPOLIEC 3aBEPLIYBABCS [0 TOTO, SIK 3aBEPLIY-
€TbCs TovipHii. OTHAK TaKi BUMAIKU MaJIH MicIie.

3 ycima IMMU 3HAaHHSIMU IIPO CTPYKTYPY BiTHOCHH
MpOIIeciB / CIEHIB Temep MOXHA PO3POOHUTH amiro-
pUTM, 37aTHUI PEKOHCTPYIOBATH CTPYKTYpY TpeEucy,
HaBITh HE Maroun iH(OpPMAIIii TPo BCi CTICHU B HHOMY.
Jus iporo moTpiOHO MOOYAyBaTH MOIATKOBY CTPYK-
TYpYy JaHHX, SIKY MOJKHa Ha3BaTu rnpocto Anomaly i
sIKa TIOKa3aHa Ha puc. 7. BoHa ciyrye cxoBuIIeM ajst
Bciel iHpopMalii o0 aHOMaJILHOTO CIIEHY Ta HaJae
MOXITUBICTb PEKOHCTPYIOBATH CTPYKTYPY TpEHCYy.

OCKiNbKY 1S CTPYKTypa JaHWX NpU3HA4YCeHA IS
peCTpyKTypH3alii CTPYKTYpH 3alle)KHOCTEH Tpeicy,
IIJITOTOBJICHI aHOMaJIbHI CIICHU MalTh OyTH 3Ipy-
noBaHi 3a ix imeHTHdiKaTopom Tpeiicy. Ilicns 4oro
BOHHM MaroTh OyZIy BIOPSAIKOBaHI 3a 4acOM ITOYATKY
iX pobotu, mo Moxe OyTH 3pOOICHO 3aBISKH COp-
TyBaHHIO 332 YaCOBOIO MITKOIO ITOYATKy, a IMOTIM 3a
JaCOBOIO MITKOIO 3aBepIIeHHs poOoTu. OqHaK, SKIIIO
3rajlaTé BUTIAJ0K, KOJIM BOHH MOXKYTh OyTH 1I€HTHYHI
Ha JEsKHX CIEeHax, e MOXKE MPHU3BECTH 10 Hempa-
BWIBHOTO nopsiaky. Ilpore y Bumanky http-3amuris
imeHTr(diKaTop CrieHy KOHTpOJIepa 3aKiHIYEThHCS TIpe-
(ikcoM mvc, 3aBASKH YOMY iX MOXKHA BiICOPTYBAaTH,
HaBiTh KOJIM YaCOB1 MITKH € 1IeHTUYHUMU. AJie 1e €
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0.7 children

= Anomaly

-spanld : String

-traceld : String

-begin : Long

-end - Long
-endpointldentifier - String
-errorDescriptor - String
-parentld : String

parent

0.1
+insert(anomaly - Anomaly) - void
+hasChildren() : boolean
+getRootCauses() - List<Anomaly>
+getWarnings() : List<Anomaly>
+printRootCauses() : String
“+printWarnings() : String

Puc. 7. UML cxema kiacy Anomaly

CITa0KHUM MiCIIEM IIHOTO aJITOPUTMY, TOXK TTOKpAIIEHHS
MeTOMy imeHTH(IKAIIT TOPSIIKY CIICHIB Mae OyTH TIpi-
OPUTETOM Y MailOyTHHOMY.

[Ticnst Takoro copTyBaHHS aHOMAJbHI CIIEHH KOH-
BEPTYIOTHCSI B 00 €KTH THITy HOBOI CTPYKTYPHU JaHHX
Anomaly. Takuii 00’€KT, IKH# po31104aB poOOTY Tepert
IHIIMMH, € TOJIOBHMM, 1 BCl 1HIN OO’€KTH CTarOTh
JIMIEe HOrO0 YaCTHHOIO 3a JIOTIOMOTOK0 METOAY insert,
IMIUICMEHTAII}0 SIKOTO MO)KHA TMOOAYUTH HIDKYE Ha
pucyHky 8. Llst pyHKIIis € peKypCUBHOIO, 3aB/SIKH YOMY
00’ €KTH TIOMIIIAIOTHCST OTUH B OJHOTO, 3T1THO 3 1X cTap-
IIIIHCTBOM: BiJ HAMCTapITIOTO 0 HAHMOJIOIIIIOTO.

[Ticst ToTO SIK TaKe «ISPEeBO» aHOMAITIH CTBOPEHO,
Mmeton getRootCauses() moBepHE CHHCOK aHOMAIlb-
HUX 00’€KTIB, IO € BUXITHIUMH BY3JIaMHU «JEPEBA».

Puc. 8. Insert metox aJis1 06’exkTa THIIY Anomaly

Lle € anomaurii, yui BiAMOBIAHI cepBicH, HaiMO-
BipHillle, 1 € MEePIIONPUYNHO0 aHoMamii. [HImiA xe
Mmeron, getWarnings(), moBepTae CIHCOK CEpBICiB,
AK1 € Ha IUISAXY 10 BY3JIa-TIEPIIONPUYHHY, SIKI TAKOXK
Oyau MpO3BITOBaHI K aHOMAaJbHI 1, BIPOTIAHO, X
aHOMAJIbHICTh OyJia BUKJIMKAaHA JIMIIC MOIIUPECHHSIM
aHomarii-nepmonpuyuHu. IneHrudikarop cepsi-
CIB-TIEPIIONIPUYMH Ta BIAMOBIAHI AECKPUITOPHU 30e-
PITarOTHCS AJTS TTOIAIBIIIOT0 KPOKY — Bi3yauri3artii.

Biociiosanns cepaicis, wo ne € icmurnoro nepuionpu-
yynoro. Ilim dac Bizyamizarii BUKOHYETHCS IIE OIHH
KPOK, SIKWH TTOKpAIIye Ha/laHi Pe3ylIbTaTy aHalli3y mep-
monpryrHu aHoMautii. OCKUTBKH Bech Iporiec 0azy-
€TbCS Ha 00pOoOIl MiHIMTAKeTIB JaHUX, IO MICTATh yCi
CIIEHH OJIHOTO TpeHCy, MOXke OyTH, 110 iH(hOopMAIlis PO
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JIeSIKi 3 CTIEHIB BiJICYTHS, TOMY 1110 BOHU Oyt 00poOIeHi
pa3oM 3 iHIIMM MiHITAKeTOM JaHuX. SIKIIo *Ke I, Bif-
CYTHI, CTIEHH MIiCTSIT iH(OPMAITIFO PO MIEPIIONTPUIHHH,
IHIIMH (HenpaBWIIBHUK) 1ICHTU(IKATOP cepBicy MOXKe
OyTH BH3HAYECHHMH SK NEPLIONPUYMHA, IO B iHIIOMY
BUIA/IKy OyB OU JIMIIIE PE3yJBTaTOM HOIIMPEHHS aHOMa-
Ti-TIepIonpruyrHE. A TOMY BCi Taki aHOMaTii, po SIKi
iH(opMarist MiCTUTBCS B MiHITIAKET] 3 Y’Ke BU3HAUYCHOIO
MEPIIONPHINHOO, MaFOTh OyTH Jieripuopitru3osaHi. [1o
03Hayae, [0 BOHU MAalOTh 3aliMaTy HWKYY TO3MILI0 Y
3BITi PO MEPIIONPUYNHY aHOMAJTI.

Sk MOXHa 1OOAYNUTH 3a JIONOMOIOK IIPOCTOT
Bi3yasizallii Ha pUCYHKY 9, MpOTOTHN 3AaTeH 3BiTY-
BaTH NMPO BUHUKHEHHS MOMWJIOK a00 K BHKIIIOUEHb
y po0OOTi cepBicy. SIKIO 3BITYETHCS BUKIFOYCHHS, TO
HA/Ia€ThCS Ha3Ba BUKJIIOUCHHS, Y BUIAIKY K TOMUJIKH
HA/IA€ThCS KOl MOMMWIIKH. Takox B iH(opmarito 3BiTy
JO/IA€ThCSl HAa3Ba CEPBICY, JIe 11 MOMHIIKA BUHUKIIA.

Ha pucynky 10 moka3zaHo mnpukiajg TOTO, SK
MIPOTOTUI 3[aTe€H BUSBIATH, KOJU CEpBIC MOTpedye
3aHaTo Oarato yacy jansi oOpoOku 3amuty. Y TpH-
KJIaZi Bi3yamii3alii 3BIiT COPTYETbCS BiJ] HalJOBIIOTO
gacy BIATYKy MO0 HaWMEHIIOTO. TakoX 3raayeThCs
Ha3Ba cepsicy Ta URI-aapeca 3ammry.

Juckycis. Po3pobneHnii mpoToTUTT JEMOHCTPYE
MOIOHICTB 13 MiIX0/10M, 3ariportoHoBaHuM T. Pitakrat
Ta CIiBaBTOpaMu [ 7], OHAK IIe¥ MPOTOTUI BiIpi3HsI-
€TBCSL TUM, IO (POKYCYETHCS HE JIMIIE HA MPOTHO3Y-
BaHHI 300iB, ajie i Ha BUABJICHHI PI3HUX THIIB aHO-
MaJsliii Ta BU3HA4YCHHI iX mepumonpuyuH. [lopiBHIHO
3 mo3utiero T. M. Ahmed Ta iHmux [8] aBTOpChKHIA
MIPOTOTHUII Ma€ MepeBary B TOMY, 1110 BiH He MOTpedye

org springframework.web, client. HupClienErrorException$ Badfeguest (1] 3

BCTAHOBJICHHSI OAATKOBHUX JIATYUKIB UM MOJU(iKaIii
HasBHOI iH(pacTpyKTypH.

M. Mdini Ta cniBaBrOpu [9] 30cepemunucs Ha
MOHITOPHHTY CHCTEM MOHITOPUHTY MEPEkKi 3 BUKO-
PHUCTaHHSM PO3Mi3HABAaHHS MaTCPHIB AJIS BUSBICHHS
aHoMmaliii. ABTOPCHKMH TPOTOTHII JOTOBHIOE MEH
MiAX1/, TPONMOHYIOYHM HE TUTBKW BHSBJICHHS aHOMa-
N, ane W aBTOMarW4YHE BU3HAYCHHS iX MEPIIOINpPHU-
YHH, [0 3HAYHO CKOPOYYE Yac Ha A1arHOCTHKY U ycCy-
HEHHS IPOOJIEM Y CKITaJTHUX PO3IIOIICHIX CHCTEMaX.

Oco0nHBO IiKaBUM € TIOPIBHSHHS aBTOPCHKOTO TIi/I-
xomy 3 poboToro M. Zasadzinski, V. Muntés-Mulero ta
M. S. Simo [10], e 3arpormoHOBaHO MiAXi/ 10 aHATi3Y
MIEPIIONPUYMH Ha OCHOBI aKTOPIiB y PO3MOAUICHOMY
cepeloBuILi. ABTOPCHKMM HPOTOTUI BHUKOPHCTOBYE
IHHOBAaLIMHUKM MiAXig 10 PEKOHCTPYKLii CTPYKTYpH
3aJIeKHOCTEH aHOMalii Ha OCHOBI YacCOBUX MITOK Ta
imeHTH(iKaToOpiB TPEHCIB, IO Ja€ 3MOTY TOYHO BH3HA-
YaTH MEepIIONPUYMHH TPOoOJIeM HABITh 3a BiZICYyTHOCTI
MOBHOT iH(OopMarlii Ipo BCi CIICHU.

3arajioM po3poOJieHUH MPOTOTHIT JI0J[aTKa BHUSB-
JICHHSI aHOMAJIiHl IIJISIXOM BIJICTEXKECHHS MO y pO3-
MTOJUICHUX KOMIT FOTEPHUX CHCTEMax SBJSIE COOOIO
THTETpAIIif0 PI3HUX ITiIXO/IB, ONICAHNX y TTPOaHaITi30-
BaHIH JIITEpaTypi, 3 BAKIUBUAM PSIOM YIOCKOHAICHb.

BucHoBkn. [ilicHO, aHOMAITIT MOKITHBO BHSIBJISITH
Ha OCHOBI JiuIIe iH(pOpMaIlii, o0 HATAETHCS PO3IIO-
JIJICHOIO CUCTEMOIO BiJICITIIKOBYBaHHsI moiid. Peasi-
30BaHi QITOPUTMHU MaJIA 3MOTY BHUSBIIATH BCi ILTBOBI
aHoMmaJii, a caMe MOMWJIKH, TIOPYILECHHS MONIEPEAHBO
BU3HAYCHUX IMOPOTOBUX 3HAYCHb 1 3aHAATO JIOBTHH
Yac BiATYKY cepBicy MOPIBHSIHO 3 OUiKyBaHUM.

@ configurer

@ sms consumer
@ sms-consumer
@ sms-consumer
@ producer

@ api-gateway

@ inapp-consumer

Puc. 9. BusiBjieHHsI TOMUJIOK i BUKJIIOUEHb 32 JOMOMOT0I0 MPOTOTHUILY
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Puc. 10. BusiBjieHHSI 3aHAATO NOBLILHOIO Yacy BIATYKY cepBicy 3a J0IIOMOI00 MPOTOTHUILY
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ba Oinpime, MpOTOTHIT 3[aT€H PEKOHCTPYIOBATH
CTPYKTYpPY 3aJIS)KHOCTEH aHOMaii, BUXOASYHN JIHIIE
3 iH(oOpMaIllii, ka 3HOBY K TaKH, HAAAE€THCS PO3IIO-
JIJICHOIO CHCTEMORO BiJICIiIKOBYBaHHs moiid. [le mae
MOJKJIMBICTh YHHMKATH IOMIJIKOBHX 3BITiB PO aHO-
MaJbHY MOBEIIHKY Ta BUSBISITH CEPBiC-TIEPIIONPH-
YUHY aHOMAJIbHOT ITOBE/IIHKH.

CamMa apxIiTeKTypa MPOTOTHUITY PO3pOOJICHA TAKUM
YHHOM, 1100 HOTo MOKHa OyJIO JIETKO 3MiHIOBaTH B
MaiiOyTHBOMY 1 aJjanTyBaTu 10 HOBUX BUKIHKIB. Po3-
MTOMIIJICHA CHCTEMa BiJICIIAKOBYBAHHS MOMIH, MOTYIh
BHSBIICHHS aHOMATii 1 MOTYNb aHaJi3y MEPIIONPH-
YUHY CHUIKYIOTBCS MIX COOOI0 3a TOTIOMOTOIO CHC-
TeMH acCHHXPOHHOI KoMMyHikaii Apache Kafka. Ile
o3Hayae, Mo MOKKA (opMaT IMOBIIOMIICHb MIXK CEpBi-
CaM¥ HE 3MIHIOETHCS, KOXKEH 13 MOMYJIiB MOYKHA 3aMi-
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HUTH. KpiM TOTO, CTPYKTYpa TaKkoX Jiae 3MOTy 3aIry-
CKaTH JIEKUTbKAa QJTOPUTMIB IMapajelbHO OIWH 10
onaHoro. OTke, Yy BUINAJKY BUSBICHHS HOBOTO THITY
aHOMalliii MOXKHa HANMCaTH HOBUI THIT alTOPUTMY,
a MOTIM IMiJKITFOYUTH HOTO 0 PEIITH BKE iICHYFOUYHX.
A0O0 X, SKIIO ICHYIOUHH aTTOPUTM HE TIPAIFOE TAK, K
noTpiOHO, HOro MOXKHA BUJAJIMTH HE BIUTUBAIOYM HA
poOoui mporecH iHIIUX alTOPUTMIB.

I mapewmTi, Bechb MPOTOTUI Ta IHCTPYyMEHTapii
noOynoBaHi Ha (QpeiMBOpPKax 3 BiIKPUTHUM KOJIOM i
3 BpaxyBaHHSM MOXIIMBOTO 301JbIIEHHST MaclITady
cucremu. OcobmuBo Apache Spark Ta Apache Kafka
3a CBOIM JM3aliHOM 1J€ajJbHO IAXOAATH I BUKO-
pHUCTaHHS B KOHTEKCTI PO3IOJIICHHX KOMIT FTOTEPHUX
CHUCTEM, 1110 JIa€ 3MOT'Y B pasi MOTpeOu JIETKO 30111b-
ITyBaTH OOYHCITIOBAIbHY TOTY>KHICTh CHCTEMHU.
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The article examines several approaches to finding anomalies in complicated datasets,
an essential task in domains including industrial monitoring, cybersecurity, banking,
and healthcare. The paper evaluates the theoretical underpinnings, benefits, and
drawbacks of anomaly detection strategies, classifying them into statistical approaches,
clustering techniques, deep learning models, and hybrid/ensemble methods.
Although they provide theoretically solid methods for identifying outliers, statistical
techniques such as Z-score analysis, Gaussian Mixture Models (GMM), and Kernel
Density Estimation (KDE) have trouble handling high-dimensional and non-linear
data. Whilst K-means, DBSCAN, and hierarchical clustering are popular clustering
approaches for unsupervised anomaly detection, their efficacy depends on noise
sensitivity and parameter choice.

Additionally, the study looks at deep learning and machine learning methods,
including autoencoders, Generative Adversarial Networks (GANs), Convolutional
Neural Networks (CNNs), and Long Short-Term Memory (LSTM) networks.
Particularly for time-series and picture data, these models have revolutionized
anomaly detection, yet their interpretability and computational efficiency present
difficulties.

Furthermore, hybrid and ensemble approaches combine many techniques to increase
accuracy and resilience. In challenging anomaly detection tasks, methods such as
stacking ensembles, boosting, and isolation forests show improved performance.
Interpretability and computational requirements are still major issues.

Many current research issues, such as explainability, model scalability, and
adaptability to changing contexts, are highlighted in the article. Future research
should concentrate on federated learning, explainable Al (XAl), and semi-supervised
learning to ensure more transparent and effective anomaly detection models. This
study lays the groundwork for future developments in the area.
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VY crarTi po3mISIAIOTECS KiJIbKa MiAXO/IB O MOIIYKY aHOMaiil y CKIagHuX
HaOopax JaHMX, IO € BaKJIMBUM 3aBJaHHAM Yy cdepax MTPOMUCIOBOTO
MOHITOPUHTY, KiOepOe3meku, OaHKIBCbKOI CHpaBU ( OXOPOHHU 3I0pPOB’S.

VY cTarTi OLIHIOIOTHCS TEOPETUUHI OCHOBH, TIEPEBAru Ta HEJONIKU CTPATErii
BUSBJICHHS aHOMallild, Ki1acu(ikoBaHO X HA CTAaTUCTHYHI MiAXOIU, METOAM
KJIacTepu3allii, MoJieni MuOoKoro HaB4aHHs Ta riopuIHi / aHcaMOIeB1 METOIH.

CTaTHCTUYHI METOIH, SIK-OT aHaji3 Z-IOKa3HUKa, MOZCIL

cymimi [ayca

(GMM) i oninka minsHOcTi sapa (KDE), matote mpobrmemu 3 0O6poOKoro

OaratoBUMIpHUX 1 HemiHiIHMX paHuX. Xoua K-cepenHi,

DBSCAN Ta

iepapxqua KHaCTepI/I?)aIliSI € MNOIYJIAPpHUMU METOAaMU KJ'IaCTCpI/IZ‘saHiI JJIA
HCKOHTPOJIIbOBAHOT'O BHUABJICHHSA aHOMaJ’Iiﬁ, e(l)eKTI/IBHiCTL 3aJIC)KUTH BiI[

YYTIUBOCTI JI0 IIyMy Ta MapaMeTpiB.

VY nocnipkeHH] po3MIsSAaI0TEC METOAM THMOOKOTO i MallMHHOTO HaBYaHHS,
30KpemMa aBTOKOJepH, reHepaTuBHi 3MmaraibHi (GAN), 3ropTKOBI HEHpOHHI
Mmepexi (CNN) i mepexi JOBrocTpokoBoi kopoTkodacHoi mam’siti (LSTM).

Jns gacoBuX psAAiB 1 rpadidHUX JaHUX MOJENi 3pOOHIIH
BUSIBJIEHHI aHOMAUTIi.
IOpunuuii i aHcaMmOneBUH MigXOAW TOEIHYIOTh Oarato

PEBOMIOLIIO Y

METOAIB JUISL

MIIBUINEHHS TOYHOCTI Ta CTIAKOCTI. Y CKIagHUX 3aBJAHHAX BHSIBICHHS
aHOMaJTiii TaKki METO/IH, SIK YTBOPEHHS aHCaMOJIiB, TOCUJICHHS 1 130111151 JTiCiB,
JEMOHCTPYIOTh TIOKpAIIeHy MPOAYKTHBHICTh. [HTeprmpeTallisi Ta BUMOTH [0

00YHCIICHD ycCe 1€ 3aJIMIIAa0ThCs TOJIOBHUMHA np06neMaM1/1.

Y crarTi BHCBITIEHO 0araro akTyaJbHUX JOCHIJHUIBKUX ITUTaHb,
SIK-OT IIOSICHIOBAHICTh, MAacIITa0OBaHICT, MOZCII I aJanToOBaHICTh [0
MIHJIMBUX KOHTEKCTiB. MalOyTHI OCIHIi/PKEHHS TIOBHHHI 30CEpEeIUTHCS Ha
(enepaTiBHOMY HaBUYaHHI, MOSCHIOBAHOMY INTY4YHOMY iHTenekTi (XAl) i
HaIBKOHTPOJILOBAHOMY HaBuaHHi. lle mocnmipkeHHsS 3akiajae OCHOBY IS

MaiiOyTHIX po3po0OK Y miii chepi.
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Problem statement and its connection to signif-
icant scientific and practical tasks. Anomaly detec-
tion is critical for ensuring system stability, reliability,
and security, especially in financial systems, indus-
trial loT, and healthcare applications. Outliers, which
can be considered indicative of any disturbances that
can include faults, cyber threats, or fraud, are very
harmful if not recognized early. For example, possible
anomalies detectable by such trained systems include
unusual vibrations or leaps in temperature in manu-
facturing, abnormal patterns of logins or transfers of
massive amounts of data, and fractures of chemical
formulas in the case of pharmaceuticals. They can
save a significant amount of resources for businesses,
save the privacy of users, prevent breaches with leaks
of sensitive data, and ensure the quality of products
by detecting compromised ones in case of identifying
issues in time.

Traditional methods, like rule-based systems and
statistical models, struggle with complex, dynamic,
and high-dimensional data; instead, they are suitable
for fast, shallow initial checks, but their abilities are
limited for in-depth analysis of complex data sets,
including time series. By bringing more sophisticated
methods that can identify intricate patterns and han-
dle massive amounts of data, machine learning has
greatly improved outlier detection. Nonetheless, there
are still certain issues with interpretability, scalabil-
ity, and environmental adaptation. They emphasize
the necessity of continual study and advancement to
improve anomaly detection methods.

Addressing these challenges is essential for
improving system resilience and preventing sub-
stantial disruptions. There is a critical practical and
scientific task with direct applications across various
industries in improving anomaly detection methods'
features such as accuracy, transparency, and adapt-
ability. Tackling difficulties is essential for research-
ers and practitioners, as it addresses critical needs in
today’s data-driven world.

Analysis of recent studies and publications.
Significant progress in the discipline has been fueled
by the growing complexity of contemporary datasets
and the urgent need for real-time anomaly identifica-
tion. Recent surveys, like Pang et al. (2021), highlight
the use of Al techniques in tackling contemporary
issues by classifying anomaly detection methods into
statistical, clustering-based, and machine-learning
approaches [1].

Statistical methods, including Gaussian Mixture
Models (GMM), are widely used for anomaly detec-
tion, but their effectiveness is limited in high-dimen-
sional or non-linear data scenarios. Wu et al. (2024)
introduced a Trend and Variance Adaptive Bayesian
Changepoint Analysis combined with Local Outlier
Scoring, effectively addressing real-world data com-
plexities [2].

Computer Science and Applied Mathematics. Ne 1 (2025)

Clustering-based approaches, including densi-
ty-based spatial clustering of applications with noise
(DBSCAN) and k-means, remain widely applied in
anomaly detection. However, modern methods like
Density-Based Networks introduced by Zheng et al.
(2021) address the sensitivity to parameter selection
and scalability issues associated with traditional clus-
tering techniques [3].

Machine learning, particularly deep learning, has
revolutionized anomaly detection. Yang et al. (2022)
highlighted the advantages of transformer-based
architectures in anomaly detection by proposing a
Transformer-based GAN, demonstrating its effec-
tiveness in capturing complex time-series patterns.
[4]. Chabchoub et al. (2022) enhanced the Isolation
Forest algorithm with Majority Voting Isolation For-
est (MVIForest), improving detection accuracy and
reducing execution time [5].

Hybrid and ensemble approaches are increas-
ingly being adopted to leverage the strengths of mul-
tiple techniques. Explainable Al (XAI) has become
essential in critical domains, addressing the chal-
lenge of model interpretability. By integrating SHAP,
Noorchenarboo et al. (2025) research aims to improve
the interpretability of detection models, facilitating
better decision-making in smart grid operations [6].

Despite these advancements, challenges persist
in model adaptability, interpretability, and gener-
alization across domains, and research is actively
addressing these issues by developing interpretable
models, adaptive algorithms for streaming data, and
techniques for transfer learning. While significant
progress has been made, continuing innovation is
necessary to meet the demands of modern systems
and dynamic datasets.

Formulating the goals and objectives. The main
goal of this article is to provide a theoretical analysis
of algorithms and machine learning models for anom-
aly detection. Conceptual strengths, weaknesses, and
suitability for various applications should be consid-
ered. By examining the theoretical underpinnings of
these techniques, this study aims to bridge existing
gaps in understanding and offer insights into how
these models can be optimized for specific use cases.

This research emphasizes the importance of sys-
tematically analyzing and categorizing machine learn-
ing approaches. It investigates models’ assumptions,
limitations, and theoretical performance in handling
high-dimensional, noisy, and dynamic data environ-
ments. Particular attention is given to exploring how
hybrid and ensemble approaches might theoretically
combine the strengths of individual algorithms to
improve overall robustness and accuracy.

The article presents a comprehensive overview
of methods and algorithms commonly employed
for anomaly detection. These include statistical
approaches such as Z-score analysis, Gaussian Mix-
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ture Models, and Kernel Density Estimation; popular
clustering techniques like K-means, density-based
clustering, and self-organizing maps; and advanced
deep learning models, including autoencoders,
Long Short-Term Memory networks, and Genera-
tive Adversarial Networks. Additionally, it explores
hybrid and ensemble methods such as Isolation For-
ests, voting and stacking strategies, and boosting and
bagging ensembles, showcasing a broad spectrum of
solutions for detecting anomalies.

Within this research, the focus is extended to the
interpretability of compound machine learning mod-
els, more specifically, neural networks. The inves-
tigation tries to theoretically enhance model trans-
parency, enabling domain experts to understand the
anomaly detection process. The study also attempts
to elucidate how models may be integrated into
dynamic environments characterized by streaming
data or changing distributions. The main aim of the
present study is to further expand the practitioners’
knowledge of machine learning model architectures
applied for anomaly detection and contribute a the-
oretical foundation for further studies and applica-
tions. These findings can assist in effectively guiding
the composition of anomaly detection solutions that
are more robust in different areas while addressing
important issues, including interpretability, adaptabil-
ity, and scalability.

Main research findings. The study provides a
broad theoretical analysis of machine learning algo-
rithms for anomaly detection, categorizing them into
four groups: statistical approaches, clustering tech-
niques, deep learning models, and hybrid/ensemble
systems. Each category offers a distinct perspective
on anomaly detection, from probabilistic assumptions
to neural network power and diverse technique com-
binations.

Statistical methods are among the most founda-
tional techniques for anomaly detection. They offer
a mathematically grounded approach to identifying
deviations from expected patterns. Statistical meth-
ods are particularly effective when data adheres to
well-defined distributions or when the relationships
among variables are linear and straightforward.

The Z-score method measures the number of
standard deviations a data point deviates from the
mean of the dataset [7]. A straightforward way to
identify outliers can be provided by assigning a
numerical score to each data point; typically, those
exceeding a threshold (e.g., +3 standard deviations)
can be outliers. In financial auditing, Z-score anal-
ysis can highlight unusually high transactions that
deviate significantly from typical transaction values,
flagging potential cases of fraud or errors. It can also
be utilized in manufacturing. The Z-score method can
pinpoint defects or process anomalies, such as pro-
duction units with dimensions outside normal ranges.
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The Z-score method has drawbacks as it assumes
a normal distribution of data, a condition which, most
times, does not hold true with real-life data. When
analyzing skewed or non-Gaussian distributions, such
constrictions can be problematic. For instance, the
impact of extreme values on the mean and the standard
deviation affects the accuracy of the method. Modified
forms of the Z-score method that use more resilient
statistics, such as the median or the median absolute
deviation or MAD, can be utilized to manage it.

Gaussian Mixture Models extend the principles
of Z-score analysis by modeling data as a mixture
of multiple Gaussian distributions. This probabilis-
tic approach enables GMM to capture more complex
data structures, accommodating scenarios where the
dataset comprises subgroups with different means
and variances. For example, in customer segmenta-
tion, GMM can model the purchasing behaviors of
distinct groups (e.g., regular buyers and occasional
shoppers). Anomalies, in turn, are data points with
low likelihoods under the fitted mixture model. This
makes GMM effective in applications where data is
inherently multimodal, such as biological measure-
ments or user behavior analysis.

GMM faces challenges when applied to high-di-
mensional datasets. The number of parameters to
estimate increases exponentially with dimensionality,
leading to computational inefficiencies and potential
overfitting. Regularization techniques and dimen-
sionality reduction methods, like principal compo-
nent analysis (PCA), are often employed to mitigate
issues.

Statistical methods can be classified into two cate-
gories: parametric methods and non-parametric meth-
ods. For example, Z-score and GMM are considered
parametric methods because they are dependent on
strong assumptions about the distribution from which
data is drawn. Although these assumptions facilitate
the modeling problem and make these methods effi-
cient in computation, they narrow the usability to data
that fits the shape of those distribution curves.

Kernel density estimation (KDE) and histograms
are widely used non-parametric methods that operate
without assuming an underlying distribution [8]. For
example, KDE utilizes kernel functions to smooth
observed data points and estimate the probability den-
sity function. Its feature is that it offers flexibility for
datasets where distributions are complex or unknown.
This adaptability makes non-parametric methods par-
ticularly valuable in modern anomaly detection sce-
narios. However, there are challenges to deploying
such models in real-time applications because these
methods require substantial data to produce reliable
estimates and can be computationally demanding for
large-scale datasets.

Statistical methods are widely applied in domains
with a clear understanding of data distributions and
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interpretability. Examples include method utilization
in healthcare, which identifies abnormal vital signs or
lab test results based on established norms; environ-
mental monitoring, which detects unusual weather
patterns or pollution levels that deviate from histor-
ical averages.

The primary challenges of statistical approaches lie
in their reliance on assumptions about data distribu-
tion and sensitivity to noise and outliers. As real-world
datasets often show non-linear relationships, heavy
tails, or multimodality, pure statistical methods will
not be effective. In these cases, the necessity for using
hybrid approaches or statistical methods with machine
learning models arises for improved performance.

A promising area of exploration is a combina-
tion of statistical models with machine learning
techniques, such as embedding GMMs into deep
neural networks or integrating Z-score thresholds
with ensemble methods. It helps to make the statis-
tical approaches relevant in more advanced anomaly
detection applications.

Clustering techniques are of significant importance
in unsupervised methods of anomaly detection. These
techniques leverage intrinsic patterns in the data to
group points based on their similarities. In effect, they
are able to organize similar data points based on natu-
ral structures, such as by making a model without pro-
viding labels or categories. Such a setup is useful for
datasets where the pattern of anomalies is in stark con-
trast to the pattern of the regular points or where data is
not labeled. Clustering methods identify anomalies as
points that do not belong to any cluster or are located
far from cluster centroids or dense regions.

K-means is one of the simplest and most widely
used clustering algorithms. It partitions the dataset
into a pre-defined number of clusters (k) by itera-
tively minimizing the variance within each cluster.
In the context of anomaly detection, points that are
far from their nearest cluster centroid are flagged as
anomalies (Fig. 1).
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Fig. 1. K-means anomaly detection result
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For example, in network traffic analysis, k-means
can identify unusual data flow patterns, such as sig-
nificant, infrequent file transfers that deviate from
regular usage patterns. Another example is retail ana-
lytics, in which k-means can detect customers with
atypical purchasing behavior that may indicate fraud-
ulent transactions. It may look like k-means is simple
and efficient, but this method has notable limitations.
It assumes clusters are spherical and equally sized,
which may not hold for many real-world datasets.
Moreover, it is sensitive to the choice of k and initiali-
zation, which can lead to suboptimal clustering. Vari-
ants like k-means++ have been developed to improve
initialization to address these issues, while other clus-
tering techniques may be used for more complex data
structures.

The density-based clustering algorithm called
DBSCAN groups data points like the human eye. In
essence, the algorithm identifies dense regions of data
points as separated by sparser areas, and outliers, or
anomalies, are defined as low-density areas that are
not a part of any cluster. Clusters of different shapes
and sizes improve the application in geospatial
databases or industrial monitoring systems. Recent
research demonstrated its utility in environmental
applications, such as identifying anomalous weather
patterns [9]. Compared to k-means, DBSCAN excels
in detecting clusters of arbitrary shapes and automat-
ically determining the number of clusters, making it
adaptable for complex data distributions [10].

Hierarchical clustering builds a tree-like structure
(dendrogram) to represent nested groupings of data
points. There are two main approaches: agglomera-
tive clustering, which starts with each data point as
its cluster and merges them iteratively, and divisive
clustering, which begins with all data points in a sin-
gle cluster and splits them iteratively.

In anomaly detection, hierarchical clustering iden-
tifies outliers as points that either form clusters or
appear at distant branches of the dendrogram. The
method is particularly effective for visualizing clus-
ter relationships and detecting anomalies in small to
medium-sized datasets. The downside is the lack of
a definitive stopping criterion, which complicates
the process of determining the appropriate number
of clusters. The method of hierarchical clustering
assumes that each data point should be assigned to a
cluster, and in case of a high proportion of anomalies,
effectiveness declines.

Self-organizing maps (SOMs) are neural net-
work-based methods that project high-dimensional
data onto a low-dimensional grid while preserving
the topological structure of the data [11]. Points that
poorly fit the grid or significantly differ from their
neighbors are identified as anomalies. SOMs are
widely used for visualizing and analyzing complex
datasets, including genomic data and financial trans-
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actions. Recently, SOMs were integrated with deep
learning approaches, enhancing their scalability and
accuracy for detecting anomalies in large-scale and
intricate datasets.

Clustering methods face several challenges in
anomaly detection. As the number of dimensions
increases, distance becomes less meaningful, making
it harder to identify clusters or anomalies. Dimen-
sionality reduction techniques, such as PCA or
t-SNE, are often required to preprocess data. Meth-
ods like DBSCAN and k-means depend on parame-
ter choices (e.g., k, epsilon) that significantly impact
performance. Clustering methods can be sensitive to
noise in the dataset, mistaking noisy data points for
anomalies or distorting cluster formation.

Deep learning models represent a transformative
advancement in anomaly detection, offering unparal-
leled capabilities in handling complex, high-dimen-
sional, and unstructured data. These models leverage
the power of artificial neural networks to learn intri-
cate patterns and relationships within data, enabling
the identification of subtle anomalies that traditional
methods might overlook. The flexibility and scalabil-
ity of deep learning have positioned it as a key tool
for anomaly detection in diverse applications, from
image and video analysis to sequential data like time
series and text.

Autoencoders, a type of unsupervised neural net-
work, excel in encoding input data into a simplified
representation and subsequently reconstructing it. High
reconstruction error can be associated with anoma-
lous data instances outside the learned pattern. For
instance, autoencoders can help analysts study network
traffic by determining if there are some unusual data
exchanges that may be an indication that an intruder is
present. Autoencoders are suited to the task of work-
ing on higher-level representations of data types like
images, videos, or genomic datasets. Possessing such
enhanced features, the networks, in particular the var-
iational autoencoders VAEs who specialize in proba-
bilistic modeling, offer not only anomaly but detection
but also quantifying uncertainty [12].

LSTMSs, a form of recurrent neural network, are
adept at capturing long-term dependencies in sequen-
tial data, making them ideal for time-series analysis
to detect anomalies, such as abrupt or gradual devi-
ations in data patterns. In contexts like loT, LSTMs
can monitor sensor outputs to detect anomalies such
as unusual spikes in readings. In the financial sector,
these networks are invaluable for spotting atypical
trading patterns or fraudulent activities using histor-
ical data. However, LSTMs do demand significant
computational resources and are particularly sensi-
tive to the settings of their hyperparameters [13].

CNNgs, primarily utilized for spatial data interpre-
tation, have shown effectiveness in anomaly detection
within visual data by extracting and analyzing hierar-
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chical features. In healthcare, CNNs are instrumental
in identifying anomalies like tumors from MRI scans
or irregularities in X-ray images. In manufacturing,
they help in inspecting product images to detect flaws
such as scratches or misalignments. Extensions like
3D CNNs broaden their applicability to dynamic con-
texts like monitoring video feeds in surveillance or
traffic systems [14].

Generative Adversarial Networks (GANs) and
VAEs are generative models that have gained wide-
spread acceptance as tools for anomaly detection [15].
In a typical GAN, there exist two networks: the first
is referred to as the generative network, which gener-
ates the data, while the second is called the discrimi-
native network, which is used to classify the data into
either real or synthetic. This approach has been useful
in applications like computer security, where it can be
used to detect fraud or spot defects in products. VAEs
use deep learning neural networks and probabilistic
methods and are capable of making independence
and providing reconstruction alongside uncertainty
about the resulting reconstruction. They treat abnor-
mal signals as those that are highly unlikely to exist
within the distribution that is modeled.

GAN and VAE models are very effective in cap-
turing and modeling complex data but tend to be
unstable during training, requiring intricate designs
and careful parameter setting. As deep learning con-
tinues to mature, its application in anomaly detection
systems should also broaden, thus providing more
advanced solutions to complex detection problems.

To capitalize on the advantages of both approaches,
hybrid deep learning models combine deep learn-
ing architectures with conventional techniques. For
instance, when combined with statistical methods like
Z-score analysis, autoencoders can make anomaly
detection more effective by providing interpretable
scores and reconstruction errors. Similarly, temporal
patterns and density-based anomalies can be exam-
ined by combining LSTMs with clustering techniques
such as DBSCAN.

Hybrid approaches have proven effective in
domains where data complexity and variability
require multiple layers of analysis. For example, a
hybrid model might combine LSTM's temporal anal-
ysis with GANs in fraud detection to simulate stand-
ard transaction patterns [16].

One of the most significant advantages of deep
learning is that it excels at handling complex data-
sets, such as videos, images, and text, where tradi-
tional methods struggle. Also, neural networks can
be tailored to specific use cases, with architectures
and layers optimized for different data types and pat-
terns. Importantly, deep learning models automati-
cally learn relevant features, saving time and improv-
ing accuracy, unlike traditional methods that require
manual feature engineering.
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The feature of deep learning models is that they
require high computational power by themselves to
perform, which often includes not only CPUs but also
GPUs and memory. This combination makes it chal-
lenging to train and deploy them. Automatic feature
detection using deep learning models in a dataset can
also be ineffective because they are often criticized
as “black boxes”, making it difficult to explain why a
particular data point is classified as anomalous.

Future research in deep learning for anomaly
detection focuses on improving interpretability,
reducing data requirements through semi-supervised
or unsupervised learning, and enhancing the scala-
bility of models to handle massive datasets in real-
time. Advances in hybrid models and domain-specific
adaptations promise to expand the applicability and
effectiveness of deep learning in increasingly com-
plex and dynamic anomaly detection scenarios.

Hybrid and ensemble methods combine the
strengths of multiple machine-learning approaches to
achieve more robust and accurate anomaly detection.
These methods address the limitations of individual
techniques by integrating diverse algorithms or com-
bining different types of data representations, leading
to improved performance, generalization, and adapt-
ability across various domains.

Integration of clustering algorithms and neural
networks is a good practice. Clustering algorithms,
such as k-means or DBSCAN, can group data into
clusters to identify potential anomalies, while a neural
network, like an LSTM, analyzes sequential depend-
encies within the clusters. This approach is com-
monly used in time-series analysis, such as detecting
anomalies in [oT sensor data or energy consumption
patterns.

Hybrid models are often customized for specific
applications. For instance, in healthcare, clustering
methods might identify subgroups of patient records,
and a generative adversarial network (GAN) could
simulate normal patterns within these groups to high-
light unusual cases indicative of rare diseases [17].

Ensemble methods combine multiple models to
enhance accuracy, reduce overfitting, and increase
robustness. The two primary strategies in ensemble
learning are bagging and boosting, but their adapta-
tions for anomaly detection take on specialized forms:
isolation forests, voting and stacking, boosting-based
ensembles, and bagging ensembles for diversity.

Isolation Forests continue to be an effective ensem-
ble-based anomaly detection method, leveraging mul-
tiple decision trees to isolate data points swiftly. The
isolation forests method shines in high-dimensional
data contexts and maintains computational efficiency,
making it a top choice for real-time applications such
as fraud detection or intrusion monitoring [18].

Voting ensembles, which aggregate predictions
from a blend of statistical, clustering, and deep learn-
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ing models, are complemented by stacking ensembles.
These utilize a meta-model to optimize prediction com-
binations for enhanced anomaly detection accuracy.
For instance, stacking ensembles might integrate out-
puts from autoencoders, k-means, and Gaussian Mix-
ture Models (GMMs) to effectively pinpoint anomalies
in complex manufacturing processes [19].

Recent advancements in gradient boosting tech-
niques like XGBoost and LightGBM have spotlighted
their adaptability in anomaly detection, particularly
when dealing with imbalanced datasets where anom-
alies are infrequent. These methods excel by itera-
tively refining focus on hard-to-classify instances,
improving the identification of anomalies in contexts
such as product quality control [20].

Bagging methods remain robust, leveraging
multiple models, each trained on random data sub-
sets to increase noise and data variability tolerance.
Enhanced algorithms like Random Forests are exten-
sively applied in structured data anomaly detection
scenarios, including monitoring credit card transac-
tions or loan applications [21].

Hybrid and ensemble methods continue to evolve,
proving invaluable in overcoming individual method
limitations and achieving superior anomaly detection
accuracy. These methods aid in mitigating model
overfitting and reducing bias towards particular
algorithms or datasets. Ensemble methods like Iso-
lation Forests demonstrate impressive scalability
and effectiveness across diverse datasets and appli-
cation domains. Still, hybrid and ensemble methods
have challenges. Combining hybrid or ensemble sys-
tems can be computationally intensive and require
significant expertise. The combination of multiple
algorithms often results in harder to interpret sys-
tems, posing challenges in sensitive applications like
healthcare or finance. Hybrid systems require careful
tuning of parameters across different components to
achieve optimal performance.

Hybrid and ensemble methods are widely used in
cybersecurity, healthcare, manufacturing, and energy
sectors. In cybersecurity, advanced persistent threats
are detected by combining anomaly scores from clus-
tering, statistical analysis, and neural networks. Iden-
tifying rare diseases or adverse events in healthcare
can be performed by integrating patient clustering,
predictive models, and statistical anomaly scoring.
For manufacturing, monitoring industrial processes
can involve a combination of sensor data clustering
with neural network-based anomaly detection.

Enhancing automation, scalability, and interpret-
ability is key to the future of hybrid and ensemble
approaches in anomaly detection. To lessen the need
for human interaction, frameworks that automatically
choose and combine the best algorithms for a specific
dataset are being developed. The goal of explainable
Al (XAI) developments is to increase the interpreta-
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bility of ensemble and hybrid systems, guaranteeing
responsibility and confidence in crucial applications.

Furthermore, it is anticipated that combining
hybrid techniques with cutting-edge technologies
like edge computing and federated learning would
increase suitability in remote and resource-con-
strained settings. Hybrid and ensemble approaches
will continue to be essential in addressing dynamic
and increasingly complicated anomaly detection
problems by utilizing these developments.

Conclusions and prospects for further research.
The research was focused on theoretical approaches
to some of the machine learning methods that use
algorithms for the purpose of detecting anomalous
events. The interest in the research is in understand-
ing the basic ideas behind their design and construc-
tion, as well as their advantages and disadvantages.
The research includes a variety of clustering, statis-
tical, deep learning approaches, and hybrid/ensemble
methods, evaluating their effectiveness across various
domains and data types.

Statistical methods are used in the classification
of deviations. They apply probabilistic models and
outlier detection approaches to look for exceptional
instances in structured datasets. Clustering algorithms
provide insights into group-based anomaly detection.
They show effectiveness in unstructured or spatial
data scenarios, though they often demand meticu-
lous parameter tuning. Deep learning models, such as
autoencoders, LSTMs, and GANSs, show good results
in managing high-dimensional and complex datasets.
Yet, they face challenges such as high computational
demands and the necessity for large training datasets.
Hybrid and ensemble methods have the advantages
of multiple approaches to boost robustness and accu-
racy, mitigating the shortcomings of individual mod-
els and adapting effectively to dynamic and multifac-
eted anomaly detection tasks.

87

The study highlights the critical importance of choos-
ing suitable models based on the specific properties of
the data and the demands of the application domain.
Statistical methods serve well for preliminary anomaly
detection and quick assessment. In contrast, cluster-
ing techniques and deep learning models better detect
less evident patterns. Hybrid and ensemble approaches
provide a versatile solution, delivering flexibility and
enhanced performance across various scenarios.

The article highlights the common issues that can
be faced in the process of anomaly detection. Some of
them include interpretability, scalability, and the ability
to apply tired models across various domains. The the-
oretical findings of the topic provide a strong basis for
addressing relevant problems in this area in the future,
contributing to the advancement of model develop-
ment, algorithm combination, and practical use.

Future research directions in anomaly detection
should focus on developing methods that minimize
computational demands, improve model interpret-
ability, and adapt to changing data patterns. In this
regard, there seems to be a good chance of pur-
suing semi-supervised and unsupervised learning
approaches along with hybrid models and ensem-
ble techniques to address the existing problems. In
addition, the incorporation of emerging technologies
such as federated learning and edge computing into
the systems of anomaly detection may broaden their
scope of application to distributed and resource-con-
strained environments.

This research contributes to the understanding
of anomaly detection and its ability to address sig-
nificant scientific and practical issues in the fields
of industrial systems, cybersecurity, healthcare, and
finance. As a vital tool for spotting uncommon and
important events in more complicated data environ-
ments, machine learning-driven anomaly detection
will continue to develop thanks to the insights gained.
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Y cTarTi pO3MITHYTO OCOONMBOCTI OLIHKKM pPHU3MKIB KibepOesmeku B
iHpOpMaIiHO-KOMYHIKAaLIHHUX cucTeMax BilicbkoBoro mpusHadeHHs (IKC
BII) B ymoBax BiifHM, KOJIM HEMOXIHBO OLIHUTH MOTEHIHHI (hiHaHCOBI
BTpaTu BiA KiOeparak. 3ampormoOHOBAHO MATEMaTHYHYy MOJEIb OI[iHKH
pmsukiB kibepoesnexu B IKC BII, sxa 0a3yetbess Ha Metoni MonTte-Kapio
ta BpaxoBye crnenudiky IKC BII, Taky sik 0cOOTMBOCTI KOMOIHOBAaHHX aTak
3 BUKOPUCTAHHSAM KOHBEKIIIHOT Ta Kibep30poi B ymoBax riOpuaHoi BiltHH, Ta
HEMOJJIUBICTh OLIHUTHU MOTEHIIHHI (piHAHCOBI BTPATH BHACIIMIOK YCHILTHUAX
kibeparak. Po3poOneHo mareMaTW4Huil amapar Uit OILIHKH YacTOTH TOMiH
BTpar Ta yacy HerotoBHocTi IKC BII BHacmimok kiGeparak, 1o J103BOJISE
BpaxyBaTH HEBH3HAYCHICTh B OIIHKAX Ta BHUITAJKOBUN XapakTep KiOeparak.
VY crarTi NpoBeACHO JETANLHUI OTIISA]] HassBHUX KUTbKICHUX METOJIB OIIHKH
pU3HKiB KibepOe3mekw, Takux sK MeToj baecoBux Mepex, aHami3 JepeBa
arak, KinbkicHa ominka pu3ukiB (QRA) ta meron Monrte-Kapio. ITokaszano,
mo MeTon MonTe-Kapino Mae HU3Ky mepeBar y KOHTEKCTI OILIHKH PH3HKIB B
IKC BII, Takux Sk rHy4YKiCTh, MOKJIMBICTh BpaxyBaHHS HEBU3HAYCHOCTI, Ta
3[aTHICTh aJanTyBaTUCS 0 TUHAMIYHUX 3MiH y nanamadTi 3arpos. [Iposeneno
aHaJIi3 MOKJIMBOCTI BUKOPUCTAHHS Pi3HUX BUAIB CTATUCTUYHUX PO3IMOALIIB Y
nporeci MoieroBaHH MeTooM MoHTe-Kapio 1 HaBejeHO THUTIOBI clieHapii
iX 3acTocyBaHHsS A Yac TPOBEACHHS OIIHKHM PU3HKIB KibepOesmekw 3
ypaxyBaHHSAM iX HEIONIKiB i mepeBar. HaBemeno mpukiIaand 3acTOCYyBaHHS
po3pobieHoi Mojieni i pisHUX crieHapiiB kibepatak Ha IKC BII, Brirouaroun
DDoS-araku, (immHroBi araku, aTaku mporpaM-BuMaradiB ta APT-araku.
3anponoHOBaHUH MiAXix Moxe OyTH BUKOPHCTAHWHN JUISI IPUHHSTTS PilllCHb
o010 po3noainy pecypcis Ha kibep3axuct IKC BII B ymoBax Biitau. [Toganbiri
JOCITI/DKEHHS JTO3BOJIAITH aBTOMaTu3yBaTté ouiHKy pms3ukiB B IKC BII, mo
JIO3BOJIUTD 3/IMCHIOBATH MOJICIIOBAHHS 3arpo3 Yy pealbHOMY Yaci i MIBHUAKO
PpO3pOOIISITH MaKeTH KOHTP3aXO/IiB, SIKi 3HAYHO MMiBUIaTh cTikikicTs IKC BIT B
YMOBaXx BEJICHHS arpeCHBHOI BilfHU B KibepripocTopi.
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This article examines the specifics of cybersecurity risk assessment in military
information and communication systems (MICS) in wartime conditions,
where it is impossible to assess potential financial losses from cyberattacks.
A mathematical model for cybersecurity risk assessment in MICS is proposed,
based on the Monte Carlo method and considering the specifics of MICS, such
as the peculiarities of combined attacks using conventional and cyber weapons
in hybrid warfare, and the impossibility of assessing potential financial losses
resulting from successful cyberattacks. A mathematical apparatus has been
developed to assess the frequency of loss events and system downtime of MICS
due to cyberattacks, which allows accounting for uncertainty in estimates and
the random nature of cyberattacks. The article provides a detailed review of
existing quantitative methods for cybersecurity risk assessment, such as the
Bayesian network method, attack tree analysis, quantitative risk assessment
(QRA), and the Monte Carlo method. It is shown that the Monte Carlo method
has several advantages in the context of risk assessment in MICS, such as
flexibility, the ability to account for uncertainty, and the ability to adapt to
dynamic changes in the threat landscape. An analysis of the possibility of using
various types of statistical distributions in the Monte Carlo simulation process
is conducted, and typical scenarios for their application during cybersecurity
risk assessment are presented, considering their advantages and disadvantages.
Examples of applying the developed model to various scenarios of
cyberattacks on MICS are provided, including DDoS attacks, phishing attacks,
ransomware attacks, and APT attacks. The proposed approach can be used to
make decisions regarding the allocation of resources for the cybersecurity of
MICS in wartime. Further research will allow automating risk assessment in
MICS, which will enable real-time threat modeling and rapid development of
countermeasures, which will significantly increase the resilience of MICS in
the context of aggressive warfare in cyberspace.

Beryn. besnepepBri Ta 6araroBekTopHi Kibepa-
Takd, MO 3AIHCHIOITECA 3 2022 pOKy pOCIHCHKOIO
(eneparicro Ha iHQOpPMaIIHHO-KOMYHIKAIiiHI CcHC-
temu BilickkoBoro npusHadeHHs (IKC BII) Vkpa-
{HH, 3MYIIYIOTh MEPEerIsiiaTh yCTaJleHl MiAXOAu N0
OIIIHKY PU3HKIB KiOepOe3rneku, akTyal bHi IS MHUP-
HoTo Hacy. Sk Oyio 3a3Ha4yeHo B [1; 2], skicHI MeTo-
JIOJIOTI1 OIIHKM PH3WKIB KibepOesreku, Mo crupa-
IOTBCSI HA CYTO €KCIICPTHY OLIHKY, HE MOXYTb OyTH
ITOBHOIIIHHO 3aCTOCOBaHI Yy pa3i OI[IHKH PH3HKIB
IKC BII Ykpainu y 3B’s3Ky 3 YHIKQJIbHICTIO TIOTOY-
HOI cHTyarii Ta BiJICyTHICTIO BiJITOBIJIHOTO TOCBiAY
y ekcrnepriB. Hacammepesn cuTyallito BHpPI3HSAIOTH
Maike MOZCHHI CIIPOOM BMOTHBOBAHUX POCIHCHKOIO
(heneparticro KiOEpP3IOYHMHIIB 3MIHCHUTH BILTUB Ha
IKC BII Ykpainu, 1mo 103BOJWIO HAKOITUYWTH JIaHi
100 PO3MOJLTY 3yCHJIb Ta YacTOTH il KiGep3io-
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YUHINB Y CTATHCTUYHO 3HAYYIIMX KUTBKOCTSIX. Takoxk
MPOTHIiS TaKiii BHCOKI IHTEHCHBHOCTI KiOepaTak
norpedye MIBUAKOI ajanTallii 3aXucTy CHCTEMH 0
3MiH JaHmmadTy y KiOepmpocTopi, 0 CBOEI dYep-
TOI0 CTBOPIOE 3aIUT HA MEPErsii PU3HKIB Kibepoes-
Mekyu OyKBaJbHO y PEKMMI peanbHOTO Yacy. Bee 1e
CTBOPIOE CIPHUSATIMBI YMOBH JUIsl 3ACTOCYBaHHS caMe
KUIBKICHUX METOMOJIOTIA 1 BIAMOBIIHMUX METOMIB
MaTeMaTHYHOI CTaTUCTHKH ITiJ] Yac OILIHKH PHU3HKIB
kibepOesnekn IKC BII. IIpu npomy ciig Bpaxysaru,
0 B YMOBAax BeJIeHHS BiffHHM 1 iHTerparii kideparak
y 3aralibHy BIiHCHKOBY CTpaTeriro HEMOXXIUBO Ipa-
BIWIBHO OIIHUTHA NOTEHIIIWHUI HETaTUBHUNA E€KOHO-
MIYHHIA eeKT BiJ KidepaTakud BOpora, mio JIOCSTHE
YaCTKOBOTO a00 IIOBHOTO YCIiXy. Y TIONEPeIHbO
MIPOBEACHOMY OIS/l CyYaCHUX METOMOJIOTIH OIliHKA
pu3MKiB KibepOe3neku [2] Oysio BHSBIEHO, IIO TOITY-
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JISIpHI KUTBKICHI METOZOJOTii He JO03BOJISIFOTH 3a]10-
BUTHHUTH TIOTPEOW B OIIiHIII PHU3UKIB KiOepOe3nmeKn
IKC BII B ymoBax BemeHHS OOWOBUX miid. Y IHMX
YMOBaxX HEJOJIKOM PO3MISHYTUX KIJTbKICHUX METO-
JIOJIOTiH € Te, 10 BOHM OPi€HTOBaHI Ha OIIHKY Hera-
TUBHOTO €KOHOMIYHOTO €()eKTy BHACIIJOK YCITIITHOI
kibeparaky 3 METOIO IMiITPUMKH MPUUHATTS PIllICHHS
1010 PO3IIONITY HAsBHOTO (hiHAHCOBOTO pecypcy Ha
OpraHizamiro e(peKTHBHOTO KiOep3aXUCTy CHCTEMHU.
ToMy mocrae 3aBmaHHS aJanTyBaTH MaTeMaTHYHUH
arapar METOIWKH OIIHKU PH3HKIB KibepOesrmeku B
IKC BII Takum 4YHHOM, 11100 YNHHUKOM, SIKUH BIINBAE
Ha TPUHHATTSA PIllleHHs 3 PO3MONiLTY (iHAHCOBOTO
pecypcy Ha OpraHizamilo KiOep3aXxuCTy CHCTEMH,
Oyau HE TOTEHIIHWII HETaTUBHUN EKOHOMIYHUN
edekT, a IHMMHA TOKAa3HWK, HAPUKIAA, TMOTCHIIIN-
HUH 4ac HErOTOBHOCTI CHCTEMH, K IIe OyIlo 3ampo-
MMOHOBAHO y 3rasaHoMy orisidi. [IpoBenenunit ormsn
TaKOX JO03BOJIMB OIUCATH AJITOPUTM OIIHKH PH3HKIB
kibepOesnekn B IKC BII (ckopoueno AOPIKC-B),
10 33/I0OBOJIBHSIE O3BYYSHHUM BHIIE BUMOTaM, 1 TEIep
IIOCTAE 3aB/IaHHS HA OCHOBI IHOTO alTOPUTMY cop-
MyBaTH BiJTIOBITHUI MaTeMaTUYHUH arapar.

AHaJi3 oCTaHHIX JOcC/TifxkeHb i myOJikamii.
OcTaHHI ODISIIM METOJIIB OIIIHKK PH3HKIB KibepOes3-
niekd [3; 4; 5] BUAIISAIOTh YOTUPH OCHOBHHX TTi/IXOIN
JI0O CTBOPEHHS MAaTEeMaTHYHHUX MOJENeH, 10 SKHX
MOKHA BiJTHECTH BUKOPHUCTAHHS METOJIB Ha OCHOBI
BaecoBux mepex [6], anamizy nepesa atax [7], Kinb-
kicHoi ominku pusukiB (QRA) [8] Ta Monre-Kapio
[9]. Bubip KOHKpPETHOTO METOAY 3aJeKUTh BiJ
OCHOBHOTO 3aBJIaHHS OIlIHKA PH3HUKIB Ta 3aJICKUTh
BiJI KIHIIEBOT METH, 10 Ma€ OyTH JIOCSATHYTA B PE3yib-
Tari npoBeneHoro axaimizy. Crarts [6] mpucssiueHa
OISy METOJy aHaJi3y Ha OCHOBI bailecoBHX MepeK,
ABTOPH METOAY aKIEHTYIOTh YBary Ha IOpPIBHSHHI 3
MeTtoaoM MonTte-Kapio, mo mpornoHyeTbest B METO-
nonorii FAIR [10], i BOHU JOXOISTh BUCHOBKY, IO
CTBOpEHA HMMHU MOJEJb 3 BUKOpUCTaHHAM baecoBux
MEpeX BUIA€E PE3yJbTaTH, MOAIOHI 10 BUKOPHCTAHHS
Metony Monre-Kapio y 3aranbHuX BHIIAQJKaX, OJHAK
MeTouKa Ha 0cHOBI baecoBux mMepex gocsirae BUILOL
TOYHOCTI y BUIAJKaX, KOJIU PO3MOAIIN MalOTh JOB-
THH XBICT 200 KOJIM 9acTOTA MOJIii BTPAT Ta BEIMYHHA
BTpaT MalOTh PO3MOXALIH, BiAMIHHI Bifl TPUKYTHHX,
SIKi BUKOPUCTOBYIOThCS B TpaauiliiHii monem FAIR.
Hanpuxian, yacrora monii BTpaT MOXe CiilyBaTH
JIOTHOPMAIILHOMY PO3MOALTY a0o posmosiiny Beiioy-
Jula, a BEJIMYMHA BTPAT MOXKE CJiyBaTH TraMMa-po3-
nozainy. Omisg METOAIIB aHai3y AepeBa arak [7] pos-
KpHBAa€ OCHOBHI IEpeBaru LbOTO METOMY, A0 SIKUX
MOXKHA BiIHECTH Hacamrepe[ iX HaO4HICTh, MO3asK
BOHM JIAIOTh YiTKE Bi3yasJbHE YSBJICHHS HPO IOTEH-
LifHI 3arpo3M Ta iX B3a€EMO3B’SI3KM Ta MOMKIJIHBICTD
BH3HAYUTH HAWOLIBII KPUTHUYHI 3arpo3u 1 30cepe-
JIUTU pecypcH Ha iX ycyHenHi. [lpu npomy ciin Bin-
3HAUUTH, IO JIEpPeBa arak MOXYTh OyTH CcyO’€KTHB-
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HUMHU Ta 3aJICKATH Bijl 3HAHb Ta JOCBily €KCIEPTIB,
Hee(EKTUBHUMHU ISl aHaJi3y CKIaJHUX CHCTEM 3
BEJIMKOIO KUIBKICTIO B3a€MOIIOB’SI3aHUX KOMITOHEH-
TiB 1 HE BpaxoByBaTu JMHAMIUYHUX 3MiH y 3arposax
Ta BpasnuBocTiIX. Omucanuil y poboti [8] merox
KibKicHOT oninku pusukiB (QRA) BuropuctoBye
aHaJi3 clueHapiiB pU3HKy JJIsl BU3SHAYEHHsI HMOBIPHO-
CTi Ta BIUIMBY HeOaxaHux nofii. [Ipu mpomy QRA
BPAaxoOBY€E IIUPOKUH CIEKTP (aKToOpiB, BKIIOYAIOYH
3arpo3u, BpPa3IUBOCTI Ta BIUIUB Ta HAJa€ CTPYKTY-
pOBaHMIA Ipollec Ul OLIHKKA PHU3HKIB, 0 3a0e3re-
qy€ MOCIIIOBHICTh Ta MOBHOTY. [ 0IOBHUMU Henodi-
kaMu QRA € cy0’€KTUBHICTbD, SIKa ITOB’sI3aHa 3 THM,
IO METOJ| CIUPAETbCA HA EKCIEPTHI CYKEHHS Ta
HOro OOMEXEHICTh JOCTYIHICTIO JaHUX, 0COOINBO
JUIs HOBHX a0o He3BHYalHUX 3arpo3. [lomymsipHa
metononoris FAIR [10], sxka € OCHOBOI JESKHX
CTaHJApTIB OLIHKHK PHU3MUKiB KiOepOesmeku [11], sk
MaTeMaTHYHUH 1HCTPYMEHT BHUKOPUCTOBYE METOX
Monte-Kapno, sxuii Mae 31aTHICTH OOpOONATH
CKJIaJHI CHCTEMH 1 3aJIeKHOCTI Ta Ja€ MOXJIUBICTD
BpaxoByBaTH HEBU3HAYCHICTh Ta BUIIAJKOBICTb, aje
npy LBOMY HOTpe6ye BEJIMKOI KiIBKOCTI AaHUX JUIs
TOYHUX pe3yJ'IBTaT1B 1 MOXe OyTH CKJIaJHUM y peai-
3awii Ta iHTepnpeTarii.

Meta cTarTi — po3poOKa MaTeMaTWYHOTO ara-
pary OLiHKM pHU3MKIB KibepOe3neku B iH(popmamiii-
HO-KOMYHIKallilHUX CHCTEeMax BiMCHKOBOTO TIpH-
3HAUEHHS. 3 IOCIiJOBHICTIO KPOKIiB, OIMCAHOIO B
anropuTMi ouiHKK pu3MKiB KibepOesneku B IKC BII
[2]. ITpu upomy Mae OyTu BpaxoBano cnenudiky IKC
BII, ocobGauBocTi TiOpUAHOT BifHU, HEMOXIIUBICThH
OIIIHUTH TOTEHIilHI (hiHAHCOBI BTpaTH BHACIIJIOK
yCHiIIHUX Kibeparak.

Bubip metony ominkm pusukiB B IKC BII.
OOrpyHTyBaHHSI BUOOPY METOAY IOYHEMO 3 MPOBE-
JICHHS TIOPiBHSJIBHOTO aHajli3y TepepaxoBaHUX BHIIE
YOTHPHOX METOJIB KiJIbKICHOI OLIIHKH PU3UKIB KiOep-
Oe3neku, a came MeTolliB baecoBux mepex, aHamizy
JiepeBa arak, KiIbKicHOI ominku pusukiB (QRA) ta
Mownre-Kapio B KOHTEKCTI iX MOTEHIIITHOTO 3acTo-
cyBaHHA mij yac ouinky pusukis B IKC BII.

ITepmmii merton st posmany meron baeco-
BUX Mepex. ABTOpH poOOTH [6] po3MIsnaloTh HOTo
SIK IOCHIJOBHICTE IiH, sIKa OMKMCaHa B METOJ0JIO-
rii FAIR. Born 3a3Ha4aroTh, 10 OIliHKA PHU3HUKY 32
nmoromoroto Moneni FAIR Bkirouae nBi mpouenypw,
110 1OTpPeOyIOTh 3aCTOCYBaHHs allapary MaTeMaTud-
HOI CTaTUCTUKH, LI¢ OLiHKAa YacTOTH MOl BTpar Ta
arperyBaHHsl BEJIMYUH BTPAT 3 BUKOPUCTAHHSIM OLi-
HEHHMX YacTOT JUIl OOYMCIICHHS 3arajbHOrO 30UTKY
[6]. Ha mepriomy kporii mporieaypy OIiHKYA YaCTOTH
MOJIi BTpar y mi poOOTi MPONOHYEThCS 3IHCHATH
po30ynoBy baecoBoi Mepexi, sika € OpiEHTOBaHUM
AIUKIIYHIM TpadoM Ta ABIsiE cO0010 (haKTOPHU3AILII0
CITBHOTO PO3MOALTY WMOBIPHOCTEH 1 CKIIaaeThCs
3 By3IiB (TIpEICTaBISIOTh 3MiHHI) Ta IyT (TIPeCcTaB-
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JISFOTh TIPUYUHHO-HACITIIKOBI HMOBIPHICHI 3B’SI3KH 3
HMOBIPHICHUMH BaraMmu, 3MOJE/IbOBAaHUMH 32 JOTO-
MOTOI) CTAaTUCTHYHHUX JETePMIHOBAaHUX (DyHKITiH).
VY baecoBiii Mepexi KOK€H By30JI Ma€ TOB’S3aHy
Tabnuiio iMoBipHOCTel P (X, v pa(X,)), AKka Hazu-
Ba€ThCSl TAOIUIICI0 YMOBHOI MMOBIPHOCTI 3MiHHHX
X, 3 ypaxyBaHHSM HOTO OaThKiBCHKHX 3MIHHHUX
pa(X,) Ta BU3Ha4a€ HMOBIPHICTH KOKHOTO CTaHy
By3JIa 32 YMOBH BCiX MOXKJIMBHX KOMOiHAIi CTaHIB
rioro 6arpKiBChkUX By3MiB [13]. [Ipu oMy utst KOXK-
HOTO By371 X, 6e3 6aThKiB TAOMHUII SBIISIE COOOTO Tpa-
HUYHANA PO3MOJILT I/IMOBlpHOCTEI/I X, P(X;). Sxumo
YMOBHO 3B&KHTH 3B’SI30K MiXK 3MIHHMMH HE3aJIEK-
HUMH y baecoiii Mepesi, TO C1abKi 3B’A3KH MOKHA
TPE/ICTAaBATH BlI[CYTHlCTI-O JIyT Ta 3HAYHO CIIPOCTUTH
CHUIBHUH PO3MOAIT HMOBIPHOCTEH, NPEICTABUBIIN
Horo 3a momomorow no0yTky. Kpim Toro, moxkHa
OTpUMAaTH rpaHI/IqHI/IP”I po3momin ,uoqipHLo'i 3MiHHO'1'
crniibHOMY posmnozini. LI nmpumyiieHHs 103BONMIN
aBTOpaM poOotu [6] BuBecTH Taky (Gopmyiy 00’en-
HaHOTO po3MoiTy B baecoBiii mepexi:

:ljp(x,. vpa(X,), (1)

e P(X,) — rpaHM4YHUI pO3MOAIT MMOBIPHOCTE,
n — Oyme-ske wmciio Big O 10 BepxHBbOi Mexki N, a
P(X,v pa(X,)) — Tabmans ymoBHOI HMOBipHOCTI
3MIHHUX X, 3 ypaxyBaHHSM HOro OaThbKiBCHKHX
3MIHHUX pa (X;).

[Ipu IbOMYy pO3paxyHOK pO3IOALTY BTpaT L, Bif-
OyBa€eThCS 3a TPHITYIICHHS, IO 3a MEBHUH Tepiof
TIOMisI BTpaT MOXKE CTaTHCS N pasiB, Je N — OyIab-sKe
gqucio Bix 0 10 BepXHBOi Mexi N, 151 Iofist Mae ik-
COBaHMK PO3MOIII BENMWYMHM BTpar LM,. 3a mux
MIPUITYIIIEHh OCHOBHUU PO3MOIII MOXHA OOYHCITUTH
3a JIOTIOMOTOF0 N-KPaTHOI 3TOPTKU:

P(X,,... X,

L =P(0)LP +P(1)LP +..+ P(N)LP,  (2)

ae LP, —n-KpaTHUHI PO3MOALI BEIMYMHY BTpaT LM,
LR =0,aLP,=LP_+LM, nna n Bix 1 no N Ta
P(n), mo € WMOBIpHICTIO JJI1 YacTOTH TOAIl BTpar
F,=n.

Taxuit miaxim 703BOJISE THYYKO BUKOPHCTOBYBATH
pi3HI PO3MOMIIN TSI ONMMCAHHS TOMIA BTpaT 1 Mia-
Ouparu 3 HUX TOH, IO HAMKpaIle OMUCye peanbHU
CTaH peyeil.

3arajpHi BTpaTl L, OMHUCYIOTHCS HUISXOM arpe-
TYBaHHS PU3HKIB Ta iX arperoBaHoi 4acTOTH:

L, = RA,(F, LM, LM,), (3)

puUs?

ne F,,, —arperoBaHa dacTtoTta BTpat,a LM, ta LM, —
BEJIMYUHH BTpaT.

ABTopH po0oTH [6] IPOIIOHYIOTH CIIPOCTUTH I[FO
3aJIeKHICTB 10 POPMYIIN N-KPaTHOT 3TOPTKH:

L3 Sp(E,

n=0.m=0

F)x(LP,+LS, )} 4)
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ne LP, — n-KpaTHWH PO3MOALI BETUYMHM BTpar LM,
LP =0,aLP,=LP_ +LM, nna n Bix 1 mo N Ta
P(n), mo € WMOBIpHICTIO JUIA 4acTOTH TOJil BTpaT
F,=n, LS, —N-KpaTHUH PO3MOMLI BEIMYMHH BTPAT
LM, ne LS,=0,alLS, =1LS, +LM, 6 nng m Big 1
mo n Ta P(n), a dyukuia P(F,, F) € 06’enHanom0
YaCTOTO BTpAT JUIA MOMAIA N Ta M 3 WMOBIPHICTIO
F,=nTa F,=m.

3araneHuil BUTISLA baecoBoi mepeki st arpe-
rarmii pu3MKiB IpeacTaBiIcHU Ha puc. 1 [6]. Hase-
neHi baecoBi Mepexi MOMETIOIOTh CTaTUYHI 3B’ SI3KU
MDK TIONISIMH, TIPY IIBOMY aJamTallifo MOJENTI Tpo-
MTOHYETHCS MPOBOIUTH IIUIAXOM PO3IMIUPEHHS Ta/abo
3aMiHU BY3JIIB y MOOyIOBaHI Mepeski, mob 3abe3re-
YUTH OLTBITY THYYKICTb.

[limcymoByroun ckazane 1o MeTony baecoBux
MEpeX, CIiJl 3a3HAYUTH, IO B KOHTEKCTI 3aBIaHHSI
omiaku pu3ukiB B IKC BII mepeBarn merony moB’s-
3aHi 13 MOYKJIMBICTIO BHKOPHUCTAHHS PI3HUX PO3IIO-
IJTIB JUIT ONTMCAHHS YaCTOTH ITOMIA BTpAT 1 HiBEJIO-
FOTBCSI CTATHYHICTIO 3B SI3KIB Y MOOYIOBaHi MOmei,
JIe aJanTaiis i1 HOB1 BUSBJICHI 3aJIe)KHOCTI BUMarae
3yCHIIb €KCTIEPTiB — JIIOICH, TTOB’ I3aHUX 13 TIepeOymo-
Boio baecoBoi Mepexki Ta ii aganramiero. Li 3ycumns
3HAYHO YCKJIAIHIOIOTH BUKOPHCTAHHS MOJENI, IO
B yYMOBax BHCOKOi IHTEHCHBHOCTI Ki0Oeparak Ha
IKC-BII moxe mpu3BeCTH 10 HEOOTPYyHTOBAHOTO
HaBaHTAKEHHS Ha 3aTy4eHUX EKCIEPTiB, SKE OB’ -
3aHe 13 HeOOXiAHICTIO MMOCTIMHOT afanTarii MoJeti.

Hacrtymawmii MeTon, a caMme MeTo aHai3y JepeBa
aTak, JeTadbHO OmMUcaHUi y poboti [7]. Lleit meToxn
nependadae CTBOPEHHS NEPEBOMOMIOHOI CTPYKTYPH,
sIKa Bi0Opakae MOXKIIMBI MIUISIXW aTaKd Ha CHCTEMY.
[TocimoBHICTH [iff CTOPOHH, IO aTAKY€, OMMUCYETHCS
3a JIOTIOMOTOIO JIAHIIOTa 3HUIICHHS, PO3POOIEHOTO
kommaniero Lockheed Matrin [12]. KinbkicHi mokas-
HUKH OIIIHIOIOTHCS 32 JTOTIOMOTOIO0 MAaTpPHIIl OIliHKH
PHU3HKIB — BI3yaJIbHOTO 1HCTPYMEHTY, SIKHI BimoOpa-
Ka€ TIOTEHITIHHI PU3HUKH, 1110 BILTUBAIOTH HAa CHCTEMY
(Tabmurs 1).

Marpuns OWiHKH PW3WKYy BH3HA4Ya€ pPH3UK Ha
OCHOBI JIBOX TIEPECIYHUX CJIIEMEHTIB: WMOBIPHOCTI
TOTO, IO TIOTisT PU3UKY (aTaka) BimOyaeThCs, 1 TOTCH-
MIHHOT TSHKKOCTI ITKOIH, SIKY TIOZISl PH3WUKY 3aBIA€
crcTeMi. 3aJIeKHO BiJl IMOBIPHOCTI aTaK! Ta TSHKKOCTI
aTakd PU3WK aTakh MOXKHA KJIacH(iKyBaTH SK HHU3b-
KWH, cepenHiil i BUCOKUH, SK T TIoka3aHo y Taomwii
1, abo Ha OULTBII METaTHPHOMY PIBHI 3aJICKHO Bif
BHMOT KOHKPETHOTO aHaIi3y PU3HKY. Y K JOCIII-
HUIBKIH poOOTI BHKOPUCTOBYIOTH MATPHITIO OIIHKH
PU3UKY Ta TaKe piBHSHHS:

Pusuk = MmogipuicTs X CTyTiHb, ®)

Jie OTpuMaHmii Pu3nk Mmoxke OyTH HU3BKH, cepei-
Hili a6o Bucokui, CTymiHb aTaku — HU3bKUH, CEpe-
Hili Ta BUCOKUH, a IMOBIpHICTb BiZIIIOBITHO — HU3bKA,
CEepe/IHs Ta BUCOKA.
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(e)

Puc. 1 baecoBa mepexka, 110 LIIOCTPY€E npouec arperauii pu3uKis

Tabmums 1

Marpuust OiHKU PU3HKY

MmosipricTs aTakn

CrynmiHb aTaku
y Husbka

Bucoxwuii Pusnk cepenniit

Cepenniii

Huzbxmii

ABTOpamu po6oTH [ 7] MPONOHYETHCS MPOBEACHHS
aHaiizy mNoOyIOBaHOTO JepeBa aTak 3IiHCHIOBATH
TAaKUM YHHOM, 100 aKLEHTYBaTH yBary Ha THX eJie-
MEHTax, sIKi MaroTb HaHOIIbII BUCOKI pusuku. Llei
METOJl Ma€ Taki MepeBard, sK HaOYHICTb, MPOCTOTA
BUKOPHCTAHHS, SKa JIOTIOMAara€ BU3HAYUTH KPUTHYHI
TOYKH BPa3JIMBOCTI, aJie B KOHTEKCTI 3aBIaHHS OL[IHKH
pusukie B IKC BII kito4oBUM HEIOIIKOM I[HOTO
METOJly € Te, IO LSl MO/ HE BPaXOBY€E BC1 MOXKIIHBI
(bakTOpHU Ta MOBHICTIO 3aJICKUTH Bifl JJOCBIY 1 KOM-
METEHTHOCTI 3allpolIeHNX eKcIepTiB. Bukopucranus
PO3IISIHYTOT MOJIENi IBHO HE JI03BOJISIE BPaxOBYBaTH
HAKOIMYCHI CTATHCTUYHI JIaHi Moo KidepaTak.

Merton kinekicHoi ominku prsukiB (QRA) mpen-
crapienuii y BuDsiml TokymeHTa NATO Sciences and
Technology Organization MP-IST-166 [§], o aeransHo
onucye BimmoBinHy npoueaypy. OLIHKH PHU3HUKIB Bil-
OyBatoThcsi 3a jnormomMororo marpuili QRA  (tabmuiis
2). Pusuk, noB’si3aHul 3 HeOAXKAHOO TOIIER0, € HACIIT-
KOM CEpHO3HOCTI Mofii Ta HMOBIPHOCTI 1i BUHUKHEHHSI,
npu upomy Marpuisi QRA cTBOpeHa Ha OCHOBI Biid-
cekoBoro cranzapty CLLA, po3podnenoro B Jloc-Ana-
Mocbkiii  Harionanehiii  maboparopii, U.S.MIL-STD
882e [13], Ta BUKOPHCTOBYEThCS I PO3PAXYHKY peid-
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Pusuk cepenniit

Cepennst

Pusuk cepenniit

THHTY PH3HUKY 3BXKEHHM criocodoM. Kareropii cepiios-
HOCTI HeOa)XKaHUX TOJIil MpecTaBieHl B Tadmmii 2 Ta
Kareropii HMOBIpHOCTI HeOaKaHOT MOJIIT Mpe/ICTaBIICHI B
TabmuIi 3 pa3oM i3 MaTPUIEIO OLIHKH PH3UKIB (TaAOMHILS
4) € craHAAPTU30BAHUM PEUTHHTOM, SIKHI XapaKTepusye
CHCTEMY OL[HKH PU3HKY Y (opMari, sIKWii BUMarac reB-
HUX YIPABIIHCHKUX JiH Il KOHTPOJIIO PU3UKY (IIpe-
cTaBJIeHMi piBHAMH 1—4 y Ta0mmi 4).

Cranpmaptr mepenbavae pi3HI BapiaHTH yIpaBiliH-
CBKMX il JUIsi JICIKUX BHIIAJKIB, KOJM MMOBIPHICTh
BUHUKHEHHS HE Oy/Ie OI[IHIOBaTUCS SIK YacTa, a MOTeH-
IifiHA CepPIO3HICTh HEOAKAHKX TIOJIIM BUMarae BKUTTS
JU Jyist MiHIMIzaIi pusuky. HaBeeHi B MaTpuili OI[iHKA
PHBUKY 3Ha4eHHS MOXYTh OyTH BHUKOPHCTaHi ITiJl 4ac
NPUHAHSTTS PIICHHS MIOJ0 TOTO, YH CIIiJI YCYHYTH UM
KOHTPOJIFOBATH OKPEMI BPa3JIMBi MiCIIs, 00 3MEHIIUTH
BUHHUKHCHHSI KOHKPETHOI HeOakaHOl TOJil, 4 CJIiJ
TIPUIHATH OB’ sI3aHUI 13 1M pu3uK. Hanpukia, skiio
HeOakaHil Mol «BTpaTa KPUTHYHO BaYKIIMBOI CEKpET-
HOI 1H(OpMaIliD» OylI0 MPUCBOEHO KATErOPit0 PU3UKY
zaxucty Ta 6e3nexu (SSRC) IC (naiiBuimii piBeHb cep-
HO3HOCTI, BUTIAJKOBA MMOBIPHICT) Ta 1HJEKC PH3HKY
ta Oe3neku (SSRI) 1, 1m0 BUMarae ynpasiiHHS i JU1s
3HIDKEHHS PU3UKY JI0 HACTYITHOTO HIDKYOTO PiBHSL.
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Taomug 2
Kareropii cepiiozHocTi HeOaxkaHUX noaii

PiBeHb XapaKTepUCTHKH CTYIICHSI

1 Brpara sxutTs1, Brpara BaxiMBoi KoH(iAeHIIITHOT
iH(popMaIlii, BTpara KpUTHYHHUX aKTHBIB, 3HAYHE
MOTIpIICHHS MiCii, BTpaTa CHCTEMH.

11 Tspkki TpaBMU IpaniBHUKA abo iHIIOT 0coOu, BTpara
koHpineHiHoT iHpopMmarii Ta pizuaHoro obnas-
HaHHS, 10 € Pe3yIBTaTOM HEIOMIYE€HOTO OCTYILY,
HETPUHHATHAX 3aTPUMOK Micii, HePUHHATHOTO
30010 CHCTEMH Ta OTEparii.

111 Hesnauna TpaBma, sika He BUMarae rocrmiTaizarii,
HEBHSIBIICHE a00 HEBYACHO BUSIBIICHE HECAHKIIIOHO-
BaHE MPOHUKHEHH, 10 MPU3BEIO 0 0OMENKEHOTO
JIOCTYITY 0 aKTUBIB a00 KOH(]iAeHIIHUX MaTepia-
JIiB, BIICYTHICTb MOTIPIICHHS 3aBIAHHS, HE3HAYHHUI
30iif cCTeMH Ta 3pUB ONepariii.

I\Y MeH1iie HiXk He3HAYHE YITKOIDKCHHS, HEBHSBICHE 00
HEBYACHO BUSIBJICHE HECAHKIIIOHOBAHE TIPOHUKHEHHS
0e3 BTpaTH akTUBIB a00 TOCTYIY 40 KOH(1IEHIIITHUX
marepiaiis, 6e3 3001B y cucTeMi 4i poOoTi.

Tabmumsa 3
Kareropii iimoBipHocTi He0a:kaHolI moii
vKaT?l“OplSl . PiBenn Onuc nmoaii
iiMoBipHOCTI
A Yacro MOKITHABICT TOBTOPEHHS
IHUMAEHTIB
B MoxJiuBo MOKITHUBICTb 130JIbOBAHUX
IHIMJIEHTIB
C Bumnankoso MOKITHBICTD TPAITUTUCS
KOJIU-HEOYIb
D Pinxicuuii MOKITHBO HIKOJIU HE BiOY-
JIEThCS
E HeiimoBipHmii [IpakTuHO HEMOXKIIMBA

ToMy, MpUITyCKalO4M MPaBWIBHY OIIHKY, HE0O-
XiJIHO BXKHUTHU 3aXOJIiB JIJISl YCYHEHHS a00 KOHTPOIIO
PHU3HKY, TIOB’S3aHOTO 3 M€ TOiet0. [HIm pusmkwy,
SIKI TIAMAJAr0Th IMiJ] I[F0 KaTeropiro, MPEJICTaBICHI B
1A, 1B, IC, IIA, IIB i IITIA. YacTo cimijg TakoK BXKUBATH
3aXOJIiB JJIs MiHIMI3aIil pU3UKy HeOaKaHUX MOMIH 13
3HaueHHAMHU SSRC2. Pusukn niei kareropii Bkitoya-
toth 1D, IIC, 1ID, I1IB Ta IIIC. Taki pu3uku Bumara-
FOTh KOPHUT'YBaJIbHUX JIild, X04a Mepen0adacThCs meB-
HUI po3cyn KepiBHUITBA [8].

Po3rmnsiHyTHII METON KiJIbKICHOT OLIHKM PHU3HKIB
(QRA) cxoxxuii Ha METOZI aHAITI3Y IepeBa aTak 3 BUKO-

PHUCTAaHHSIM MaTPHLl OLIHKY PU3UKIB [ BU3HAYCHHS
CTYIIEHSI PU3UKY. MaTpulls Mae OUTBITY JIeTai3allio
1 IBHO mependadeHi ynpaBIiHCHKI i IS KOXKHOTO
piBHS pHU3WKY, allé B KOHTEKCTi 3aBIaHHS OI[IHKA
pusukiB B IKC BIl Hemomiku metony Ti cami, mio i
IUIs TIonepeHbporo meroxny. Llel Mmeron He ae MOX-
JMBOCTI BUKOPUCTATH HAKOIMYEHI CTAaTUCTUYHI JaHi
o710 Kibeparak i OBHICTIO 3aJIEKUTH BiJl JJOCBIAY 1
KOMIIETEHTHOCTI 3aTy4e€HUX AJIsl OLIHKU €KCIIEPTiB.

Meton MonTe-Kapio juis oriHky pu3ukiB Kidep-
0e3neKrn BUKOPHUCTOBYE CTATUCTHYHI JIaHi Ta WMO-
BIpHICHI pO3MOJIIN IS pO3PaxyHKy WMOBIPHOCTI Ta
BEJINYMHU BTPAT, 1[0 J03BOJISIE 32 JOMOMOIOI0 Mare-
MaTHYHOTO amapary IOpPiBHIOBATH pi3HI CIeHapii i
CTBOPIOBATH MPOTHO3M BTpAT, NpH LbOMY MiaOupa-
I0YHM ONTHUMANBHY cTpareriro mpotumii [9]. Tonos-
HOIO TIEPEeBarol0 METOAY € 3IIaTHICTh 00poOIaTH
CKJIaJHI CHCTEMHU Ta BpPAaXOBYBAaTH HEBU3HAYCHICTb.
[Tpn oMy MaTeMaTHYHHUH anapar METOAY J03BOJISE
MOKpAIlyBaTH Pe3yJIbTaTH MPOTHO3IB 13 HAKOIUYCH-
HSIM peallbHUX JaHUX IIOJO aTak, II0 € KPUTHYHO
BOXJIMBUM Y KOHTEKCTI IIOCTAaBJICHOIO 3aBIaHHS.
Henomikom meromy Monte-Kapno MoxHa Ha3Baru
BUCOKI BHUMOTH JI0 OOUYHCIIOBAIBHUX PECypCiB, a
TAKOXX CKJIAJHICTh IHTEpIpeTalii pe3yabrariB.

Ha i posmisiHyTHX MeroniB baecoBux mepex,
aHaJi3y JepeBa arak Ta KiIbKICHOI OLIHKH PU3HKIB
BUKOpHUCTaHHS MeTony MonTte-Kapino mMoxHa BBa-
JKaTh HaMOLIbII JOIUIBHUM Y KOHTEKCTI TIOCTaBIe-
HOro B Wil po0oTi 3aBpanHHs oniHku pu3ukiB B IKC
BII. Tax mMeTonu aHamizy JepeBa aTrak Ta KiIbKiCHOI
OLIHKM PH3HKIB HE J03BOJSIIOTH 3alisiTH HAKOIIHU-
YeHi CTAaTUCTUYHI J]aHi Ta OPIEHTOBaHI HA EKCIIEPTHY
OLIIHKY, 1[0 POOUTH X IyXe 3aJIeKHUMH Bif Cy0’€K-
TUBHOI JYMKH €KCIEpTiB, a 3 OIIsiAy Ha Oesmpere-
JeHTHUM MacmrTad arpecii pociiicbkoi Qeneparii
B Kibepmnpoctopi, cnpsimoBanuii npotu IKC BII
VKpaiHnu, Taka 3aJ1eXHICTh METOMIB BiJl EKCIEPTHUX
OLIIHOK He /03BOJsie e(peKTUBHO iX 3acCTOCyBaTu B
YMOBax, L0 PO3MIAJAIOTHECS. [0JOBHUM HEIOiKOM
Mmerony baecoBux mMepex € HeoOXigHICTh mepedyno-
BYBaTH MEPEKY 3 OTPUMAaHHIM HOBOTO JI0CBiny Kibe-
parak, KMl He BKJIAAA€ThCs B MOOYIOBaHY paHilie
Mozenb. SIK Mmokasye JOCBig MPOTHIIT Kibeparakam
pd 3 2022 poky, Taki momii TPaMISIOTBCS JOBOIMI
9acTo (10 ACKUIBKOX pa3iB Ha PiK), BPaXOBYIOUH TPY-
JIOMICTKICTh Tpoliecy nepedynoBu baecoBoi mepexi,

Tab6mums 4

Matpuus ouinku puszuky (SSRC)
Kareropii cepiio- Kareropii iimoBipHocTi

oeri (B) ©) (D) (E)

Mo:kuBO Bunajakoso Pinxicumii Heiimo-BipHuii

| 1E

Il IE

1l IIE
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IIe HIBEIIOE TIepeBaru MeToy, TIOB’s3aHi i3 Kpamnum
MMPOTHO3YBAHHAM 32 JCSIKUX CHEIU(IYHUX BHIIB
pO3MoALTy BXiHUX JaHUX. MareMaTHdHHWN arapar
metony MonTe-Kapiio Oyae po3misiHyTO B HACTYITHUX
po3ninax y mpoIleci ajanTarii MeTomy Imijx moTpedu
3apranHs orinku pu3ukiB B IKC BII Ha 6a3i Bxke po3-
pOOJIEHOTO AITOPUTMY OLIIHKH PU3HKIB KibepOesrnekn
AOPIKC-B [2].

Metoguka  gociikeHHsl.  MeTOROJIOTIYHOO
OCHOBOIO I160T0 JOCHIIDKEHHSA € CUCTEMHUNA HiAXia 00
aHaizy npobieM KidepOesrneku, 110 J03BOIISE PO3IIIs-
matu IKC BII sk cxmamHi 00’€kTH, Mo (QyHKITIOHYIOTH
B YMOBax TiOpuaHOi BIHH 13 ITUPOKOMACIITAOHUM
3aCTOCYBaHHSM TPOTHBHUKOM 3acO0iB KiOEpBIHBY B
YMOBH BUCOKOI IHTEHCUBHOCTI Takux [ii. J{ms mocsr-
HEHHSl TIOCTaBIIEHOI MeTH Oyny BHKOPHCTaHI aHali3
JTEpaTypHUX JDKEPENl Ta HOPMAaTHBHHX JOKYMEHTIB 3
MUTaHb KiOepOe3NeKH, OIIHKMA PU3HKIB Ta YIPABIiHHS
iH(pOpMaIIiitHOI0 Oe3MeKO0, BKIIIOYAIOYHM CTaHIapTH
ISO/IEC 27000, NIST, MP-IST-166 Tta inmi, nopis-
HUTGHUI aHaJIi3 HASBHUX METOMIB KUIBKICHOI OILIHKH
pU3HKIB KiOepOe3rekn, Takux SK Meroau baecoBhx
MEpEeXK, aHai3y JIepeBa aTak, KUTbKICHOI OIIHKH PU3H-
kiB (QRA) Ta MonTe-Kapiio, 3 MeToro BUSBICHHS iXHIX
repeBar Ta HENONIKIB Y KOHTEKCTI OIIHKH PH3HKIB
KiOepOe3Irekn y crcTeMax BiliCHKOBOTO TPH3HAYEHHS,
MaTeMaTHYHEe MOJICITIOBAHHS MPOLECIB OLIHKH PU3HKIB
32 METOZIB MaTeMaTUYHOI CTATUCTHKH. 32 PE3yJIbTaToM
3aCTOCYBaHHS BKa3aHUX METOJIB Oyia 31iliCHeHa Marte-
MaTUYHa MOJIETIh OIIIHKK PHU3UKIB KiOepOe3reKy, aar-
TOBaHa JI0 crenudiku iH(GOpMAaIiHHO-KOMYHIKAI[IIHHIX
CHCTEM BIiICHKOBOTO MPU3HAYEHHS Ta pealtiii TiOpHIHOT
BIl{HHM 3 JICTATI3aIl€I0 KPOKIB IHOTO aJITOPUTMY.

3acTtocyBaHHS 3raflaHUX METOAIB JOCIIKECHHS
JI03BOJIMJIO TIPOBECTU KOMIUIEKCHUH pO3IJISLI HpO-
OneMu OIliHKM PHU3HKIB KiOepOe3neKkn B yMOBax
ribpuaHoi BifiHM Ta 3alpoONOHYBaTH HOBUH KOMII-
JISKCHUM IMIJXiJ| i3 3aCTOCYBaHHSIM METOIB Marema-
TUYHOI CTAaTUCTHKH B KOMOIHAIll i3 TPOBEICHHSIM
EKCNEPTHUX OLIHOK, IO O3BOJISIE MOBHOIO MipOIO
BpaxyBaru crieu}iky BiliCbKOBHX iH(pOpMaLiiHO-KO-
MYHIKaIifHUX CHCTEM Y KOHTEKCTI HEMOXKJIMBOCTI
BUKOPHCTaHHSA TPAAMLIHHOTO MiJXOAy 3 OLIHKOIO
MOTEHUIHHNX (PIHAHCOBUX BTpaT. 3arnpoNOHOBAHHMA
METOJl OLIIHKH PU3HKIB MOXKE CTAaTH OCHOBOIO 3aCTO-
cyBaHHs e(EeKTHBHUX cTpaTerii kibep3axucry Ta
MiABHUIICHHS KiOepcTilkocTi iHpOopMaLiiftHO-KOMYHi-
KalilfHUX CUCTEM BilICHKOBOTO MPU3HAYCHHSI.

MaremaTtu4yHa MoJe/ib OUIHKH PU3HMKIB Kidep-
oesnexn B IKC BII. V poboti [2] OyB onmcaHuii
MEPCHEKTUBHUI alNrOpPUTM OLIIHKU PU3HUKIB KibepOes-
neku B IKC BIT (AOPIKC-B), 300pakeHuit Ha puc.
2, 10 BIJTOBiJJa€ BUMOTAM OIIHKH PU3HKIB B YMO-
Bax BEJICHHs arpeCUBHOI BiiHM Ta YMHHUM B YKpaiHi
Jep)KaBHUM CTaHaapTaMm. HacTymHUM KpoKoMm, IO
JIO3BOJISIE TITIATH IO BUPILICHHS 3aBJaHHS 3 OI[IHKU
pusukiB kibepoesneku B IKC BII, € po3poOka mare-
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Puc. 2. Anroputm AOPIKC-B
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MaTHYHOI MOJIET, Sika Mae OyTH BUKOPUCTAaHA Yy pasi
BHUKOHAHHS KPOKIB, Iepe0aueHNX 3a3HaYE€HUM aJIro-
puTMOM. AJie, Ha BiIMIHY BiJl OIIFICAHOTO B TTOTYJISIP-
HUX KIUJTBKICHUX METOJNOJIOTISX TiAXOMmy, /€ OIiHKa
HMOBIPHUX BTpar 3MiHCHIOETHCS 3 BUKOPUCTAHHIM
(hiHAaHCOBHX ITOKa3HUKIB, pO3pOo0JicHa MareMaTHYHa
MoJiesib OyJie BAKOPUCTOBYBATH OLIIHKY HOTEHLIHHOTO
4acy HErOTOBHOCTI CHCTEMH, SIK IOKa3HWKa OiIbII
MPUHHATHOTO ISl CUCTEM BiHCHKOBOTO IIPU3HAYCHHS,
€ HEMOXIJIMBO 3MIMCHUTH OI[IHKY MOTEHI[iHHIX
BTparT, BUPaXeHy y (iHAHCOBOMY EKBiBAJICHTI. Hpn
LBOMY nepeﬂ6aqa€TLC${ TPOBE/ICHHS pospaxkalB
BapTOCTl BIIPOBAKCHHS KOHTp3aXO,I[1B 1 OPIBHSIHHS
MOTEHLIHHOTO Yacy HErOTOBHOCTI CUCTEMH, 1110 103-
BOJIUTH 0CcO0aM, SIKi MPUUMAIOTh PIIICHHS, JisTH B
MeXaxX BHJIEHOTO OIOKETY 1 3AIMCHIOBATH OOIPYyH-
TyBaHHS BHJUICHHS (DiHAHCYBaHHS, HEOOXiIHOTO
s po3oynoBu kidep3axucty B IKC BII. B ocnoBi
MaTeMaTU4HOi MOZEI, SIKa POIIOHY€ETHCS ISl 3A1MC-
HeHHs KpokiB ouninku pusukiB B IKC-BII, mepenoda-
yeHux anroputMoM AOPIKC-B, Oynemo 3actocoBy-
Batu Metox MonTte-Kapio [9]. Bubip nporo meroxy
3yMOBJICHHH HOTO THYYKICTIO, MOXIIUBICTIO Bpaxy-
BAaTU HEBU3HAUYEHICTH I Yac 3MIMCHEHHS OLIHKA Ta
MOPIBHSHOIO YHIBEPCAIBHICTIO, 110 BHUPI3HSIE HOTO
BiJl MOXKIIMBO OUTBII TOYHOTO, alie MPUB’SI3HOTO JI0
CTaTWYHOI MOl 3IiHCHeHHA KiOeparak MeETOdy
baecoBux aepes.

Ouinka 4yacroru mogiii Brpar. Posmisinemo, sik
MOKHA BUKOpHCTaTH MeTo MonTe-Kapio y KOHTeKCTi
ominky pusukiB B IKC BII. BigmosigHo o miarpamu
nismpHOCTi anroputMy AOPIKC-B[2] (pucynok 2)
MEepPIIUM  KPOKOM, SIKMH TOTpeOye BHKOPHCTAHHS
MareMaTH4HUX pO3paxyHKiB, € «OuiHKa YacToTH
BTpar». Y pe3ynbrari Hboro KpoKy mae OyTH BU3HAve-
HUIl YMCIIOBHI ITOKAa3HUK YacToTH ol Brpar (UI1B).
Y merononorii OpenFAIR uacrora noxiii Brpar (Loss
Event Frequency) Bu3Ha4yaeThcs K iMOBipHiCHa 4ac-
TOTa HACTaHHS TEBHOI HeOakaHOi MOJil MpPOTSATroM
BU3Ha4eHoro nepioxy yacy [11]. Ilpu usomy UIIB He
€ (iKCOBaHMM 3HAYCHHSM, a OLIIHKOIO HMOBIPHOCTI
TOT0, SIK YaCTO MOXe€ BiIOyBaTHCs HeOaxaHa rmojist. /1o
HeOaXaHWX TIOMIN BIHOCSTH Ti, SIKI MOXKYTh TPH3BE-
CTH JI0 BTpar abo 30utkiB. Crix 3a3HaunT, mo YI1B
3aBKIM IPHB’S3aHa 10 IEBHOTO MEPiofy vacy, Harpu-
KJIaJ, POKY, Micsls abo 100w, Ta MpH 1bOMY BOHA €
KIIIOYOBUM (DaKTOpOM y KUIBKICHOMY aHalli3i pH3u-
KiB, OCKIJIbKM 0€3M0CepeHbO BIUIMBAE HA 3arajbHUM
piBens pu3uky. Unm Bumia UIIB, Tum Bummii pusuk,
TTOB’sI3aHMM 3 1i€ro momiero [11].

3anexHo Bi BHUAY AKTHBY, U SKOTO BigOyBa-
€TbCS OLIIHKA pHU3MKY, owinka YIIB moxke npoBomu-
TUCS pi3HUMH crniocobamu. Haiimpocrimmii BapiaHT,
a caMe mpsMa OLIiHKa, 3aCTOCOBYETHCS Y Pasi AKILIO
JOCTYIIHI icTOpUYHi AaHi Ta/abo HMOBIpHICHI MOKa3-
HUKH 33JJaHi y BUIVISII XapaKTEePUCTUK aKTUBY. Buko-
pUCTaHHs MPSIMOI OLIHKH OOMEXKEHO THM, L0 He
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BpPaxoBy€ HEBH3HAYEHICTb, TOMY BOHO MOXe OyTH
3aCTOCOBAHO TUIBKH y pasi, KOMU JaHi mpo HMo-
BIpHICTh MOAIH, MOB’A3aHUX 13 BTpaTaMu, MOXKHA
BBRKATW CTAJIMMHU. SIKIIO HasBHI ICTOpHYHI JaHi
PO MO0 HE JI03BOJISIOTH BBAXKATU il WMOBIPHICTh
CTaJIOl, TO MOXKHA BHUKOpUCTATH po3noain beprymi
(st pa3oBUX MOMii), bBiHOMiHATBHMI PO3MOALT (JII1s
MOAIN, 10 MOXKIIMBO OMHUCATH 33 AOHNOMOTOI0 JTBOX
craniB), bera-po3nonin abo posnoxin Ilyacona (y
pasi KoJIM BaXKJIMBO BpaxyBaTH HEBU3HAUCHICTB).

V pasi, Ko OLiHKa MPOBOJUTHCS AJISL Pa30BOTO
BUNAJIKY BTPAT 1 BiJIOMOIO BIpOT'iIHICTIO MOi1, OB’ s
3aHOI 13 IMMHU BTpaTaMH, JOLITBHO BUKOPUCTATH
pO31'I0,I[1J'I Bepnynni [12] i3 NAPAMETPOM P HACTAHHS
noxii BTpar A, SKIIO I/IMOBlpHICTL HACTaHHS IIi€i
noAii mpoTsAroM 3agaHoro iHrepsaiy uyacy € P(A)=p,
TOAl TUCKpETHA BUIAJKOBA BesnunHa & Oyme matu

3aKOH PO3MOALITY:
01
- , 5
:=(, ) 5)

Ile p — WUMOBIpHICTh HacTaHHA moxii BTpart, pe[0,1],
ag=1-p.

Jnsa sunmaaky ominkun YIIB B IKC BII moxna
HaBECTH TPUKIIAI TOMii BTpaT, MOB’sS3aHUX i3 Bil-
MOBOIO CepBepa, IS SIKOTO BipOTiIHICTH BIMOBH €
BEITMIHHOIO, [0 MOYKE OyTH pO3paxoBaHOIO i3 TIOKa3-
HUKIB HQXIHHOCTI, HAJaHUX BUPOOHHKOM.

Binpm cknmamanii BUagoK mpsmoi ok UIIB mis
BUIA/IKy HE3aISKHHX TOAIHN 13 (PIKCOBAaHOIO KIJIBKICTIO
Crpo0, sIKi MOKHA OITUCATH JIBOMA CTaHAMM, TAKUMH SIK
«rtozist BimOymacsh» Ta «rmoist He BigOymacsy. [1pu mpomy
BHUKOPHCTOBYETHCS OIHOMIaTbHHI PO3MOIL, 1€ KUThKICTh
cpo0 3aaHa TIapaMeTpoM N, a KUTbKICTh «YCITXiB»,
KOITH TIOfTist BifOyracs, 3a/1ana mapamerpom k. Tomi awc-
KpETHA BUITA/IKOBA BEIMYMHA & Mae OIHOMIHAIBHUH PO3-
nioztist iMoBipHOCTi P, 1110 3a1aeThest hopmyroro:

P(e=k)=Cp'q"", (6)

JIie p — WMOBIPHICTh HACTAHHS OKPEMOI HE3aJICKHOT
nofii, g=1-p, n — KiABKICTH cnpob, a k — KiTbKiCcTh
YCHIXiB.

binomiHanmpHUIl PO3MOMALT Yy KOHTEKCTI OIIHKH
pusukiB kibepoe3neku IKC BII MmokHa BUKOpHCTATH,
HaNpUKJIaa, I OIIHKHM TOfii BTpaT, TOB’SI3aHOI 3
ycmimHuMu  (INTMHTOBUMHK aTakamu. bymemo BBa-
YKaTH UMOBIPHICTB YCITIXY aTaK{ CTaJIO0I0 BETHIHHOIO
(TIpUITyCTUMO TI€ HMOBIPHICTH TOTO, IO KOPHCTY-
Ba4 y pasi OTpuUMaHHS (IITHHTOBOTO TOBITOMIICHHS
mepeiiie 3a HaJaHuM Y TTOBiOMJICHHI ITOCHIIaHHIM),
TOIII 32 YMOBH PO3CHIKH (DIIIMHTOBUX ITOBIIOMIICHB
yCiM 3apeecTpOBaHMM KOPHCTyBadaM TIOIITOBOTO
cepBicy (3arambHa KIUTBKICTh KOPHCTYBadiB — II€
BiZIoMa 1 cTaja BeNMWYWHA) OIHOMIHATBHHUN PO3ITOIIIT
JTO3BOJISIE OIIHUTH, CKUTBKU KOPHCTYBadiB i3 3araiib-
HOI KUIBKOCTI OTPHMYBadYiB ITOBITOMJICHHS IEepe-
JIyTh 32 HA/TAHUM 3JI0BMHUCHUKAMH TTOCHIIAHHSM.

ISSN 2786-6254



Benuke npaxkTnyHe 3Ha4YEHHS caMe B KOHTEK-
cti ouinku pusnkiB kidepoesnexun B IKC BII rpae
Oera-posmoain. Y pasi koI HEoOXiTHO MaTH MOXK-
nuBicTh 3pooutn orinky YIIB i3 cmocrepexeHHs
KIIBKOCTI YCHIXiB § Y cepii n BUITPOOYyBaHb MOXKIIBO
3acTtocyBaru TeopeMy baiieca, a po3mosia iMoBipHO-
CTeil BH3HAYA€THCS OETa-pO3MOAIIOM 33aJaHOI0 IS
BUITJIKOBOT BETMYMHU X T'YCTUHOIO IMOBIPHOCTI fy !

fr(x)= mx”‘ (1-x)", (7N

me a,p — ¢ikcoBagi napaMeTpH a OeTa-QyHKIIis
saztana, sk B (o, B) = [x*' (1-x)"" dx.

Posrsiemo  mpukiaz BI/II(OpI/ICTaHHH Oera-po3-
TTONUTY B KOHTEKCTI OIIHKA PHU3WKIB KiOepOe3meKH.
[IpoBemeMo OIiHKY PU3UKY BUTOKY KOH(DiICHIIIHHNX
maHuxX 3 iHQopMariiitHoi cuctemMu KomrraHii. [Ipum-
ITyCTUMO JUTS OIIIHKM WMOBIPHOCTI YCIHIIIHOI aTakd
BHKOPHUCTOBYIOTHCSI €KCIICPTHI OIIHKH 1 JyMKa €KC-
MIePTIB CKIAAAE€THCS 3 HAMMEHII TIECUMICTHYHUX OITi-
HOK X,,, , HAHOLIbII KIMOBIPHUX 3HAY€Hb — X, Ta Hak-
OULTBIII TIECUMICTUYHUX OINIHOK — X, . BU3HAYUTH
rmapamMeTpH o i f 6eTa-po3Mmomiy MOXHA 32 JTOTTOMO-
TOI0 METOIY MOMEHTIB. JIJIsT ITHOTO CITiJT po3paxyBaTH
cepeiHe 3HAYEHHS p Ta JUCIEPCII0 o’ Ha OCHOBI
HaBEJICHUX SKCIIEPTHHUX OIIIHOK, TOII SISl PO3PAXYHKY
rmapaMeTpiB o i 3 MOYKHA BUKOPHUCTATH (hOPMYITH:

a:u[“(lzu)_l] ra

-5 ) ®)

Je o i B — mapameTpu 0eTa po3Noiiy, L — CEpEIHE
3HAUEHHS Ta G-JIUCTIEPCisl.

[Ticnst po3paxyHKy napameTpiB o i f MOKHA 3reHe-
pyBaru BUIaIKOBI uncia 3 6era-po3mnonity. Lli Buna-
KOBI uncIa OyyTh MPEACTABISATH Pi3HI MOXKITMBI 3HA-
YCHHsI WMOBIPHOCTI YCIIIIIHOI aTaku, 110 J03BOJISE
BpaxyBaTH HEBU3HAYCHICTh B €KCIIEPTHUX OIlIHKaX Ta
B MOJIEJI PU3HKIB MTijl yac cumyssimii Monrte-Kapio.

Jlyis momii BTpat, 110 MarOTh JOCTATHIO BEJIHMKY
KUTBKICTh ICTOPUYHUX JaHUX il Yac pO3paxyHKy
UIIB, 3pyuHO BHKOpPHUCTOBYBaTH po3noxain Ilyac-
coHa. Bijiome cepe/iHe 3HaUEHHSI KIIBKOCTI MOIiH, 110
MPU3BEJIH J0 BTPAT 3a 3aJaHuil 1epioJ] yacy, no3Ha-
Ya€eThCs K mapameTp A posnoxainy [lyaccona, Tomi
OIlIHKA KIJIBKOCTI TOiH, M0 MOXYTh BIIOyTHCS,
MO3HAYAETHCS SIK MapaMeTp k , a posnoain [Tyaccona
HMOBipHOCTI P Oyne MaTH BUTIIS;

k
7\.

P(X=k)= ¢ )
ne P —HWMOBIipHICTB, A — mapametp posnoainy [lyac-
COHA, k — KIJIBKICTh MO, 0 MOXKYTh BIIOYTHCS.

Bnactusicts npouecy [Tyaccona nos’si3aHa 3 Tum,
110 BiH HE 3aJIC)KUTh BiJI MOTMEPEIHIX MO/, 110 J03-
BOJISIE 3HAYHO CIIPOCTHUTHU JICSIKI PO3PaxyHKH B IMPO-
neci OIiHKK pu3uKiB. Hampukiam, sKmo cepemHs
KUIBKICTB MOJIiH BIJNOBIIA€ TIepe10ayyBaHUM MiCsd-
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HHUM KOJIMBAaHHSIM MPOTSTOM POKY, @ MiIPaxyHKH MPo-
TATOM KOXKHOTO MICSIIS BiAMOBIAAIOTh ITyacCOHIB-
CBKHM TIpOIecaM, TOJli 3arajbHa KiIbKICTh MOJiH 3a
pik Bignoinarume posnoniny Ilyaccona i3 cepennim
PIBHUM CyMi CEpeIHIX MiIpaxyHKiB 32 KOXKEH MiCSIIIb.

P(ut)= P(t)+ P(uty)+..+ P(t,),  (10)

e P —HWMOBIipHICTB, A — mapameTp posmnoziny Ilyac-
cona,at,t,...,t —pi3Hi 4acoBi iHTEpBAIH.

Jlns 1BOX HeE3aJC)KHHMX IMOMAiIH BimMoB A Ta B 3a
YMOBH iX OIiHKH 3a posnofiiom [lyaccona 3aranpHa
94acToTa BiIMOB Oy/Ie IOPiBHIOBATH:

P(A+B)=P(A)+P(B), (11)
ne P(A+ B) —iMOBipHiCTh HacTaHHs nozii A abo B,
ne P (A) ta e P(B) — HMOBIPHICTh HACTaHHS MOJIT
A ta B BigmnosigHo.

Posrsiremo 3actocyBanHst posnoniny Ilyaccona
Juts OLiHKH pu3uKiB KibepOesneku B IKC BII na npu-
knaai ouinku YIIB HemocTymHOCTI OHJaH-cepBicy
uepe3 DDoS-araku. IIpunyctumo, mo DDoS-arakn
BiJIOyBarOThCS BUIIAJKOBO Ta HE3AJEKHO OJHA BiJl
OJTHO1, TOIi cepenHe 3HaueHHsS (L) MOXKHA po3paxy-
BaTH SIK CEPEJHIO KUIbKICTh aTaKk Ha MICAIlb, a PO3-
nozin [lyaccona i3 mapaMeTpoM A BHKOPUCTATH IS
MoJieNoBaHHs KutbkocTi DDoS-atak Ha Micsnb. [pu
LbOMY BUKOpHCTaHHs po3noainy Ilyaccona no3Bomse
BpaxyBaTH BunajkoBuil xapaxkrep DDoS-arak Ta omi-
HUTH LUEH PU3UK AJIs1 IPUMHATTA pillieHb OA0 opra-
Hi3awil 3aXUcTy OHJIalH-CepBiCy BiJ MONIOHMX aTak.

VY Bunaakax, xonu pospaxysaru UIIB 3a nomo-
MOTOI0 TPSIMOi OLHKM HEMOXJIMBO, PO3PaxyHOK
NPOBOAUTBCA 3 JEKOMIIO3HMLIEID LBOTO IMOKA3HHUKA.
MoskHa JONOBHUTH BKe HaBeACHUH NpuKia (immH-
TOBOi PO3CHJIKM JIHCTIB €JIEMEHTOM JEKOMIO3HUIII.
[TpunycTumMo, 110, OKpiM MEpexody 3a MOCHIAHHSM,
y (l)i]_LII/IHFOBOMy JIMCTI € 1€ BiAMIHHA BiJ OIXWHWUII
HMOBIpHICTh BBEICHHS OOMIKOBHX AaHUX y (GopMi 3a
UM [TOCHJIAHHSM, BBaKATUMEMO LI MOAil Hezaex-
HUMH TOJI:

YIIB = MBJI * B, (12)

ne UIIB — yacrora moxiii Brpar, MBJI — iiMoBipHicTh
BigKkpuTTs nucra, MBJ[ — iMOBipHiCTH BBENEHHS
OO0JIIKOBHX aHUX.

Hasenenuit anKnaa MOKAa3ye, MO JACKOMIIO3HUILSL
JIO3BOJISIE BpaXyBaTH Pi3Hi (baKTopH 1110 BIUIMBAIOTh Ha
UIIB 1 37€0UIbIIOTO CIPOIILYE OIIHKY TaK, SIK OI[IHFO-
Baru okpemi komroHeHTH YI1B moxe OyTu mpocriie.

[Momepenuss Qopmyna Oyna chpaBeuBa s
BUIAJKIB, KOJU TOMIl € HE3aJeKHUMH, SKIO0 MIXK
kommonentamu UIIB e 3amexnocti, To iX HEOO-
X1THO BpaxyBaTH MiJ 4ac po3paxyHKy. OmHak mix
Yac MpOBEICHHS 0araToOBEeKTOPHUX Kideparak KOKeH
HACTYNHUH KPOK 3alieKUTh BiJl YCIHIXy BHKOHAHHS
MOMEePEeIHLOT0 KPOKY. Jliist po3rmisiy momiOHUX aTak
JIOLIUTLHO BUKOPHUCTOBYBaTtH Jekommoswuiiro YI1B
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Ta cumyrito MonTe-Kapmo. Posrstremo nekinbka
npuknaniB nomyky YIIB mrs moxii, ski He MokHA
BBaXKAaTH HE3AJCKHUMHU.

Hepumii mprktaz JICKOMITO3HLIT — 1I¢ BUMAAOK i3
ITiICyMOBYBaHHSI 1O BepHynm 3 posnozinom Ilyac-
cona. [lo mpukraxy npoaHamsyeMo PU3HK BHXOLY 3
JlaJly cepBepiB y KOMIIaHii. HpI/IHyCTI/IMO 10 KOXKEH
cepBep Mae MEBHY WMOBIPHICTh BUHTH 3 Jlaqy HPOTS-
roM poky. Lle MoxHa posmiaaaru Ak nofito bepryii,
JIe «yCHix» — IIe BUXIiI cepBepa 3 naay. 1o KiTbKiCTh
CepBepiB, IO BUXOIATH 3 JIaLy KOKHOIO POKY, MOXKE
BapitoBatHcs. BapiaTuBHICTH BUXOIy 3 JIaly cepBepiB
MOJIEITIOETHCS 32 J0MOMOror posmnoainy Ilyaccona i3
rapamerpom A, KUl Oyae OmmcyBaTH CEpPeaHIO Kijlb-
KiCTh CepBeIB, 10 BUXOMATS 3 JIaxy mopoky. 106 orti-
HUTH 3arajlbHUM pu3MK, OB’ SI3aHUN 3 BUXOIOM CEpBE-
PiB 3 J1a 1y, CITijT pO3paxyBaTH, CKLILKU CEPBEPIB MOXKYTh
BUUTH 3 JaJy B HaWTipIIoMy BUIAKy. Bukoprcraemo
U1t 11poro cumysrnito Monre-Kapio, niacymoByroun
BHIIJIKOBY KUTBKICTh MO/ bepHyruti (BUXix KOXKHOTO
cepBepa 3 Jaay) 3rigHo 3 posnoniioMm Ilyaccona. [lis
BOT0 OararopazoBo (3a3BHYall JIECATKH THCSY pas3iB)
TEHEePYIOThCS BHIAJIKOBI YMCIA 13 PO3IOIUTY Hyac—
COHa 3 MapaMeTpoM A Ta TIPOBE/ICHHAM chmeuu Ut
KO’KHOTO 3 LIUX cepBeplB i HI,HCYMOBYBaHHSIM KIJIBKOCT1
CepBepiB, 10 BUHIILIH 3 najy B L CI/IMmeuu 110 103-
BOJIUTD 3HANTH BEPXHIO OLIHKY KIIBKOCTI CEpBEpiB, SKi
MOXXYTb BUITH 3 JIa[ly IPOTSITOM POKY.

Jexommo3swuiiig i3 mijicyMOBYBaHHSM Tofiil bep-
Hymi 3 po3noninoM IlyaccoHa BUKOPHCTOBYETBCS Y
Bumaakax, koau YIIB ckiamaeTses 3 0ararbox Hesa-
JISKHUX TONIN 3 JBOMa MOXIMBUMH DPE3yJbTaTaMu
(«ycmix» Ta «HeBmada»), a KUIBKICTh IMX TIIOJIIH,
o BinOyBalOThCS, € BUNAAKOBOIO BEJIMYHHOIO, SIKY
MOXKHa 3MOJEJIOBATH 3a JOMNOMOIOI PO3IOALTY
[lyaccona. Ile moxe OyTH KiTBKICTh XaKEPCHKHX
aTak Ha CUCTEeMY, SIKi € YCHIIIHUMH (KO)KHA aTaka
pPO3IIIAAEThCS K MOl bepHymti, a 3araibHa Kiib-
KiCTh arak miamopsakoBaHa posmoniny Ilyaccona),
a00 KUTBKICTh CIIBPOOITHHKIB, $Ki BiJIKPUBAIOTh
(bimuHTOBHA MUCT (/111 KOXKHOTO CITIBPOOITHHKA PO3-
IJISTat0ThCS SIK TTOJTist bepHyti, a 3araibHa KiJIbKiCTh
BIIKpUTHX (DITMHTOBYX JTUCTIB MiAMOPSIKOBaHA PO3-
noxiny Ilyaccona).

Sk npyruil mpUKiIan HaBeAEMO HOPSIOK OLIHKH
UIIB nnst 6araroBeKTOpHOI Kibeparaku Ha BeOI0/a-
TOK, BHMKOPHCTOBYIOUM cumyisitito Monrte-Kapio.
Hexaii crienapiii kibeparaku, JJisi SIKOi OIIIHIOETHCS
UIIB, ckmagaetscs i3 (IMIMHTY, CIPSIMOBAHOTO Ha
OoTpuMaHHA OOJIKOBUX JaHMX CIiBPOOITHHUKIB 3
JOCTYTIOM IO aJMiHICTpaTHBHOI MaHenl BeOIoaaTka,
DDoS-araku, cnpsiMoBaHOiI Ha NepeBaHTaKEHHS
cepBepiB BeOIoAaTKa Ta EKCIUIyaTalii Bpa3iMBOCTI
B KoHi BeOmomaTka Jjisi OTPUMaHHS HECAHKIIOHO-
BAaHOTO JIOCTYIly A0 JAaHuX. s KOXHOTo BeKTopa
aTakyl BU3HAUYMMO BXiJTHI 3MiHHI Ta iX pO3MOALIN
HMOBIpHOCTEH.
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Bektop 1 (¢immHr) BKIIOYAE Taki mapamMeTpH:
KUTBbKICTh HaJliCaHUX (DIIMHTOBHX JUCTIB ( N, ) Ta
posnozun ITyaccona 3 %, , IO MOKa3ye CEPEHIO KiJIb-
KICTh JIMCTIB 3a MICsILib, B SIKHX KOPUCTYBad nepexo-
JIUThH 32 HAJICIaHUM TOCHWJIAHHSM, IIPH LOMY HMO-
BIpHICTh BIIKPUTTA jucta ( p,) MiAMOpAIKOBaHA
OeTa-po3moiTy 3 mapamMeTpamu o, , B, , AKi 3HAXO-
ISThCS BHACTIIOK NPOBENEHHS €KCIEPTHOI OLIHKH,
a WMOBIPHICTh BBEJCHHA OOJIKOBHX MaHUX ( p,,)
MiAIOpsIIKOBaHa OeTa-po3MoAlly 3 TapaMeTpaMu
o, Ta B, (BU3HAYCHUMHU 32 JOTIOMOIOI0 EKCIIEPTHOT
OIIIHKH).

Bexrop 2 (DDoS) Bkimodae mapamerpu: Killb-
kictb DDoS-arak ( N, ) i3 po3noainom [lyaccona 3 i,
(o BiATIOBiAE CepeHii KITBKOCTI aTaK Ha MICSIh)
Ta WMOBIpPHICTh ycmimHOI araku ( p,), MO TiAIo-
psinkoBaHa OeTa-po3NOALTY 3 MapaMeTpamu o, , B,
(sIKi OTpMIMaHI BHACIJIOK TIPOBENIEHHS EKCIIEPTHOI
OIIiHKH).

Bexrop 3 (ekcrutyarailiss Bpa3iHBOCTI) BKIIOUAE
Taki MapaMeTpd, SK YacToTa CIpo0 eKcIuryararii
Bpa3nuBocTi ( N, ), posmonin [lyaccona 3 A, (1o Bia-
TIOB1/1a€ CepeTHIN KITbKOCTI CIIpo0 Ha MicAIIb) Ta iMO-
BIpHICTh yCHIIIHOI eKcIuTyaramii Bpa3iuBocTi ( p; ),
MiAIOPSIIKOBaHy OeTa-po3mofiny 3 o, Ta B,, SKi
OTpHUMaHi BHACJIIZIOK IPOBECHHS €KCIIEPTHOT OL[IHKH.

[IpoBenenns cumymsnii Monte-Kapmo moun-
HAEThCA 13 TeHepallil BeJIMKOI KUIBKOCTI (IeCATKH
TUCSIY) BHUIIAJKOBUX 3HAU€Hb MAJsl KOXKHOI BXiZHOI
3MIHHOT 3TiZHO 3 iX po3nofiiaMu. B KoxHIA cuMy-
JSTIT TPOBOUTHCS PO3PAXYHOK KIJTBKOCTI yCITIIITHIX
aTak JuIs KO)KHOTO BekTopa araku. OIiHKa KiTbKOCTI
YCHILIHKX aTaK 10 BEKTOpy 1:

lecn:B(NpPll'Plz)a (13)

ne N, — KUTbKICTh HaAiCIaHUX (DINTUHTOBHX JIUCTIB,
p,, — WMOBIPHICTh BiKPUTTA JIMCTa, a p,, — HMOBIp-
HICTb BBEJIECHHS OOJIKOBHUX JTaHUX.

OmiHKa KiJBKICTI YCHIIIHUX aTak Mo BEKTOpY 2:

N2ym :B(N2’p2)’ (14)

ne N, — kinbkicte DDoS arak, p, — AMOBipHiCTh
yeminraoi DDoS araku.
O1iHKa KiJIBKOCTI YCHIIIHUX aTaK Mo BEKTOpy 3:

N3ycn:B(N3’p3)5 (15)

ne B(N,, p,) — OiHOMiHAJIBLHUN PO3MOALT 3 Mapame-
Tpamu, N, — gacTora cnpob ekcrutyaraiii BpasanBo-
CTi Ta p, — HMOBIPHICTh YCHIIIHOT eKCIUTyaTalii Bpas-
JIUBOCTI.

[Tomist BTpaT BBaXKa€ThCSI TaKOIO, IO BimOymacs,
SIKTIIO X04a O OJTMH 3 BEKTOPIB aTaky OyB YCHIIITHIM, a
UIIB po3paxoByeTbesl AK BITHOIIEHHS KiTBKOCTI iTe-
pariiif, B sIKHX BimOysacs TOAisl BTpAT, 10 3arajbHOi
KUTBKOCTI iTepartii.

[Tokazani MpUKIaAH ITIOCTPYIOTH TIEPEBATH CUMY-
nsmii MonTte-Kapio B mpoBeneHHi anHamizy Oara-
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TOBEKTOPHUX arak. BukopucranHs metoxy MoH-
Te-Kapio no3Boisie BpaxyBaTh HEBHU3HAYCHICTh B
OITiIHKaX BXITHUX TApaMETPIiB Ta CKIIAHI 3aJIe)KHOCTI
MDXK BeKTOpamu atak. [Ipu 11boMy MOXHA JIETKO 3Mi-
HIOBaTH BXIiJHI MapaMeTpH Ta PO3IOMIIH IS JTOCIHTi-
JOKEHHS Pi3HHX CIICHApiiB arak.

[lincymoByroun BUKJIaIEHE IIOJ0 KPOKY ajro-
putmy AOPIKC-B «Orinka 9acToTu BTpar», MOXKHA
CKa3aTy Take. 34eO1IbIIOro BUKOHAHHS OLIHKHA Yac-
TOTH BTPaT MOTPeOy€e AEKOMITO3UIIIT i€l mMoii 3 OKpe-
MMM aHaJT130M JJIsl YaCTOTH KOHTAKTIB 3JT0BMHUCHHKA 3
AKTUBOM Ta OLIHKA MMOBIPHOCTI IITKi/UTMBOI [Tii BHAC-
JIJ0OK KOHTAKTIB. Y BUMAAKY KOJH MO/l KOHTAKTYy Ta
IIKI/UTABOT A1l MOXHA PO3IVISIIATH K HE3aJIeKHI IS
nomryky UIIB, BUKOpHCTOBY€EThCS POCTHI TOOYTOK
OTPUMaHHUX WMOBIpHOCTEH (TpW WBOMY CIif CIij-
KyBaTH, 00 3rajfiaHi OLIHKKA OylW MPOBEIeHI s
OJTHAKOBOTO YaCOBOTO MPOMIXKKY). Y pasi, IKIIIo aHa-
J3YIOThCS 3aJIeKHI MO, Taki SK MOCIIIOBHI CIle-
Hapii arak a0o 0araTOBEKTOpHI aTakd sl OI[iHKH
UIIB, BukopucTtoByeThcs cumyssiiist MonTe-Kapio,
0 JI03BOJISIE BpaxyBaTl HEBU3HAYEHICTh B OIIHKAX
BXIHUX MapaMeTpiB Ta CKJIAJHI 3aJIEKHOCTI MiXK
BEKTOpaMHU arak.

Ouinka BeauuynHu BTpar. HacTynmHUM KpokoM,
o MoTpedye BUKOHAHHS MaTeMaTHYHHUX PO3paxyH-
KiB 13 mepenbauenux airoputmom AOPIKC-B, €
omiHKa BenuuuHH BTpaT. Ha mpomy kpomi mis [KC
BII mponoHy€eTbcsi MPOBOAKUTH OIIHKY He (piHAaHCO-
BHX BTpAaT, a 4aCy HETOTOBHOCTI cuctemu. Lle € xiro-
YOBOIO BiJIMIHHICTIO QJITOPUTMY BiJl TPaJHIIHHOTO
migxony meromonorii FAIR, me mpomonyeThes ams
OIIIHKY BEMYWHH (DiHAHCOBUX BTPAT BUKOPHUCTOBY-
BaTH TPUTOYKOBY OI[IHKY, JOTHOPMAaJIbHHIA PO3MOILIT
Ta y3arainpHeHwuid po3noain [lapero (ciix 3a3HaunTH,
10 METOOJIOTISI TaKOXK Iependavae i iHII posIo-
JITH, alie JIeTaJIbHUN OIMUC 3aCTOCYBaHHS y CYIpO-
BiJIHIH JJOKyMEHTAIlil OIIMUCAaHO caMe JUIS X TPHOX).
[Ipu bOMy JIOTHOPMaTBHHUN PO3IIOJLT Ta y3arajibHe-
Huit posnozin [lapero Bubpani po3poOHHKaMU METO-
nororii [10] 3a MOXIIMBICT, MOJETIOBATH CHTYAIIii,
KOJIM BTPATH MOXKYTh MaTH JIy)K€ BEJIMKI 3HAYCHHS.
Hanpuknaa, nOrHOpMambHUE PO3MOALUT MiIXOAUTH
JUTST MOJICITFOBAHHS CUTYaIlill, KOJIU BTPAaTH MOXYTh
MpUIMaTH JTyXKe BEIUKI 3HAYCHHS, aje 3 MaJoko
HMOBIipHICTIO, a Yy3aranbHeHui posnonin Ilapero
n00pe MiAXOMUTh Ui MOJCTIOBAHHS EKCTpeMallb-
HUX TIOIiH, TAaKUX SIK KibepaTaku 3 KaTacTpohiuHUMH
HacJliIKaMu, 110 HECYTh BEJIMKI (iHAHCOBI BTpaTu Ta
abo BenyTh 10 mpupoxHux karactpod [14]. Lli asa
PO3MOAUIN HE MiTXOASATh JJIS MOJEIIOBAHHS Yacy
HeroroBHocTi IKC, mo3asik, Ha BiIMiHY BiJl BETUYNH
¢inancoBux Brpart, yac HeroToBHOCTI IKC HEe Moxe
MIPSIMYBaTH JI0 JTy’Ke BEJIMKKX 3HaueHb. e Buxoauthb
i3 Toro ¢axrty, o0 MPaKTHYHUHA 3MICT OLIHKH BTpa-
Ya€ CEHC IMCIIS MEBHUX YaCOBUX MOKA3HUKIB, KOJIU
MIPOTHO30BaHWI dYac BiJIHOBJICHHS MpaIle31aTHOCTI
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CHCTEMH CTa€ MOPIBHSHUM 13 YacoM, HEOOXiIHUM
Ha po30ynoBy ii 3 Hynsa. Ciix 3a3Ha4UTH, IO B JIes-
KHX po0OoTax, MPUCBIYEHUX MOJICIIOBAHHIO BiJIMOBH
iH(pOpMaLiiiHO-KOMYHIKaL[II{HOT CHCTEMH, 1HOMI Mpo-
MIOHY€THCSI BUKOPUCTOBYBAaTH JIOTHOPMAIbHHUNA PO3-
TIOALIT IT7Is1 MOZIGIIOBAHHSI CUTYAIli, KOJIM Yac Hempa-
LEe3/1aTHOCTI MOXKE TPUHAMATH AY’KE BEJIMKI 3HAYCHHS,
ajie 3 Majorw WMOBIpHICTIO [15], ane 1e y Bumaaky 3
IKC BII He MmoxHa 3acTOoCyBaTH Ha MPAKTHIll, a OCb
TOJIOBHUH HEAOJIK JIOTHOPMAJIBHOTO PO3MOIiIY, a
came HOro HEeMpHUAATHICTD JUISI MOJEIIIOBAaHHS KOPOT-
KHX 4aciB Hempanes3narHocti [15], 3My1iye BigMOBH-
TUCH BiJ] IOTO 3aCTOCYBaHHSI B KOHTEKCTi MOCTaBIIE-
HOT'O 3aBJaHHS.

Po3rsiHeMo npuKIIa M OLIHKY Yacy HETOTOBHOCTI
IKC BII y KOHTEKCTi BUKOHAHHS €Taly OLiHKa 4acy
HerotoBHOCTi IKC kpoky «OuiHka BEJIMUUHU BTPAT
13 BUKOPUCTAHHSM 3rafjaHrX po3noaiitiB. OTpuMaHHS
¢byHKUIT po3noaiy WMOBIPHOCTI AO3BOJIUTH Yy Maii-
OyTHBROMY CKOpHUCTaTHCs cumyisitiero Monrte-Kapio
Ut OPMYBaHHSI OCTaTOYHOI OLIIHKM PU3HKY KiOep-
oesmeku B IKC BII. 3rigHo 3 JaHUMU, HABEIEHUMH B
pobotax [16; 17], s GopmyBaHHS po3moniny HMo-
BIPHOCTI 4acy MpOCTOI0 iH(OpMaIiiiHO-KOMYHiKa-
LIHUX CHCTEM BUKOPUCTOBYIOTH EKCIIOHEHIIAIbHUH
po3noaii, posnoain BeiiOymia Ta raMMa-po3mnosin, a
y pa3i HeAOCTaTHBOI KiTBKOCTI EKCIIEPUMEHTAIbHUX
JIAHUX 1 HASBHOCTI TUIBKH SKCTIEPTHHUX OI[IHOK MOX-
JIMBE BUKOPHCTAHHS TPUTOYKOBOI OiHKU. OmuieMo
THUIIOBI cLieHapii OiHKK pU3HKiB KibepOesneku B [KC
BII i npouec BHOOpY BiIMOBITHOTO PO3MOALTY JUIS
OLIIHKM MMOBIPHOCTI 4acy HETOTOBHOCTI CHCTEMHU.

PosrnsiHemo mpukiag, koiau BeOcepBep KOMIla-
Hil, mo 3a0e3neyye OCTYN A0 KPUTHUYHO BaXIIH-
BUX OHJIAMH-CEPBICIB, IOWHO 3alyIICHO B POOOTY.
3 omaay Ha TOM (akT, MO cepBep TUIBKU PO3MOYaB
po0OOTY, ICTOPUYHUX AAaHUX, SIKi JO3BOJISATH chopmy-
BaTH OL[IHKY Yacy HOro Herpaue3aaTHOCTI BHACIIIOK
saiicnenns DDoS-araku, He icHye. B Takux ymoBax
JUTSL OLIIHKKM BEJIMYMHU BTPAT, 3TJIHO 3 aJITOPUTMOM
AOPIKC-B, BHKOPHCTOBYIOTBCSI E€KCIIEPTHI OL[IHKH
Ta TPUTOYKOBUI PO3MOAiI. 3aBHaHHS EKCHEPTiB —
c(hopMyBaTH OIIHKM MiHIMAIIEHOTO Yacy HErOTOBHO-
CTi CUCTeMU a , HAHOUTBIIT HMOBIPHOTO m Ta MaKCH-
MaJIBHOTO Yacy b, TOJli O4iKyBaHHIA 4aC HETOTOBHOCTI
cucTeMu Oyae po3paxoByBaTHCs 3a GOPMYIIOLO:

a+4m+b

-2, (16)

Jie a —MIHIMaJIbHUM 4ac HETOTOBHOCTI CUCTEMU, m —
HaWO1TBII IMOBIpHUN Yac HETOTOBHOCTI CHCTEMH Ta
b — MaKCUMAaIIbHUI Yac HETOTOBHOCTI CHCTEMH, TIPU
ILOMY CTaHJIAPTHE BIIXUJICHHS PO3PAXOBYEThCS SIK

c:b;“, (17)

e a — MIHIMAJbHHUI Yac HETOTOBHOCTI CUCTEMH Ta
b — MaKCUMaJIbHUNA YaCc HETOTOBHOCTI CUCTEMH.

ISSN 2786-6254



100

PosrssHeMo momepenHiii TpHWKIAA 3 HETOTOB-
HICTIO cucTeMu BHacmigok DDoS arakum 3a ymoBH,
KOITH CEepBEP yIKe MOTPAIIOBAB ACSIKHUI Yac i € HasBHI
ICTOpHYHI JaHi MpO Yac HWOro BiJHOBIEHHS ITiCIIS
nmofiOHMX arak. HailOinpll onmTHMaibHUM pO3MOi-
JIOM, TIO MiJXOAWTH JUIsl OLIHKHA 4Yacy HEroTOBHOCTI
IKC BII, Oyne ekcrioTeHIliabHAN PO3IOILI, TT03asIK
BiH 700pe MiAXOIUTh IJIsl BHIIAJKIB, KOJIH CUCTEMa
MOke OyTH IIBHIKO BiTHOBIIEHA ITiCJS aTakh (eKc-
MMOHEHIIaJTbHUA PO3MOIIIT MPHUITYCKAE, 110 CUCTEMa
MUTTEBO BIIHOBIIOETHCS MMicis 306010) [16]. B Takomy
BHITAJIKy CJIiJ| 33/1aTH TiIBKU OJIUH Mapamerp A =—,
Iie #, — pO3paxoBaHW HA OCHOBI ICTOPUYHIX z[aHf/ix
CepeHii yac HErOTOBHOCTI CHCTEMH ITiJ] Yac 3JIiiic-
HeHHs1 DDoS-arakn. @yHKIIS poO3MOAiTy MITFHOCTI
WMOBIPHOCTI MaTM€e BHIJISI:

F(x)=1-¢™, (18)

JIe A — MmapameTrp po3MOALTy, t — Yac TpUBAJOCTI
OI[IHKHU.

MopnentoBannst yacy HerotoBHocti IKC BII 3a
JIONIOMOTOI0 €KCTIOTEHLIAJIbHOTO PO3IOALTY JOLIIBHO
BUKOPHCTOBYBAaTH B yMOBaX, KOJIM KiOepaTaku Bi0OyBa-
FOThCSI BUIIAJKOBO Ta HE3AJIEKHO OJHA BiJ OJHOI, Yyac-
TOTa araK € MPUOIM3HO MOCTIHHOIO MPOTITOM Yacy, a
cucremMa Mo)ke OyTH IIBHJIKO BiJIHOBJICHA ITiCIIS aTaKH.
AJle TakOK € HHU3Ka CYTTEBHUX OOMEKCHb Ha 3aCTO-
CYBaHHS €KCIIOHCHIIAIbHOTO PO3IIOILTY, OCKIIIBKH BiH
OyTH HETOUHUM, SIKIIIO YaCTOTa arak He € MOCTIHO
a00 yac BiTHOBJICHHSI HE € EKCIIOHEHIIAJIbHO PO3IOJIi-
JICHUM 1 1Iel PO3MOJIL He MIXOIUTh ISl OLIHKU Yacy
HETrOTOBHOCTI CUCTEMH BHACIIIZIOK aTaK PI3HOTO THITY 3
PI3HUMH 4aCTOTAMH Ta YaCOM BiTHOBJICHHS.

VY TuX BUNaJIKax, KOJIM 3aCTOCYBaHHS €KCITOHEHIIi-
AJBHOTO PO3TOJIUTY HEIOIIbHE, a caMe JIJISl OI[iHKH
yacy HerortoBHocTi IKC BII BHacmifok ckiiagHux
arak 3i 3MiHHOI IHTEHCUBHICTIO, Kpallle BUKOPUCTO-
ByBaTu po3mnojin BeiiOyna, mo Mae 1Ba mapaMeTpH.
[lepmuii 3 mapamerpiB — me mapamerp opmu k,
SIKUI BU3HAUAE XapaKTep 4acToTu BigmoB. [lisg k <1
IIe CIa/ialoya yacToTa BiIMOB (HMOBIpHICTh BiIMOBH
3 4acOM 3MEHIIYEThCs) k =1 (TOcTiliHa YacToTa Bij-
MOB, WMOBIPHICTh BiJIMOBH 3aJIMIIAETHCS CTAJIOIO
MPOTATOM 4acy i po3noain BeiOyna 3a Takux ymoB
CTa€ EKCIIOHCHITIaJIbHUM PO3IONIIOM) Ta k >1 — 1ie
3pocTaroya 4acTtoTa BiMOB (MMOBIpPHICTH BiJMOBH
3 94acoM 30UIBIIY€eThCs). B KOHTEKCTI MOJIeIOBaHHS
yacy "HeroroBHocTi IKC BII & <1 moxe OyTu 3acto-
COBAHO JJIsI MOJACIIOBAHHS aTaK Ha HOB1 CHCTEMU a0o
CUCTEMH 3 HOBUMU BPA3IMBOCTSAMH, JI¢ HMOBIPHICTh
aTaku MOXKE 3MEHIIYBATHUCS 3 4acOM, KOJH Bpa3Jid-
BOCTI BHIpaBisitoThes. [lapamerp & =1 mMoxe OyTh
BHKOPHUCTAHO JUIsl MOJICIIIOBAaHHS aTak, sKi Big0yBa-
FOThCSl BUTIAJKOBO Ta HE 3aJIeKaTh BiJ 4yacy, HaIpH-
Knaja, QIMHroBi araku a k& >1 Moxe OyTH 3acTo-
COBAHO JUIS MOJEIIOBAHHS aTaKk Ha CHCTEMH, SIKi 3
4acoM CTarOTh OUTBII BPAa3JIMBUMHU, HATPUKIIA], YePE3
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3acrapine mporpamae 3a0e3nedeHHs abo BiJICyTHICTh
OoHOBIIeHb Oe3meku. CIifi TaKoK BpPaxOBYBAaTH, ILO
napaMeTp k Moxke 3MiHIOBaTHCS 3 4aCOM, TOMY HE00-
X1IHO PeryssipHO NMeperisiiaTi Ta OHOBIIIOBATH HOTo
ominky. pyruit mapamerp aHanoriquI/H”d napameTpy
CKCIIOHCHI[IaIbHOTO PO3IIOALLY *=7-, K¢ , — po3pa-
XOBaHUI Ha OCHOBI ICTOPUYHUX JAaHUX CEpeIHii yac
HETOTOBHOCTI crcTeMu. DYHKINS PO3MOIUTY MIiTb-
HOCTi IMOBIpHOCTI:

k(Y
F=5[3] et o)
A
e k — ue mapaMeTp GopMH, A — mapaMeTp po3mo-
Jly po3paxoBaHMi 3a JOIOMOTO JIaHUX MPO Cepel-
Hill Yac HETOTOBHOCTI.

VY BUMaAKy KOJM MiJ 4Yac MPOBEACHHS OLIHKH
yacy HerotoBHOcTi IKC citif BpaxoByBaru pi3Hi ¢ak-
TOPH, TakKi K CKJIaIHICTh aTaKu, METOJY BHSBJICHHS,
e(heKTUBHICTh pearyBaHHs Ha IHI[UJICHT, JOCTYITHICTh
PE3epBHUX KOIIN Ta iHII, JOUITLHO POBOJIUTH IO
OLIIHKY 3 BUKOPUCTAHHSIM ramma-po3noziny. OcHOB-
HOIO TIepeBarol0 IbOr0 PO3IMOAITY € MOXIIUBICTD
MOJIEJIIOBATH MIMPOKUI CIIEKTP (OPM pO3MOALTY Yacy
HeMpane3aaTHoCTi, 110 JO3BOJISIE BpaxyBaTH pi3Hi
(axTopu Ta OIIBII TOUHY OLIHKY Yacy HETOTOBHOCTI
IKC nopiBHSHO 3 mpocTiMMH posnofiiamu. [lpu
bOMY HOTO 3aCTOCYBaHHs OB CKJIaJHE 1 BUMArae
OB TTIMOOKOTO PO3YMIHHS CTATUCTUYHUX METO/IB,
a JUId TOYHOTO OLIHIOBAaHHSA MapaMeTpiB MOTpiOHa
JOCTaTHS KUTBbKICTh iICTOPUYHUX JaHHX.

PosrnsiHeMO mpuKiIan OLIHKK BEIMYMHU BTPAT
(uacy neroroBHocTi IKC) BHacnmigok aTaku Ha BHY-
TPILIHIO MEPEXy KOMIaHii, 0 MICTUTh KOH(iIeH-
miHi mgani. 3a gomomororo APT-arakm (Advanced
Persistent Threat), crnpsiMmoBaHOi Ha BHKpaJCHHS
JaHux. Jlo MOXKIMBUX BTpar, MO HPU3BOISTH 10
nHerotoBHocti IKC BII, Hanexars BUTpartu 4acy Ha
PO3CIIilyBaHHs BTpAaTH AaHUX Ta BiIHOBJICHHS MOBHOT
npane3iaTHoOCTI cucreMu. [IpoBeaeMo owiHKy vacy
HETOTOBHOCTI 3 TaMMa-po3noAiioM. J{Jisi TOBHOLIH-
HOT'0 3aCTOCYBaHHS raMMa-po3IMOIiTy ciifl Oyae mpo-
BecTH 30ip JaHuX, mo Oa3yeThes Ha aHaisi iHpop-
Maii mpo cxoxxi APT-araku, gaHi 3 ramy3eBuX 3BITiB
Ta excnepTHi orinku. Ciix 310patu iHQopMaIlito mpo
TPHBaJICTh MepeOyBaHHS 3TOBMUCHHKIB Y MEPEXKi J10
BHUSBIIEHHS Ta 4Yac, HEOOXIAHMH MUl IOBHOT'O Bi1JIHOB-
JIeHHs1 cucTeMu micis ataku. Yac HeroroBHocTti IKC
BII Bu3HadaeThCsl ik cyMa 4acy nepeOyBaHHS 3J10-
BMHCHHUKIB y MEPEXi Ta yacy BiTHOBJICHHS CUCTEMHU.

[Micnst 300py JaHWX CliJ BHUKOPUCTATH METOIH
CTaTUCTUYHOTO OIIHIOBaHHS (HampWKiIaJ, METOX
MaKCUMaJIbHOT MTPaB/OMOII0HOCTI 200 METOJ] MOMEH-
TiB) JJIs1 BU3HAUCHHS MapaMeTPiB raMMa-po3MoIity, a
came napamerpy GopMH o Ta ImapaMmeTpy MaciTady
(B), mo BU3HAuae cepenHill yac HENpaie3IaTHOCTI.
[Ipu o <1 raMMa-po3mojisl Mae crafardy (QpyHKIII0
HIIBHOCTI ¥WMOBIpHOCTI. lle o3Hawae, M0 KOPOTKi
YacHu Hempare3AaTHOCTI € OUTbII WMOBIPHUMH, HIXK
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noBri. Takuii po3monin Moxke OyTH BWKOPHCTAaHUIN
JUIs. MOZEJIIOBAHHS CIIEHApiiB, 7€ CUCTEMa IIBUIKO
BiTHOBJIIOETBCS IICHIS aTaKH, HANPHUKIAJ, npu ara-
Kax, [Ki OJIOKYIOTh JOCTYH A0 HEBHUX PECYpCiB, ajie
HE NOLIKODKYIOTh camy cucrtemy. Ilpu o =1 ram-
Ma-pO3IOJiJI TEPETBOPIOETHCS Ha EKCIIOHECHIIAIbHUH
posnoxin, skuid Bxe OyB po3nistHyTHH Buine. [Ipu
o >1 raMMa-po3ronia Mae «rop0y i OULTBIT BaKKHiA
«XBICT», 110 03HAYA€ HASIBHICTh IIEBHUI «THUIIOBOTO»
Yyacy HeTpare3laTHOCTI, ale TaKoX WMOBIPHICTH
Jy’Ke JIOBIHX YaciB BiTHOBIEHHsS. Takwuii po3momin
MOXe OyTH BUKOPUCTAHHUH 1JIs1 MOJICJIIOBAaHHS CLICHA-
piiB, e aTaku NPU3BOIATH 10 3HAUHUX MOLIKODKEHb
CUCTEMH, 1 Yac BiJIHOBIICHHS MOXe OyTH JyKe TpH-
BaJIMM, HANpPHUKIAJl, ¥ pa3i aTak, sKi 3HHUIYIOThH JaHi
a00 TOMIKO/KYIOTh KpUTHYHI KomrioHeHTH [T-iHg-
pactpykrypu. Hampuxian, DoS-araka Ha BeOcepBep
MOXe OyTH OIlMCaHa raMMa-po3MOAIIOM 3 Iapame-
TPOM o ONM3BKUM A0 1, SIKIIO aTaku MPU3BOIATH
JI0 BUITQJKOBUX 300iB, a00 Ouiblne 1, SKIIO aTaku
MOXYTh HPU3BECTH A0 MEPEBAHTAXKEHHS CHCTEMH
Ta TPUBAJIOTO 4acy BigHOBIEHHA. s araku mpo-
rpaM-BUMaradiB mapamerp o po3MOALTy Moxe OyTh
Ouabire 1, OCKUIBKH Yac BiJHOBJIEHHS 3aJI€KUThH Bij
Oararpox (haKkTOpiB, TaKUX SK HAsSBHICTH pPE3epB-
HUX KOIiH, CKIQJHICTh pO3MHU(POBKH ITaHHUX Ta
mBUAKICTh pearyBanHs IT-daxiBmiB. ns cxiragHOi
APT-araku mapamerp o MOke OyTH 3HAUHO OLTbIIIE
1, ockinbku APT-aTaku MOXXYTh IPU3BOIUTH 11O TPH-
Bajioro rnepeOyBaHHS 3JIOBMHUCHHUKIB Yy MEpexi, 0
YCKJIQJIHIOE BHSIBJICHHS Ta BiJHOBJIEHHS CHUCTEMH.
Yac merorosrocti IKC BII BHacHiIOK aTaku 3 BUKO-
puctaraaM SQL-iH’ekiii Moxe OyTH OIIHEHUM 3
Oomu3pkuM 10 1 abo Oinbiie 1, 3aJeKHO Bijl BILTUBY
aTaky Ha Mpaue3JaTHICTh CUCTEMH Ta 00CsTy BUKpa-
JIeHnX abo TOUIKO/DKEHHWX JaHuX. BuOip BiAmoBia-
HOTO 3HAYCHHS 0 3aJISKUTh BiJl KOHKPETHOI cuTyauii
Ta aHali3y 1ICTOPUYHMX JaHHUX PO aTakd Ta MOXKe
3MIHIOBATUCS 3 YacOM, TOMY HEOOXiTHO pPEeryyisipHO
NepenIsigaTi Ta OHOBIIIOBATH OLIHKY LIbOTO Iapame-
Tpa. 3arajgbHui BUIVIA (YHKUIT po3moniny WMOBip-
HOCTI JiUIsl TaMMa-pO3TIOILTY:

Y a,i
F(x)—rmB)J’ (20)

B
Ie y (oc, ;J = _[t“"e"dt — HIDKHSI HEMIOBHA raMMa-(DyHKLIIs,
0

arl(x It"' e”'dt —raMMa-QyHKIis, o — napameTp

hopmu Ta B — mapamerp macrrady.

I"amma-po3momia AOIiTFHO BUKOPHUCTOBYBATH IS
omiaku wacy HeroroBHocTi IKC BII, xomm mei gac
3aJIEKUTH BiJl 6aratbox (HakTopiB i HAsIBHA JOCTATHS
KUTBKICTh icTopuuHuX manmx [17]. Moro 3acto-
CYBaHHS JIO3BOJISIE i IBUIIUTH TOYHICTH OIIIHKH.

J1J1st OILIIHKY MPOTHO30BAHOTO Yacy MPOCTOK CHC-
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TEMH TPOTITOM IEBHOTO IEPIOAy vacy, SIKIIO BXKe
BimoMa ominka YIIB Ta omiHky gacy HEroToBHOCTI
IKC BinmoBinHo 10 BUOpanoro merony Monre-Kapio
JUTS i€ Tofiii 6araropazoBo (AECATKH THCAY Pa3iB i3
BUIAJIKOBO 3I€HEPOBAHUMH JaHUMH) BHUKOHYETHCS
MOJICITIOBaHHS KIJTbKOCTI TIOAiIM BTpaT Ta MOJEIO-
BaHHS dyacy HerotoBHocTi IKC i3 pospaxyHkom
3araJibHOTO 4acy IIPOCTOIO 32 JOIIOMOTOI0 CYMYBaHHS
3reHepPOBaHMX 3HAYCHb 4Yacy HENpPale3aaTHOCTI JUIs
BCIX MOJIiH BTpAT, 00 OTpUMATH 3arajbHHIA 9ac mpo-
cToro 3a 1eit nepion. Ilicis 3aBepieHHS CUMYISIIT
Oy/ie OTpUMaHU PO3IIOILT IMOBIPHOCTEH JIJIS 3aralib-
Horo dacy HerotoBHOCTI IKC, mo n03Bonuthk po3pa-
XyBaTH CEPEAHE 3HAYCHHS, CTAaHIAPTHE BiIXWUJICHHS,
KBaHTHJI1 7151 OLIHKU O4iKyBaHOTO 4yacy IpPOCTOIO Ta
Horo BapiaOeNbHOCTI 13 Bi3yaJi3alli€ro pe3yabTaTis.

Hactynaum eranmoM Kpoky «OLiHKa BEIHYMHH
BTpary, 3rimHo 3 anmropurMoMm AOPIKC-B, € ominka
JIOATKOBUX BUTpAT. BiH 3miCHIOETHCS T Yac po3-
POOKH ImakeTa KOHTP3aXO/IiB, SIKi MOKJIMKaHI 3MEHIITUTH
Bpa3NUBICTh CHCTeMH JI0 Kibeparak. Ha mpomy kporti
JUTSL TIPOTIOHOBAaHMX CIICHAPIiB opraHiSaui'l’ Kibep3axu-
cry IKC BII npoBoanuTbcsi Opi€eHTOBHUI PO3paxyHoK
BapTOCTI 3aMPOBA/UKCHHS BUOpaHUX KOHTP3aXoliB i
BUKOHY€TbCs cuMyiisitlist MonTte-Kapio 13 HoBum# 3Ha-
yerHssMu YIIB Ta oninkamu dacy neroroBHocti IKC.
Takux 1miaXij] TO3BOJIHUTH OIIHUTH Pi3HUITO B OIlIHKaX
3araJbHOIO MPOTHO30BaHOTO 4acy HerotoBHOCTI IKC
32 YMOB 3allpOBAKCHHS Pi3HUX IAKETIB KOHTP3aXo-
IiB Ta HamaTH JaHi Juil NPUHHATTS ONTHUMAIbHOTO
pillIeHHS MO0 PO3MOALTY (PiHAHCOBOTO pecypey JUis
oprauizauii 3axucty IKC BII. PozpoOka nakera koHTp-
3axO0[liB BiIOYBA€THCS 3 METOIO ITiIBUILIEHHS CTIMKOCTI
CUCTEMH JI0 KibepaTak, Opi€HTYFOUYHCh HA 3MEHIIICHHS
YIIB rta yacy HeroroHocTi IKC.

Pe3ynbTaTn gociaizxkennsi. B pesynprari npose-
JICHOTO JIOCIIKEHHS OyJI0 po3po0JIeHO MareMaTrny-
HUH anapat oUiHKU pu3uKiB Kibepoesneku B IKC BII,
SKHH BPaxOBy€ HEMOXKJIHMBICTH OTpUMaru (iHAHCOBI
JIaHl TIpO BTpaTd JJIs MOJiN BiJIMOBH CHUCTEM BHAC-
minok kibeparak. Ha mouarky poOotu mpoBeneHo
nopiBHsHHS MeToay Monte-Kapio 3 iHmumu Meto-
JlaMH OLIIHKH PHU3UKIB KiOepOe3NeKu, TaKuMH SK
meron baecoBux mepex, aHami3 gepeBa arak, KiJib-
KicHa o1iHka pu3ukiB (QRA), Ta BUSBICHO, 1110 METON
Monte-Kapno Mae HU3Ky niepeBar y KOHTEKCT1 OL[IHKH
pusukiB B IKC BII, Takux sik THY4KiCTh, MOXKJIUBICTb
BpaxyBaHHS HEBU3HAYCHOCTI Ta 3[aTHICTh aJamNTy-
BaTUCS 10 JUHAMIYHUX 3MiH Yy JaHamadri 3arpos.
Tomy 3anponoHoBaHUH y poOOTi miaxia 0azyeTbes Ha
Mmetoni Monre-Kapino Ta 103BoJIsl€ OLIHUTH PU3HKH
KibepOesneku B yMOBax HEBU3HAYEHOCT], BUKOPUCTO-
BYIOYH SIK OCHOBHMH MOKA3HUK, 110 BIUIMBAE HA TPH-
HHSTTS pU3HKY, NOTEeHUiIHHMIA yac HerotoBHOCTI [KC.
JocaikeHHsT CIUpAEeThesl Ha PO3pOOIeHUi y more-
penHiit podoTi [2] anropuT™M OLIHKH PU3MKIB KiOep-
6e3neku B IKC BIT (AOPIKC-B). [li1s1 kpoky «Orinka
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yactoTu Brpaty AOPIKC-B 3ampomnoHoBaHO BHKO-
PUCTaHHS PI3HUX PO3MOALIIB HMOBipHOCTEW» (PO3-
noxin bepHymi, 6GiHOMIHATBEHUIN PO3MOLT, OeTa-po3-
o, posmonin [lyaccona) Ta MeToy AEKOMITO3HUITI i
3 OOTPYHTYBaHHSM BHOOPY PO3MOALTY 1 IPUKIagaMu
3aCTOCYBaHHs MiJ 4ac MPOBEACHHS OLIHKU PU3MKIB
B IKC BII. [ua kpoky «OriiHKa BETUYHHU BTPAT»
3aIIPOINIOHOBAHO BHMKOPHCTAHHS EKCIIOHEHLIaIbHOIO
po3noainy, po3noain BeliOymia, raMmma-po3mnoain ta
TPUTOYKOBOT OLIIHKH 3 OLIIHKOIO JIOJaTKOBUX BUTpAT
Ha BIIPOBA/DKEHHS KOHTP3axXOZiB. 3alpOIIOHOBAHO
MOPSIIOK TIPOBEACHHS TOPIBHSHHS PI3HUX CLCHA-
piiB oprani3zarii kibep3axucTy Ta MiArOTOBKH JaHUX,
HEOOXiTHUX IS IPUHHATTS ONTUMAIIBHOTO PIillIeHHS
1010 PO3MOLTY (hiHAHCOBOTO pPecypcy.

J171s1 KO’KHOTO 3alpONOHOBAHOTO PO3IOIUTY HaBe-
JICHO NPHUKJIA/IN 3aCTOCYBAHHs PO3pOOJICHOr0 Marema-
TUYHOTO amapary JJisl pi3HHUX CIeHapiiB Kideparak Ha
IKC BII, mo nemMoHCTpYy€E HOTO MPAKTUYHY I[iHHICTb.

BucHoBku. Pe3ynprati mOCHiIKEHHS CBiIYaTh,
110 3alPONIOHOBAHUN MaTeMaTUYHUH anapar Ta ajro-
putM AOPIKC-B MoxyTh OyTH €(eKTHBHO BUKOPH-
cTaHi Ut OmiHKK pu3uKiB KidepOesnekn B IKC BII,
BpaxXOBYIOUH CIIeNN(DiKy X CHCTEM Ta 0COOIMBOCTI
riopuanoi BitiHu. [loganbmni gociimpKeH s T03BONIATH
aBTromMaru3yBary omiHKy pu3ukiB B IKC BII, mo 103-
BOJIUTH 3A1HCHIOBATH BIIMB MOZCTIOBAHHS 3arpo3 y
peasbHOMY Yaci 1 LIBUJIKO PO3pOOIISITH aKeTH KOHTP-
3ax0/IiB, K1 3HauHO migBuinaTh ctiikicts IKC BII B
YMOBax BEJICHHsI arpeCHUBHOI BiifHH B KiOepIipocTopi.
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'V po0OTi po3IIsAAETHCS OJIMH 13 HAMOUTBII TIEPCIIEKTUBHUX HATIPSIMIB IT1IBUIIICHHS
e()eKTHBHOCTI IPOEKTYBAaHHS CY4aCHOI TEXHIKH, a CaMe CTBOPEHHSI IHCTPYMEHTY
U IPOBEJICHHS BIpTyaJIbHOTO KOMIT FOTEPHOTO EKCIIEPUMEHTY 3aMiCTh HaTypHUX
BHUIIPOOYBaHb, 3aBIIKH YOMY ICTOTHO MPHUIIBH/UIYETBCS W 3/ICIICBIFOETHCS
MpoLIEC PO3POOKH, a TAKOXK 3a0e3Meqy€eThCsl HOro Oiblia Oe3MeyHICTb.
Haifuacrinie Ha TPaKTUI JUIT KOMIT'IOTEPHOIO MOJICTIOBAHHS LIMPOKOTO KoJia
npo0JIeM BUKOPUCTOBYETHCS YUCENBHUI METOJ] — METOJ] CKIHYEHHHX €JIEMEHTIB.
Moro 3actocyBamHs ToTpeGye HASBHOCTI CIEIiali30BAHOTO MPOTPAMHOTO
3a0€3MEUECHHSI — CHCTEM CKIHUEHHO-EIICMEHTHOTO aHalli3y, sIKi MOXYTh OyTH
YMOBHO TO/IUIEHI HAa TPM OCHOBHI mificucteMu: 1) mpemnporiecop (IiAroToBKa
JIAHUX JUTS pO3PaXyHKY), 2) poliecop (peaizalis po3paxyHKy) i 3) MOCTIPOLecop
(aHami3 pe3ynbraris).

ITpakTryHuMil JOCBiN TMOKa3ye, IO CTais aHali3y pe3yasTariB (OCToOpoOKa)
32 CBOEI0 CKJIQAHICTIO Ta TPUBANICTIO MOXE 3HAUYHO MEPEBMIIYBaTH JBa
HOTIEPE/IHI €TaM YHCEIBHOr0 MoAEMoBaHHs. CaMe ToMy BiJ| SIKOCTI peasti3zariii
MOCTIPOIIECOpa Ta 3PYyYHOCTI HOro BUKOPUCTAHHS KOPHCTYBadeM HampsiMy
3aNIeKUTh ¢(DEKTUBHICTh aBTOMATH30BAHOTO MPOEKTYBAHHS B MAIIMHOOYTyBaHHI
Ta Oy/IiBHUIITBI.

IlepeBaxHa OUIBIIICTH CyJaCHUX MOCTIIPOLIECOPIB € HEBI €MHIMH CKJIAJOBUMH
BI/IMOBIIHUX CUCTEM CKIHYEHHO-EJIEMEHTHOTO aHali3y (Hanpukia, Ansys, MSC
Nastran, COMSOL ta in.). Lle pakTnuHOo poOUTh HEMOXKIIUBHIM iX BUKOPHCTAHHS
CIIUIBHO 31 CTOPOHHIMH CHCTEMaMH, OPI€HTOBAaHMMM Ha PO3B’SI3aHHS MEBHUX
BY3bKHX KJIACIB 33714, HAPUKJIA]l MEXaHIKH KOMITO3UTIB.
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Kpim TOro, OCTaHHIM YacoM MIBHUIKHMH TEMIIAMH PO3BHUBAIOTHCS XMapHi TEXHOJOTI, IO MOTpedye CTBOPEHHS
BI/IMIOBIZTHOTO MPOTPAMHOTO 3a0€3MEUeHHS, peaizalis SIKOT0 y BUINISI BEO3aCTOCYHKIB AACTh MOXIIMBICTB JTOCSTTH
peanpHOi OararortaTOpPMHOCTI, OCKITBKM CydacHi Opay3epd (DaKTHUHO € amapaTHO HE3aJICKHHMH BIpTyalbHUMU
MaIlIMHAMH, [0 TMPAIIOITh Maibke Ha BCIX THIIAX CydacHOI KOMIT'IOTEPHOI TEXHIKM. 3 ONIITy Ha IIe po3poOka
BiIOKpPEMJICHHX NIPOTPAMHUX CHCTEM I aBTOMATH3ALli] IIOCTaHaJIi3y PEe3y/IbTaTiB YUCEIBHUX PO3PAXYHKIB, OTPIMAaHUX
y PI3HHX CHCTEMax YHCEIBHOTO MOJICTIOBAHHS, Y BUIISI BeO3aCTOCYHKIB 3 BIIKPUTUM TTOYaTKOBUM KOJIOM HA CHOTO/IHI
€ aKTyaJIbHOIO 3a71a4ero.
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Key words: finite element The paper considers one of the most promising areas for increasing the efficiency
method, WebGL, visualization, of designing modern equipment, namely, creating a tool for conducting a virtual
axonometric projections, computer experiment instead of full-scale tests, which significantly speeds up and
three-dimensional objects, reduces the cost of the development process, as well as ensuring its greater safety.
software implementation, design ~ Most often in practice, the numerical finite element method is used for computer
algorithms, modeling. modeling of a wide range of problems. Its application requires the availability of

specialized software — finite element analysis systems, which can be conditionally
divided into three main subsystems: 1) preprocessor (data preparation for calculation),
2) processor (calculation implementation) and 3) postprocessor (results analysis).
Practical experience shows that the stage of results analysis (postprocessing) in
terms of its complexity and duration can significantly exceed the two previous
stages of numerical modeling. That is why the efficiency of automated design in
mechanical engineering and construction directly depends on the quality of the
implementation of the postprocessor and the convenience of its use by the user.
The vast majority of modern postprocessors are integral components of the
corresponding finite element analysis systems (for example, Ansys, MSC Nastran,
COMSOL, etc.). This actually makes it impossible to use them together with third-
party systems focused on solving certain narrow classes of problems (for example,
composite mechanics).
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In addition, cloud technologies have been developing rapidly recently, which requires the creation of appropriate
software, the implementation of which in the form of web applications will allow achieving real cross platform, since
modern browsers are actually hardware-independent virtual machines that run on almost all types of modern computer
technology. That is why the development of separate software systems for automating post-analysis of the results of
numerical calculations obtained in various numerical modeling systems in the form of open-source web applications is

currently an urgent task.

Beryn. Onniero 3 BakIMBHX 3ajad, sIKi mocra-
I0Th TIepe]] Cy4acHUM MaIlMHOOY/IyBaHHSM, € 3aMiHa
HaTypHHUX BHIPOOYBaHb JOCHITHOTO 3pa3ka BipTy-
QJIBHUM KOMIT IOTEPHUM E€KCIIEPUMEHTOM, 32 Pe3yiib-
TaTaMH SIKOTO 3IiHCHIOETbCS MPOTHO3YBaHHS MOBE-
JIHKA O00’€KTa HAa OCHOBI BUKOHAHUX YHCEITHHHX
po3paxyHkiB. Lle nae 3Mory sik iCTOTHO 3[CILEBUTH,
TaK 1 NPUIIBUALIMTH OPOLIEC MPOEKTYBAHHS Ta CTBO-
PCHHSI HOBOT TEXHIKH.

Haii0inpm mommpenum cnocoOoM  peanizamii
KOMIT'IOTEpHOI CUMYJIALIi € BHUKOPUCTAHHS METOLY
ckinuenaux enementiB (MCE) [1]. V 3aranpHOMY
BUMNAJAKy HOro 3acToCyBaHHS MOTpeOye BHUKOpPU-
CTaHHS BiAINOBIHOTO MPOrPaMHOrO 3a0e3MeueHHs,
sIKe MO>Ke OyTH MOIICHO HAa TPH OKPEMi MiICUCTEMHU:

1) mpenpouecopa, MO aBTOMATH3YE MiATOTOBKY
BUXIJTHUX JUIS PO3PAXyHKY JaHUX (CTBOPEHHS reoMe-
TpUYHOI MOZIeTi 00’ €KTa pO3PaXyHKY, il TUCKpeTH3a-
uist Ha ckindeHHi enemenTH (CE), 3amanns kpaiioBux
YMOB TOIIIO);

2) mpouecopa, IKAii 0e3M0CcepeHbO BUKOHYE PO3-
paxyHoK 3anadi 3a noriomoroto MCE;

3) mocTmporecopa, 10 aBTOMAaTH3Y€E aHai3 OTpUMa-
HHX Ha IOIIEPEAHBOMY €Tarli YHCEeTbHUX PEe3yJbTaTiB.

Hocin npakruunoro Bukopuctanusi MCE noka-
3y€, 10 CTaJisl aHalli3y pe3ynbTariB (IT0CTOOpOOKa)
3a TPUBAIIICTIO Ta TPYAOMICTKICTIO YaCTO MOJKE TIepe-
BHUIIIYBaTH BCi MONIEpEHI eTany MoaeoBanHs. Came
TOMY BiJ] IKOCTI peasi3aliii oCcTIIpoIecopa 3aJe)KuTh
HE TUIBKH 3pY4YHICTH POOOTH iHXKEHepa, a i SKICTh
MIPOEKTYBAHHS HOBOI TEXHIKH.

Y OumpmiocTi  BUMNANKIB  MOCTIPOLECOPU €
HEBIJ'EMHAMH CKJIQJOBUMH BIAIOBIJHUX CHCTEM
CKiHUYeHHO-eJeMeHTHoro anamizy abo FEA (Finite
Element Analysis) [2], sik-oT, Hanpukiax, Ansys [3],
MSC Nastran [4], COMSOL [5] Ta in. [6], m0 yHe-
MOXIIUBIIIOE X BUKOPHUCTaHHS CILUIBHO 31 CTOPOH-
HiMH mporiecopamu abo gopmaramu Qaiinis. Takox
CIIiJ| 3aHAYUTH, IO CTPIMKE MOILIMPEHHS XMapHUX
TEXHOJIOTIHi POOHMTH aKTyalbHOIO 3a/1auy CTBOPEHHS
FEA-cucrem, siki 0 MOIIM TpaimroBaTé y BUIISII
Be03aCTOCYHKIB, 110 J1aj0 O 3MOTY TaKOX IOCSTTH
peanpHOi  KpoCIIaT(OPMHOCTI, OCKUIBKH CydYacHi
Opay3epu (aKTHYHO € armapaTHO-HE3aJICKHHUMHU Bip-
TyaJbHUMH MalllMHAMH, SIKi IPALIOIOTh HA OLIBIIOCTI
TUIIB Cy4acHOT KOMIT FOTEPHOI TEXHIKH.

Takum ynHOM, po3poOKa MOCTHPOLECOPIB 3 Bif-
KPUTHM TIOYATKOBHM KOZOM, 5IKi O MOIJIN OyTH JIETKO
aJanToBaHI JUIsl aHali3y pe3yJbTaTiB PO3pPaxyHKiB,

Computer Science and Applied Mathematics. Ne 1 (2025)

orpumanux cropoHHiMu FEA-cucremamu, 1 mpu
npoMy Oyiiy peasizoBaHi y BUINIAI BeOJOAATKIB, HA
CHOTOJIHI € aKTYaJIbHOIO 33/1a4€H0.

[MocTanoBka 3agaui

3aranpHUAN aNTOPUTM POEKTYBAHHS MOYKHA ITPE/I-
CTaBUTH TaKUM YHHOM (puc. 1).

[Toctobpobka

(—A—\

1. [lpoexTyBanms ‘ 2. OnruMisarist ‘ 3. 3BiTyBanHs

Puc. 1. 3arauabHi cragii npoeKTyBaHHA

Crio4yatKy CTBOPIOETHCS IU(POBA MOZIEb 00’ €KTa
Ta BUKOHYETBCA ii momepenHiii po3paxyHok. Ha
HACTYITHOMY €TaIli 3A1CHIOETHCS aHaAI3 OTPUMaHNX
pe3ynbTaTiB Ta B pa3i MoTpedu BHECCHHS BIAIMOBII-
HUX KOPEKTHB Yy BHXIJIHY MOJETh (ONMTHMI3aIlis).
OCHOBHOIO 3a/1au€i0 MMOCTOOPOOKH € MEepeTBOPEHHS
BUCOKOZICTANII30BaHUX PE3YJbTaTiB PO3PaXyHKIB —
BEJIMKAX MACHBIB YUCIIOBUX JAaHUX, OTPUMAHHX 13
3actocyBanHs M MCE, y 3py4yHuil 111 po3yMiHHS
monuHow (opmar. OTpumana Ha il cramii gocii-
JokeHb iH(opMauis (mpoekuii, rpadiku, xiarpamu,
130J1iHIT TOIIO) BUKOPHCTOBYETHCS 1H)KCHEPAMU JUIS
MEPeBIpKA  BaJiHOCTI BUXITHOI MOJEINi, aHaIi3y
¢hi3nyHOiI TIOBEIIHKK 3MOJAEIHLOBAHOTO 00’€KTa, a
TaKOX Ha TPETbOMY €Tall — Mij 4ac CTBOPEHHS Bil-
MOBITHUX 3BITIB IIPO MiJACYMKH JOCIiIKEHb.

ITocToOpoOka maHUX, OTPUMAHUX 3 BUKOPUCTAH-
oM MCE, notpebye HasgBHOCTI CHeLianTi30BaHOIO
NpOrpaMHOro 3abe3neueHHs — IOCTIPOLECOPIB,
BUKOPDHUCTaHHS SKMX MOXXHa BBa)KaTH YaCTHHOIO
IH)KEHEpHOTrO MPUHIIMITY, 3aCHOBAHOTO Ha 3HAHHSX
[7]. Jo naiibimpn BimoMux BOYZOBaHHUX HOCTHPO-
necopiB MoxxHa BigHectu Ansys Workbench [1, 3],
Abaqus Viewer [9] Ta SolidWorks Simulation [10],
Kl € HeBII'€éMHUMH CKJIAQJOBUMM BIJIOBIIHUX
FEA-cucrem. Cepen OKpeMux mporpaM MO>KHa BH/Ii-
mutu ParaView [11], TecPlot [12], MATLAB [13]
ta QuickField Postprocessor [14]. Kpim Toro, ams
NMOCTOOPOOKM JaHWX YacTO TaKOXK BUKOPUCTOBYIOTDH
crnenianizoBani 0i0mioreku, Hampukiaax NumPy [15],
Matplotlib [16], VTK [17] Ta in. [19].

HesBakaioun Ha BEJMKY KUIbKICTh HAsSIBHOTO MIPO-
TpaMHOTO 3a0€3MeUeHHs, aKTYalbHICTh CTBOPEHHS
HOBHX IIOCTIPOLECOPIB 3yMOBJEHa MOTPEOOI0 B
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MiATpUMITT HOBUX crienianizoBaanx FEA-cucrem Ta
e(eKTUBHOMY BHMKOPHCTAaHHI MOMJIMBOCTEH cydac-
HUX BeO- Ta XMapHHUX TEXHOJIOTIH.

[Iporpamua peaitizaris mocTnpounecopa

Haii6inpm nmomupeHnM crmocodoM mocToOpoOKn
PE3yJIBTaTIB PO3PAXYHKY € MEPETBOPEHHS YHCIOBHX
JMaHuX y rpadivai 300paxeHHs, HA04HI JJIs1 KOPHUCTY-
Bada. Ha choronHi icHy€e BelnHKa KiTbKICTh CIIOCO0IB
Bi3yaumizalii pe3ynbTaTiB pO3paxyHKy, HaIpUKIAI,
moOyoBa JBO- Ta TPUBHMIPHUX MOJIEJCH, 130MiHiH,
KOJILOPOBHUX KapT PO3MOAUTY IMIYKaHO! (QYHKIi 1O
MOBEPXH1 00’ €KTa MOAETIOBAHHS TOLLO.

3aco0u nody10BM TPMBUMIPHUX CLEH

Jliist cTBOpEHHST TPUBUMIPHHUX TpadidHUX CIEH Y
Be03aCTOCYHKaX BUKOPHUCTOBYETHCS Cy4acHa TEXHOJIO-
rist WebGL [19], sika mpaittoe criisibHO 3 BOYIOBaHOIO
MoBoto miporpamyBanHs ECMAScript [20] y rpadiu-
Homy enemeHTi HTMLS Canvas. s BimoOpakeHHS
3a pomomoror0 WebGL Oymp-skoro o6’ekrta Hacam-
repes TOTPIOHO CHEMiali30BaHOK MOBOIO IIPOTpa-
myBanHs GLSL [21] cTBopuTH ABI nmporpamu — Bep-
IIMHHUH 1 parMEeHTHUH meiaepu, ki BOyITOBYOThCS
y cKpunt MoBolo JavaScript (sika € HaHOLIbLI MOMIK-
peranM gianekrom ECMAScript), mo 6e3mnocepenHbo
pealtizyroTh Bi3yauizallito rpadiqHol CIIeHH.

Bepmmaauii melinep (pakTudHO OmMEICYE MpoIie-
Iypy pacrtepizaliii — nmepeTBopeHHs (hi3HUYHUX KOOP-
JOUHAT 00’ €KTa B KOOPAMHATH €KpaHa, B OCHOBI SIKUX
JSKUTh 1MO0YI0Ba AKCOHOMETPHUYHHUX MPOEKIIH.
3amayero ¢parMeHTHOro (MiKCEIBHOTO) mIelaepa €
OOUYHCIICHHSI KOJIbOPY KOXKHOTO MIKCeNs (HalpHKIamd,
JUTS BpaXyBaHHS OCBITJICHHS a00 1HIINUX e(DEeKTiB).

dopMmyna NEepeTBOPEHHSI CBITOBHX KOOPAMHAT
y KOOPIMHATH BiJCiKaHHs (BHYTPIIIHI KOOPIUHATH
BiJleoaianrepa, ki Jexarp B jianazoni Bix —1 go +1)
MoOXe OyTH BU3HaY€HA TAKUM YHHOM:

v=P-s-(p-c)-t,

Je P — e MaTpHLs BUAOBOTO MEPETBOPEHHS (BUOU-
paeThbCsl 3a3JaNeriap 3aJie)KHO BiJ TUIY BKHUBaHOI
MIPOEKILii);
p — BEKTOp (Pi3UYHUX KOOPIUHAT BEPIIUHHU;
¢ — BEKTOp KOOPAMHAT LCHTPY CLCHH;
s — BeKTOp Koe(ilieHTiB MaciuTaOyBaHHS B3IOBXK
KOKHOT OC1 KOOpJIMHAT;
t — BEKTOp MepeHocy (TpaHcsimii) cueHw;
v — BEKTOp €KPaHHHUX KOOPHHAT.

BignoBiguuii BepIIMHHUK wwieinep i Bisyali-
3alii JBO- Ta TPUBUMIPHUX OO’€KTIB pO3paxyHKY
MOYKHA OITUCATH TAKUM YHHOM.

attribute vec4 a_position;
attribute vec3 a_normal;

attribute vec4 a_color;

uniform mat4 u_worldViewProjection;
uniform mat4 u_worldInverseTranspose;
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uniform vec4 u_translation_center;
uniform vec4 u_translation;
uniform vec4 u_scale;

varying vec3 v_normal;
varying vec4 v_color;

void main() {
gl Position =
scale * a_position —
u scale * u_translation center)- u_

u_worldViewProjection * (u_

translation;

// Orient the normal and pass to the fragment
shader
v_normal = mat3(u_worldInverseTranspose) *
a normal;
v_color =a_color;
}

Tyt arpubyTtm a_position, a normal ta a_color
BH3HAYAIOTh BUXIJHI KOOPAMHATH, KONIp 1 BEKTOP
HOpMaJTi (BIATIOBIAHO), IO TEPENAIOThCS B IICHIep
JUIsL KOOKHOI BEPLIMHU, K2 00POOIIOETHCSI.

®parMeHTHUH 1meinep, KA OOYUCIIOE 1HTEH-
CUBHICTH OCBITIIEHHSA MIKCENA 3aJeKHO BII HOro
MOJIO’KEHHS, MOJKHA OIHCATHU TaK.

precision mediump float;

varying vec3 v _normal; // Passed in from the
vertex shader

varying vec4 v_color;

uniform vec3 u_reverseLightDirection;
uniform vec4 u_color;
uniform int u_is_mesh;

void main() {
float light = dot(normalize(v_normal), u_
reverseLightDirection);
if (u_is_mesh == 0)
gl FragColor =v_color;
else
gl FragColor =u_color;
gl FragColor.rgb *= abs(light);
}

Y 11bOMY KOJIi CITi/T TIOSICHUTH JIUIIIE TaKe: Ha OCHOBI
iHpoOpMaIIii Mpo BEKTOp HOpMalli, OTPUMAHOI 3 Bep-
IIMHHOTO Tieiiepa, OOYMCIIOEThCS IHTEHCHUBHICTH
ocBimienHs BepmmHu (light), a moTiM BignoBigHe
3HayeHHs Konbopy Bepumnu (gl FragColor.rgb) muo-
JKUTUMEThCS Ha MOIyJb light mist oHakoBOTO 300pa-
JKEHHSI SIK 30BHIIIHBOI, TaK i BHYTPIIIHBOI CTOPOHU
noBepxHi. TakoX TyT BpaxoByeTbCS HEOOXiTHICTDH
BUKOPHUCTaHHS 1HILIOIO KOJILOPY AJIsl Bidyasizauii rpa-
Hutlb CE (3a BBIMKHEHHS BiIIIOBITHOTO PEXKHIMY ).

ISSN 2786-6254



108

AJaroput™m BizyaJizanii posnoginy ¢pyHkmii mo
NMOBePXHi 00’ €KkTa

st noOynoBY KOJIBOPOBOI KapTH PO3IOALTY MEB-
HOi (yHKIII 1O MOBEPXHI JOCTIKYBAaHOTO 00’ €KTa
JIOCTaTHhO peai3yBaTH BiAMOBIAHUNA aITOPUTM IS
JOBIJIBHOTO TPUKYTHHMKA, OCKIIbKH HE3aJICKHO Bij
tuny BxuBaHoro CE Oyab-sKy TOBEPXHIO MOMKHA
MPEACTABUTH Y BUIVISAI CKIHUCHHOI MHOXKUHH TpPH-
KYTHHX MEKOBUX enemenTiB. Jns Bizyamizauii pos-
MOALTY (I)yHKun U 10 TPUKYyTHOMY MEKOBOMY eJe-
MEHTY CJIii BAKOHATH HOTO TPIaHTYJSILII0 Ha OKpeMi
TPUKYTHHUKH, Y MEXKax SIKUX 3HauYeHHs (DYHKLIi, 10
JOCHIJUKYETBCS, HE 3MIHIOETbCA (pHC. 2).

TPHUKYTHUK MOCTIHHOTO 2
KOJIbOPY *

U

MesxoBuit

eleMEHT [30miHis u

Puc. 2. 3aranbHa cxema Bisyanizanii TPpHKYTHHKA

3 mpumymieHHs, o i30JiHIl B MeXax OKpeMOro
MEXOBOTO €JIEMEHTa € MPSIMUMH, LEH aJrOpuTM
MOYKHA OITUCATH TAKUM YHHOM: -

1) 3a mormoMoroo (bopMyJH/I “ = Nw,. v, BU3HaYa-
JOTBCS iHIEKCH KOIBOPIB Y KOXKHil BEPIIHHI MEKOBOTO
enemenra (U, — 3HadeHHs QyHKUIi 6/ — i BepIIMHI
TpUKyTHUKA, U, , U,. — BIINOBIZHO MiHIMaJbHE Ta

min >

MaKkcHMasbHe 3Ha4eHHs QyHKUii U 1o Bciit obnacri,

N — KUTBKICTB KOJIbOPIB, 110 BUKOPUCTOBYIOTHCS IS
oOyI0OBH CIICHHU);

2) KO BCl IHAEKCH PiBHI, TO TPUKYTHUK ITOB-
HICTIO 3aMaJIbOBYEThCS KOJIBOPOM 3 BiJIMOBIIHUM
1H/IEKCOM 1 aNTOPUTM 3aKiHUY€ETHCS;

3) BIIMOBIHO IO KiTBKOCTI KOJLOPOBUX TIEPEXOIIIB
MDK BEpIIMHAMH BHUXIJIHOTO TPUKYTHHKA OOYHMCIIO-
FOTHCSI KOOPIMHATH BiJPi3KiB, KIHIII SKUX JISKaTh Ha
TIepeTHHAX 130JTiHIN 31 CTOPOHAMU MEKOBOTO €JIeMEHTa,;

4) 3 OTpIMaHUX Ha MOTEPETHFOMY KPOIli KOOpAH-
HaT GOPMYIOTECS i BiOOPakaroThCSI OJHOKOJIBOPOBI
TPUKYTHUKH (pUC. 2), TMCIS YOTO AITOPUTM 3aKIHUYy€E
cBoOIO podoty [22].

Peanizanin intepdeiicy kopucryBaya y Bedce-
peaoBuILi

Hnsa peamizanii rpadiunoro inTepdeiicy xopwuc-
TyBada y Be03aCTOCYHKY OYJIO BHKOPHCTAHO
JavaScript-6i0mioTeky 3 BIIKPUTHM ITOYaTKOBUM
kozoM React [23], sika 3a6e3medye BUCOKY IIBHIKICTh
poboTH, € KpoCIuIaThOPMHOIO 1 TaKOI0, IO JIETKO
Macmtadyerbesa. Kpim Toro, 3a momomoroio React
MOYKHa CTBODPIOBATH CKJIanaHI iHTepdericn 3 MajeHb-
KHX 130JIbOBaHUX KOMITOHEHTIB, III0 1a€ 3MOTY JIETKO
po3mproBaT (PyHKIIOHATLHICTE Be03aCTOCYHKY.

3a momomoroio React Oyimo po3poOieHo KiTacoBi
KOMITOHEHTH, SIKi peai3yioTh TaKi eJIeMeHTH Tpadid-
HOTO iHTep(deiicy, Ik KaHBa, CMYTH TPOKPYTKH, pai-
OKHOTIKH, YeKOOKCH TOIIO, IO BHKOPHUCTOBYIOTHCS
11 BHOOPY MTOTPIOHOTO KOpHUCTYyBaueBi (haliily JaHUX
1 HaJaTyBaHHS PI3HUX PEKUMIB BiTOOpaKCHHS
CIleHHU. 3araibHUK iHTepdelic TOCTIPOIECOpY, KU
oTpuMaB Ha3By Mesh, HaBeneno Ha puc. 3.

Mesh mosxe BizyasnizyBaTy SIK JBO- Ta TPUBUMIpPHI
CKiHYEHHO-eJleMeHTHi CiTkH (y popmartax Gmsh [24],
Netgen [25], QFEM [26]), Tak i pe3yasratu po3pa-
XyHKIB, OTPHMaHI B CHCT€Max CKIHUYEHHO-EJIeMEHT-
Horo ananmizy QFEM i MIPEJIA+ [27].

[ otace | DATATET

[
3,947183

Puc. 3. InTepdeiic moctnpounecopa Mesh

Computer Science and Applied Mathematics. Ne 1 (2025)

ISSN 2786-6254



Tpancopmanis cuenu

Y Mesh kopucTyBau MOxe BUOUpaTH ISl Bisyalti-
3auii HOTpiOHY oMy (QyHKII0, @ TAKOX Pi13H1 PEKUMH
i BigoOpaskeHHs. Y MOTOYHIN Bepcii mporpaMu BUKO-
PHUCTOBY€ETBCS CIIEKTPaJIbHA ILIKAIa KOAyBaHHs. MiHi-
MaJbHI BiJl'€MHI 3HAUEHHS [MO3HAYAIOThCS (ioieTo-
BHUM KOJIbOPOM, HYJIBOBI — 3€JIEHUM, 2 MaKCUMaJIbHi
JO/IaTHI — YEpBOHUM. Y pa3i MoTpeOH KOpUCTyBad
MOX€ 3MiHIOBAaTH KUIBKICTh BKUBAHUX KOJIBOPIB: Bij
32 1o 256 (puc. 4), BMHKATH pi3Hi peXUMHU BigoOpa-
’KEHHS CITKU TOUIO.

Kpim Toro, xopuctyBad MOXe BUKOHYBAaTH CTaH-
JapTHi omepauii Tpanchopmarii cueHu: odepTanHs,
3CyB 1 MaclITaOyBaHHSI.

Jisi miIBUINEHHS HAOYHOCTI KOPHCTYBad MOKE
Tako)Xk BHKOHAaTW TpaHcopmaii Oe3nocepeaHbo
00’eKTa pO3paxyHKy, KOJH 1O KOOPAUHAT BEPIUIMH
MEXOBHX EJIEMEHTIB JOJAI0ThCsl HOPMOBaHI 3Ha-
YeHHS1 BUOpaHUX KOpUCTyBaueM (pyHKLIl (3a ycTase-
HUM HaJlalITyBaHHIM — NEpeMillieHb) (pHc. 5).

Puc. 4. Bizyasizanisi 00’€kTa 3 BUKOPHCTAHHAM
Pi3HOI KiTbKOCTi KOJBLOPIB

Ha puc. 5 naBenmeno mpukian Bi3yatizauii Tpas-
cdopmaliii MaTMBHOTO OaKa JITaNbHOrO anapara (3 ypa-
XyBaHHSIM CUMETPil po3misAanacs YBepTh KOHCTPYKIIi)
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M Jli€0 BHYTPINIHBOTO THCKY. [l MopmemtoBaHHS
BHUKOpPHUCTOBYBaJcss 000moHKoBI TpukyTHi CE. HasiB-
HICTh TIOTIEpeYHHX pedep JKOPCTKOCTI MOJeoBaiacs
3aBIAHHAM TOBIIIVMHA BiAITOBIAHUX EJIEMEHTIB.

Puc. 5. llpukian Binoopa:keHHs: TpaHchopmanii
KOHCTPYKIIl

BucHoBku. Y po0OTi MpeAcTaBICHO MPOrpamMHy
peamizamiro mocrmporecopa Mesh 3 BigkpuTum
MOYATKOBUM KOJOM, SIKii MOYKHa BHKOPHCTOBYBATH
JUTSL  aHaNi3y pe3yJbTaTiB CKiHYEHHO-EJIeMEHTHHX
PO3paxyHKiB, OTPUMAHHUX 13 BUKOPUCTAHHAM HH3KH
croponHix FEA-cucrem.

T'onosHotO nepeBaroro nporpamu Mesh nopisHsiHO
3 HasABHUMH aHAJIOTaMU € ii peamizallis y BUIIISAII
Be03aCTOCYHKY, IO POOUTH i1 Kpocmiar(popMHOO Ta
TAKOIO, 1110 MOXE MPALIOBATH MiATPUMKOIO CyYaCHUX
XMapHHUX TE€XHOJIOTIH.

Mesh Hamae xopucTyBa4eBi iHTYITHBHO 3pO3yMi-
it rpadiunuil iHTepdeiic 1 Bizyarmizallii BETHKIX
HaOOPIB JTaHWX, Y TOMY YHCIi 3a JOITOMOTOI) acCHH-
XPOHHHX METOJIiB 00POOKH.

Sk BapiaHT momanbLIOro BRocKoHaleHHA Mesh
nependavdaeThCsl  PO3MMUPEHHS (PYHKIIOHATHHOCTI
LIbOT'O 3aCTOCYHKY JUIS IOCTAaHAJi3y HECTAaLliOHAPHUX
3a1ad.

3aBaHTaXXUTH MHOYaTKOBUN koj Mesh MoxkHa 3a
nocusianHsM [28].

JITEPATYPA
1. Zienkiewicz O.C., Taylor R.L., Zhu J.Z. The Finite Element Method: Its Basis and Fundamentals. Sixth

edition. Butterworth-Heinemann, 2016. 753 p.

R

08.01.2025).

Finite element analysis software. URL: http://surl.li/ukbjyp (nara 3sepuenns: 08.01.2025).
Engineering Simulation & 3D Design Software | Ansys. URL: https://www.ansys.com/ (nara 3BepHEHHS:

4. MSC Nastran — Multidisciplinary Structural Analysis. URL: http://surl.li/schezo (mara 3BepHeHHS:

08.01.2025).

5. COMSOL Multiphysics ® Modelling Software. URL: https://www.comsol.com/ (nara 3BepHECHHS:

08.01.2025).

6. Best Open-Source Finite Element Analysis Software. URL: http://surl.li/vmblnr (mara 3BepHEeHHS:

08.01.2025).

7. Leel.Y.,Ahn S.Y. Interactive visualization of elasto-plastic behavior through stress paths and yield surfaces
in finite element analysis. URL: http://surl.li/vmrnkm (zmara 3Bepuenns: 09.01.2025).

8. Ansys Workbench | Simulation Integration Platform. URL: http://surl.li/sjkenb (nara 3sepuenns: 09.01.2025).

9. Abaqus/CAE. URL: http://surl.li/ketspv (nara 3sepuenss: 09.01.2025).

10. SOLIDWORKS Simulation. URL: http://surl.li/iawbud (nara 3sepuenns: 09.01.2025).

11. ParaView — Open-source, multi-platform data analysis and visualization application. URL: https://www.

paraview.org/ (mata 3BepueHHs: 09.01.2025).

12. Tecplot Visualization and Analysis Tools for CFD Post-processing. URL: https://tecplot.com/ (nara 3Bep-

HenHs: 09.01.2025).

Computer Science and Applied Mathematics. Ne 1 (2025)

ISSN 2786-6254



110

w

—=0w Noua

_—

. MATLAB — MathWorks. URL: http://surl.li/nnrxpk (nara 3seprenns: 09.01.2025).

. QuickField Postprocessor. URL: https://quickfield.com/post.htm (mara 3Beprents: 09.01.2025).

. NumPy. URL: https:/numpy.org/ (nara 3sepaenns: 09.01.2025).

. Matplotlib — Visualization with Python. URL: https://matplotlib.org/ (nara 3sepuenns: 09.01.2025).

. VTK — The Visualization Toolkit. URL: https://vtk.org/ (nara 3sepuenss: 09.01.2025).

. The PyVista Project. URL: https://pyvista.org/ (nara 3Bepaenss: 10.01.2025).

. WebGL Overview — The Khronos Group Inc. URL: https://www.khronos.org/webgl/ (nata 3BepHEeHHS:

10.01.2025).

. Home — Ecma International. URL: https://ecma-international.org/ (nata 38epuensst: 10.01.2025).
. WebGL Fundamentals. URL: https://webglfundamentals.org/ (nara 3eprenns: 10.01.2025).
. Tueznoscwkmii O. B. BigkpuTa 00’€KTHO-Opi€HTOBaHA apXITEKTypa CUCTEM CKiHUEHHO-EJIEMEHTHOTO aHa-

3y : AucepTanis Ha 3100yTTs HAyKOBOTO CTYIIeHs JOKTopa (isocodii 3a cnenianbHicTio 122 «Komn 1oTepHi
HayKW». 3aropi3bKuil HaIllOHAILHIHA YHIBEpCHUTET, 3armopixoks, 2023. 124 c.

. React. URL: https://react.dev/ (mara 3Beprenns: 18.01.2025).
. A three-dimensional finite element mesh generator with built-in pre- and post-processing facilities. URL:

https://gmsh.info/ (nara 3Bepaenns: 19.01.2025).

. Netgen/NGSolve. URL: https://ngsolve.org/ (nata 3sepuensst: 19.01.2025).
. QFEM - Simple FEM Solver. URL: http://surl.li/eikjdv (nara 3Bepuenns: 19.01.2025).
. T'omentok C. 1., Kozyo B. KO. OcobnmmBocTi BUKOpHUCTaHHS MapaiedbHAX OOYHCICHb B TIAKETI MPUKIIaTHIX

nporpam «MIPEJIA+». Bicnux Xuenvnuyvkoco nayionanvtozo ynisepcumeny. 2022. Ne 6. T. 2. C. 60—64.

. Mesh. URL: https://surl.li/vnpczu (nara 3seprenns: 31.01.2025).

REFERENCES
Zienkiewicz, O.C., Taylor, R.L., Zhu, J.Z. (2016). The Finite Element Method: Its Basis and Fundamentals.
Sixth edition. Butterworth-Heinemann, 753 p.
Finite element analysis software. URL: http://surl.li/ukbjyp (accessed 08.01.2025).
Engineering Simulation & 3D Design Software | Ansys. URL: https://www.ansys.com/ (accessed
08.01.2025).
MSC Nastran — Multidisciplinary Structural Analysis. URL: http://surl.li/schezo (accessed 08.01.2025).
COMSOL Multiphysics ® Modelling Software. URL: https://www.comsol.com/ (accessed 08.01.2025).
Best Open-Source Finite Element Analysis Software. URL: http://surl.li/vmblnr (accessed 08.01.2025).
Lee, J.Y., Ahn, S.Y. Interactive visualization of elasto-plastic behavior through stress paths and yield
surfaces in finite element analysis. URL: http://surl.li/vmrnkm (accessed 09.01.2025).
Ansys Workbench | Simulation Integration Platform. URL: http://surl.li/sjkenb (accessed 09.01.2025).
Abaqus/CAE. URL: http://surl.li/ketspv (accessed 09.01.2025).

. SOLIDWORKS Simulation. URL: http://surl.li/iawbud (accessed 09.01.2025).
. ParaView — Open-source, multi-platform data analysis and visualization application. URL: https://www.

paraview.org/ (accessed 09.01.2025).

. Tecplot Visualization and Analysis Tools for CFD Post-processing. URL: https://tecplot.com/ (accessed

09.01.2025).

. MATLAB — MathWorks. URL: http://surl.li/nnrxpk (accessed 09.01.2025).

. QuickField Postprocessor. URL: https://quickfield.com/post.htm (accessed 09.01.2025).

. NumPy. URL: https://numpy.org/ (accessed 09.01.2025).

. Matplotlib — Visualization with Python. URL: https://matplotlib.org/ (accessed 09.01.2025).

. VTK — The Visualization Toolkit. URL: https://vtk.org/ (accessed 09.01.2025).

. The PyVista Project. URL: https://pyvista.org/ (accessed 10.01.2025).

. WebGL Overview — The Khronos Group Inc. URL: https://www.khronos.org/webgl/ (accessed 10.01.2025).
. Home — Ecma International. URL: https://ecma-international.org/ (accessed 10.01.2025).

. WebGL Fundamentals. URL: https://webglfundamentals.org/ (accessed 10.01.2025).

. Hniezdovskyi, O.V. (2023). Vidkryta obiektno-oriientovana arkhitektura system skinchenno-elementnoho

analizu [Open object-oriented architecture of finite element analysis systems]. Doctor s thesis. Zaporizhzhia
National University, Zaporizhzhia. 124 p. [in Ukrainian].

. React. URL: https://react.dev/ (accessed 18.01.2025).
. A three-dimensional finite element mesh generator with built-in pre- and post-processing facilities. URL:

https://gmsh.info/ (accessed 19.01.2025).

. Netgen/NGSolve. URL: https://ngsolve.org/ (accessed 19.01.2025).
. QFEM — Simple FEM Solver. URL: http://surl.li/eikjdv (accessed 19.01.2025).
. Homeniuk, S.I., Kozub, V.Yu. (2022). Osoblyvosti vykorystannia paralelnykh obchyslen v paketi

prykladnykh prohram “MIRELA+” [Peculiarities of using parallel computing in the package of applied
programs “MIRELA+"]. Bulletin of Khmelnytsky National University, 6 (2), 60—64 [in Ukrainian].

. Mesh. URL.: https://surl.li/vnpczu (accessed 31.01.2025).

Computer Science and Applied Mathematics. Ne 1 (2025) ISSN 2786-6254



UDC 004.8

111

DOI https://doi.org/10.26661/2786-6254-2025-1-13

OPTIMIZING OBJECT DETECTION PERFORMANCE THROUGH IMAGE

ENHANCEMENT FOR BEE IMAGES

Zhukov O. O.

Assistant at the Department of Electronics, Information Systems and Software

Zaporizhzhia National University

Universytetska str., 66, Zaporizhzhia, Ukraine

orcid.org/0009-0004-3683-2527
oleksanrei@gmail.com

Horbenko V. 1.

Candidate of Physical and Mathematical Sciences,
Associate Professor at the Department of Software Engineering

Zaporizhzhia National University

Universytetska str., 66, Zaporizhzhia, Ukraine

Key words: neural networks,
clahe, ssd, tensorflow, bee hive,
histogram equalization.

orchid.org/0000-0002-3342-4841
vgorbenko@ukr.net

Neural networks and deep learning, being among the technologies experiencing
daily growing interest, have found practical application, particularly in bee
monitoring. The use of neural networks for identifying bees in images can provide
non-invasive monitoring of the condition of individual bees and, consequently,
reduce stress on the colony. However, the accuracy of object detection algorithms
can be significantly affected by variations in monitoring conditions, such as weather
conditions, lighting, or the use of different cameras. Thus, image enhancement can
be an important pre-processing step for optimizing object detection algorithms.
This study utilizes various image enhancement and color normalization methods
to improve the performance of the SSD MobileNet model in detecting the
full bodies of bees in images. The data source consists of photos taken with a
smartphone, which were subsequently divided into sections to fit within the
model's acceptable identification limits. The study examines the effectiveness
of three image enhancement methods: Contrast Limited Adaptive Histogram
Equalization (CLAHE), a regular histogram equalization algorithm, and Protobuf
pipeline functions. Each approach is evaluated on different image sets, including
photos of normal beehive sections taken with a smartphone, photos with randomly
altered brightness and contrast, and photos with slight blurring. The findings show
that image normalization alone does not improve object detection performance
on standard bee photos, whereas the CLAHE algorithm proved most effective in
other cases, maintaining good results when image brightness and contrast were not
optimized. Additionally, it was found that applying blur did not result in an overall
increase in the efficiency of identifying bees in photos.
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Heiiponni mepexi Ta muOOKe HaBYaHHS K TEXHOJOTi, IHTEpeC A0 SKHUX 3
KOKHUM JIHEM 3pOCTa€, 3HAMIUIM MpaKkTHYHE 3aCTOCYBAHHS, 30KpeMa, Y
MOHITOpUHTY OKiN. BuxopucraHHs HEHPOHHUX Mepex Ui iIeHTUdikamii
O/pkin Ha 300paKeHHI MOXYTh 3a0€3MEUUTH HEIHBA3UBHUM MOHITOPUHT
CTaHy OKpEMMX OJUKIN 1, sIK HACJiJ0K, 3MEHIIHUTU CTpec Ha KoJloHio. IIpoTe
Ha TOYHICTh AJTOPUTMIB BUSBICHHS O00’€KTiB MOXYTb 3HAUHO BIUIMHYTH
Bapialii yMOB MOHITOPUHTY, SK-OT TIOTOJHI YMOBH, OCBITICHHS a0o
BUKOPUCTAHHS Pi3HUX KaMep. TakuM 4MHOM, TOKPAIICHHS 300pa’keHHS MOXe
OyTu Ba)XJIMBUM €TaroM IMONEPEAHbOI 0OPOOKH AJIsl ONTUMI3alil anrOpUTMiB
BUSIBIICHHS 00 €KTiB. Y 1IbOMY JOCIIIXKEHHI BUKOPUCTOBYIOTHCS PI3HOMAHITHI
METOM OKPAIICHHS 300pa)KeHHS Ta HOpMaJi3alii KoJIbopy, 00 MOKPAIIUTH
npoAyKTHBHICTH Mozpeni SSD MobileNet y BHUABICHHI MOBHUX Til OKiN
Ha 300pakeHHAX. SIK JpKepena JaHuX BUCTYMAIoTh (ororpadii 3pobneHi Ha
cMmapTdoH, sKi Jami OyIu po3isieH]l Ha CeKIIil 3 METO0 BKJIAJIaHHA B IOy CTHMI
mimite ineHTrdikamii Moxeni. Y JOCTiIKeHHI po3MisgacThesi e(heKTUBHICTD
TPHOX METOIB MOKpamieHHs 300paxenHs: CLAHE, perymspHoro anropurmy
BUPIBHIOBaHHSA TicTorpamMu Ta (yHKIH koHBeepa Protobuf. Koxken minxin
OLIIHIOETBCSI HA PI3HUX Habopax 300paxxeHb, BKIIOYHO 3 (oTorpadismu
3BUYAMHUX CEKI[ill O/PKONMHOTO BYIIHKa, 3HATUX HA cMapT(oH, poTorpadismu
3 JIOBUIBHO 3MIHEHOIO SICKPABICTIO Ta KOHTPACTHICTIO Ta (ororpadisMu 3
JIETKUM PO3MHUTTSIM. BHUCHOBKM MOKa3ylOTh, II0 HOpMai3alis 300paKeHHs
camMa mo cobi He TMOKpallye MPOAYKTHBHICTh BHSBICHHS OO €KTiB Ha
3BU4aiHuX Qortorpadisx Omxin, Tomi sk amroputM CLAHE BusBuscs
Halie(DeKTUBHIMMM B IHIINX BHIAJAKaX, 30epiraloud XOpomlll pe3yibTaTH Y
BUIIAJIKaX, KOJIH SICKPABICTh 1 KOHTPACT 300paxkeHHsI HE OyJIM ONTHUMIi30BaHi.
Takox Oyro BHUSIBICHO, IO 3aCTOCYBAaHHS PO3MHUTTA HE Jajl0 3arajJbHOro
IpUpPOCTy B e(heKTUBHOCTI iIeHTH(iKamii 6/pKin Ha (oTo.

Introduction. Bee monitoring has emerged as
a significant area of interest due to the paramount
importance of bees in the ecosystems they inhabit and
their integral role in global food production. As quin-
tessential pollinators, bees play a pivotal role in the
sustenance of biodiversity and the stability of agricul-
tural systems upon which we depend for a substantial
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portion of our food production [1; 2]. Alarmingly, the
phenomena of Colony Collapse Disorder (CCD) and
various health afflictions such as varroa mites have
placed bee populations at substantial risk [3; 4].
Given the impracticality of continuous manual
hive inspection, which may also introduce stress to
the bees, automated, non-intrusive monitoring meth-
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ods are important. One of the ways to monitor a bee
hive is the usage of photo-video feed from the hive
and using neural networks to process it and identify
bees. Successful detection of bees in images can lead
to further identification of the hive’s state, providing
valuable insights about bee quantity and traffic, var-
roa mite detection, and information about pollen that
bees carry. However, the precision of object detection
algorithms can be significantly impacted by variations
in monitoring conditions, such as different cameras
or lighting conditions [5]. Thus, image enhancement
could be an important pre-processing step to opti-
mize object detection algorithms. This paper aims to
address this concern by exploring methodologies to
enhance bee images, therefore increasing the quality
of the end result of the object detection task for dif-
ferent bee images.

Literature Review. The application of neural
networks for beehive monitoring has recently gained
traction in the domain of bee studies. For instance,
this paper [6] showcased how Object Recognition
and real-time feed from webcams can be used for
tracking bee traffic. Other research showed that the
usage of neural networks can detect varroa mite on
bees with an accuracy of 70% [7]. On the other hand,
this research [8] shows the effectiveness of applying
image filters to increase the Image Classification per-
formance on the task of detecting pollen on a bee.

Optimization Adaptive Histogram Equalization
(AHE) stands out as a noteworthy image enhance-
ment technique for object detection. Studies like
this paper [9] show that using Adaptive Histogram
Equalization with an image sharpening algorithm can
improve the performance of the Object Detection task
in low-light images.

A variant of AHE, Contrast Limited Adaptive His-
togram Equalization (CLAHE) has gained popularity
due to its controlled approach to histogram equaliza-
tion. This study [10] successfully utilized CLAHE to
improve object detection results on various images,
especially ones with shadows or low-contrast areas.

Several other studies managed to successfully use
CLAHE in their neural networks pipeline. In a study
which set to determine the effects of data augmen-
tation on the CNN-based identification of bee infec-
tion, authors managed to successfully use CLAHE
to enhance the contrast on foggy bee images, which
made them more understandable and led to the better
CNN classification results [11]. This other study on
honeycomb detection and classification using deep
learning has also showed positive results when using
CLAHE, as it allowed honeycomb edges to be more
distinctive [12].

Materials and Methods. As a data source for
the Dataset, photos taken on a Samsung A20 were
used. Since model-of-choice by default supports up
to 100 detections and some of the photos of the size
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of 4128 x 3096 pixels contained up to 200 individual
bees, it was decided to split images into 4 separate
parts for their further use. These parts were annotated
manually using the Remo software [13]. During the
annotation process, only individual bee bodies were
selected, and zones containing only a head or a spine
were ignored. After that, 20% of the pictures went to
the test set, and the others were used in training and
evaluation sets. Figure 1 offers examples of cropped
zones from the original dataset images that have been
used for training.

@ ® © @

Fig. 1. Cropped annotated bee images
that were used for training

Based on the initial evaluation set, three other
ones were created: one was created with “corrupted”
images, where brightness and contrast were randomly
changed in a range of +-20% and +-0.5 accordingly,
one with a slight Gaussian blur, and one with the blur
applied to the corrupted set.

Blurred datasets were taken into account since it
is a common way to reduce camera noise on images,
which may appear in low-light photos and impact the
overall performance of the model. Since the addition
of too much blur to the image could make bee detec-
tion harder even with a bare eye, the blur was applied
using OpenCV’s instruments with (3.3) parameters.

For the training, two image enhancement tech-
niques were used: the regular histogram equalization
algorithm and CLAHE. Histogram Equalization (HE)
is a method to increase the contrast by making the
histogram of the image uniform. HE operates on the
entire image, thereby globally enhancing contrast
which can be advantageous for images with back-
grounds and foregrounds that are both dark or both
light. Although this method is simple and effective,
it can cause color distortion or noise due to changes
in the average brightness of the image or excessive
contrast increase [14; 15].

Diverging from the global nature of traditional
histogram equalization, Contrast Limited Adaptive
Histogram Equalization (CLAHE) operates by divid-
ing the image into smaller tiles and then individually
equalizing each tile's histogram [16]. By focusing on
smaller regions, CLAHE can better address variations
in brightness and enhance local contrast, making it
particularly suitable for images with varying back-
grounds [17]. The performance of CLAHE heavily
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Applied image enhancement algorithms

Table 1 The SSD MobileNet V2 model was

chosen from the TensorFlow 2 Model

Zoo repository. Among the other mod-

Levels of red
color

Levels of
green color

Levels of blue
color

els in the repository, this model stood
out for its fast time per detection of
19 milliseconds and its expected input
resolution of 320 x 320 pixels, which
is good for detecting small objects
such as bees in an image. In addition to
that, all labeled bounding boxes from
the original dataset are in the range
of 320 x 320 pixels resolution. Also,
usage of SSD model architecture has
been proven to yield positive results
in terms of identifying bees on image
[18].

This model accommodates two
architectures — SSD and MobileNet.

The main idea behind SSD archi-
tecture is that the network uses only
one pass through an image to identify
the objects and classify them. Figure 2
shows the structure of the Single-Shot
Detector architecture.

depends on its parameters, including the block size
and the contrast limit, necessitating fine-tuning for
optimal results. In this work, CLAHE was applied
using OpenCV’s instruments, with (8,8) parameters
since based on visual inspection, it gave the optimal
results between improved contrast and distortion.

An example of image enhancement application
is shown in Table 1. On sample image, both algo-
rithms had spread color levels more evenly, while
both CLAHE and Histogram Equalization algorithm
made the image brighter, CLAHE did a better job in
preserving details.

The key feature of this architecture
is employing multiscale of convolu-
tional frame exits which are connected to a set of fea-
ture arrays at the upper part of the neural network.
Such a way allows to model potential frame spots
efficiently [19].

MobileNet V2 is a deep learning network designed
to function on mobile devices and to provide high
accuracy of image classification with the least pos-
sible model size and number of operations. The main
idea of MobileNet V2 lies in designing a light and
fast neural network architecture with the help of two
key technologies, which are residual connections and
inverted residuals. Residual connections are a type
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Fig. 2. Single-Shot Detection model architecture
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of technology that allows transmitting information
immediately from previous layers to the next ones
which helps avoid the problem of studying shallow
functions and provides a more efficient training of
the neural network. Inverted residuals are a technol-
ogy that allows decreasing the numbers of network
parameters by reducing the size of layers and using
their increase by applying 1x1 convolutions and lin-
ear layers [20].

To evaluate the performance of the applied object
detection model, this paper used images that were
not included in the original training and test datasets.
In object detection approaches, the detection result
and the classifier performance are two main indexes
to evaluate the performance of the models. For each
evaluation, following metrics were measured: Inter-
section over Union (IOU), recall, precision, and F1
score.

Precision measures what percentage of correctly
classified labels is truly positive and uses True Positive
(TP) and False Negative (FN) values to calculate it.

Precision= TP ; Q8
TP+FP
High precision indicates that the model is reliable in
its positive predictions, making few false positive errors.
However, precision alone does not account for all rele-
vant aspects of a model's performance, particularly its
ability to identify all positive cases in the dataset.
Recall, also known as sensitivity, is a metric that
measures what proportion of True Positives out of all
objects of the positive class the neural algorithm found

Recall = ——: 2
e = TpEN’ 2)

A high recall indicates that the model is effective
in capturing a large proportion of positive cases, but
it does not indicate how many negative cases were
incorrectly classified as positive.

Intersection over Union (IoU) metric is used to
evaluate the performance of object detection by com-
paring the ground truth bounding box to the predicted
bounding box. The general mean IoU metric was cal-
culated for each evaluation set by calculating it for
each individual image, and divided by the evaluation

images count.
Area of Overlap J

Area of Union

loU =

Fig. 3. Graphical representation of Intersection
Over Union (IOU) (Source: Adrian Rose- brock/
Creative Commons)
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The F1 score represents the harmonic mean of
precision and recall, thereby integrating both metrics
into a single figure. A higher F1 score illustrates that
the model is more robust.

Precisionx Recall 3)
Precision + Recall’

The training and evaluation process unfolds a
sequence of structured steps. Initially, input images
are pre-processed, which includes applying image
enhancement techniques as required to prepare the
input data. Similarly, evaluation data undergo a
pre-processing phase that may also encompass image
enhancement to ensure consistency with the training
data conditions. Following these preparatory steps,
the dataset is transformed into two TFRecord files,
which serve as the foundation for the training and val-
idation processes. After it, the model is trained using
Tensorflow Object Detection API instruments with
the prepared training and testing input data.

Each model was trained for 22000 epochs with
112 batch size parameter. In addition to the HE-based
and CLAHE-based models, a model which utilized
Protobuf’s pipeline features was added. For this pipe-
line, following data augmentation methods were used:

* Hue adjustment, which randomly alters hue by
a value of up to 0.02.

 Saturation adjustment, which randomly changes
saturation by a value between 0.8 and 1.25.

* Contrast adjustment, which randomly scales
contrast by a value between 0.8 and 1.25.

 Brightness adjustment, which randomly changes
image brightness by a value between 0.8 and 1.2.

These were applied to a random images during
the model training to the input data, and no image
enhancement algorithm was applied to them before-
hand.

When training was finished, each model was eval-
uated on the according set of images and the mean
IoU metric was calculated for them. Additionally, a
manual assessment is conducted to verify the True
Positives and False Negatives and to gather other
relevant metrics. Only detections with a confidence
score over 50% were taken into account during the
evaluation process.

All models were trained using a Google Colab Pro
high-RAM instance with a GPU accelerator, follow-
ing the recommended training procedures. Table 2
shows the loss value and the progression of it during
training of the models.

For model training, the cosine decay learning rate
strategy was used, providing an adaptive adjustment
of the learning rate over time. This approach follows
a cosine curve to decrease the learning rate from an
initial high value to near zero, facilitating both rapid
exploration of the solution space and fine-tuning of
model parameters. Since cosine decay learning rate
depends on the initial learning rate value and the

F1=2x
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Dataset

Final Loss
Value

Loss value graph

Table 2
Loss values and their progression during training

Original

Norm

CLAHE

PROTOC
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0.025

0.025
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number of steps, which was identical
for all models, the learning rate value
progression is exactly the same for
all 4 trained models, as shown on the
Figure 4.

Results and Discussion. Based
on the results from Table 3, add-
ing Image Enhancement techniques
didn’t increase the end recall and
precision results. On the other hand,
even though dataset with CLAHE
algorithm applied didn’t show the
best result, its precision and recall are
similar to the original dataset.

Upon further investigation, loU
metric didn’t show meaningful results
in this particular task because there
were a lot of detected zones that over-
lapped with each other, and, addition-
ally, it was affected by the false pos-
itive results which were also heavily
overlapping with the expected bound-
ing boxes in zones with lots of bees
present. Adding blur to the images
also didn’t show an increase in results.

Based on the data presented in
Table 3, in the case of the corrupt
dataset scenario, CLAHE showed the
best results in successfully detecting
bees.

Table 5 shows the object detection
result in one of the evaluation images
with CLAHE algorithm applied.

Table 3

Regular dataset performance results

Regular

Regular + Blur

Rec.

Prec.

IoU

F1

Rec

Prec IoU F1

Original 81.8%

90%

0.562

0.857

74.4%

90.0% 0.581 0.815

Norm 71%

85%

0.600

0.774

61.2%

89.0% 0.583 0.725

CLAHE 79.9%

87.0%

0.577

0.833

76.1%

90.0% 0.606 0.825

PROTOC 62.3%

86.0%

0.603

0.723

56.6%

87.0% 0.616 0.686

Table 4

“Corrupt” dataset performance results

Corrupt

Corrupt + Blur

Rec.

Prec.

ToU

F1

Rec

Prec IoU F1

Original 70.6%

92.0%

0.537

0.799

63.6%

91.0% 0.591 0.749

Norm 60.2%

90.0%

0.535

0.721

54.0%

89.0% 0.522 0.672

CLAHE 80.5%

89.0%

0.557

0.845

70.8%

89.0% 0.590 0.789

PROTOC 62.9%

87.0%

0.576

0.730

55.7%

84.0% 0.621 0.670
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Dataset Resulting Image

0.07

Original

a 5,000 10k 15k 20k

Fig. 4. Learning rate progression over training
steps graph

Original +
Blur

Conclusions. The main goal of the current study
was to determine whether using image enhancement
algorithms can lead to better object detection results.
The results of this investigation show that using HE
and CLAHE algorithms have not increased the preci-
sion of the object detection model in general. Another
major finding is that usage of CLAHE algorithm may
lead to more stable results in various lighting condi-
tions and small defects in image coloring. However,
using HE, blur, and data augmentation features of
Protobuf pipeline did not show significant results in
either test.

Further research might explore the possibilities of
using not only the image normalization techniques,
but also applying color filters. An issue that was not Corrupt +
explored in this study is the appearance of camera Blur
noise in low light environment, so reviewing the
models’ performance and ways to counter the noise
can be a subject for further investigation.

Corrupt
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VY cTarTi NpONOHYETHCS ApXiTEKTypa CHCTEMH IMO3MLIIOBAaHHA 00’€KTiB Ha
Oy/iBeNbHUX MalJaHYMKaX, /I AMHAMIYHO 3MIHIOEThCS KOH(IrypaLlisi IpoCTopY.
Po3pobneno ribpunHy cucremy, 1o interpye cymytHukoBy (GPS abo Starlink)
Ta i JokaibHi TexHosorii (UWB, Wi-Fi) nis 3a0e3nedeHHs: oNTUManbHOTO
CMIBBIJHOIIEHHS 33/1aHOT TOYHOCTI, HAJIMHOCTI NMO3UI[IOHYBaHHA OO €KTIB Y
peanbHOMY Yaci Ta MiHIMaJIbHOI BAPTOCTI.

Juis migABUIIIEHHS HAJIIHHOCTI CUCTEMH 3alIPOTIOHOBAHO TiJIXi]I, [0 IPYHTY€EThCS
Ha 30HYBaHHI TepUTOpii OydiBeJbHOTO MaiijaH4nKa 3a piBHEM KPUTUUIHOCTI,
M0 Ja€ 3MOTy aJanTyBaTH CUCTEMYy MO3UIIIOBAHHS 3aJ€XHO BiJl yMOB
CepeIoBUIIA. Y 30HaX i3 BUCOKOIO KPUTHUHICTIO BUKOPHCTOBY€EThCSI KOMOIHAILIS
TPbOX TEXHOJOTIH, 10 3abe3neuye TouHicTh A0 50 cM HaBiTh 3a HAABHOCTI
METAJICBUX TEPEIIKOl. Y CepeTHbOKPUTUUHHX 30HAX JOLUIBHUM € MO€THAHHS
JIBOX TEXHOJOTiH, BUOIp SKHUX 3aleXKHUTh BiJ KOHQIrypamii MaligaHuuka.
VY 30HaxX HU3BKOI KPUTUYHOCTI (BIAKPUTI MPOCTOPH 0€3 3HAYHUX MEPEIIKoN)
BUKOPHCTOBY€ETHCS OHA 3 IOCTYIHUX TEXHOJIOT1 3aJIEKHO Bil YMOB IOKPUTTSL.
ApxiTekTypa Mae yoTupH piBHi. Ha nepiomy piBHi 311ilicHIOeThes 301p iH(opMarii
Bil CEHCOpIB 1 MOAYNIB CYIlyTHHKOBOTO 3B’s3Ky. Jlpyruil piBeHb BiIMOBifae
3a 00poOKy OTpUMAHUX JaHUX, (UIBTPAIil0 IIyMIB 1 KOPEKIi0 MOXHOOK,
0 peatizyeThesi 3a gomomororo ¢imstpa Kammana. Tpetiit piBeHb BUKOHYE
30epexeHHs iHpopMallii, 110 OpraHi30BY€THCS 3a JONOMOIOK OararopiBHEBOL
CHCTEMH, BKJIIOYHO 3 OINEPaTHBHUM, JOBIOTPHBAIMM Ta APXiBHUM CXOBUILAMHU.
Le mae 3mory 30epiratu i aHaTi3yBaTH IIOTOYHI Ta ICTOPHYHI JJaHi, 3a0€3MeUyoun
MOMJIUBICTh TPOTHO3YBAaHHSI pPyXy OO’€KTIB 1 MiJBHIINEHHS €(PEKTUBHOCTI
jorictuku. YeTBepTHil piBeHb 3a0e3Meuye IHTErpalil0 CUCTEMH B 3arayibHy
TH(pACTPYKTYpy VYIpaBIiHHA, JAIOYM MOXIIMBICTb ONEparopaM 3/iHCHIOBATH
MOHITOPHHT 00’€KTIB Y pealbHOMY 4aci, POrHO3YBATH MOMKIIUBI BiIXMJICHHSL.
3anponoHOBaHA ApXiTEKTypa Aa€ 3MOTy HAJAlITOBYBaTH Ta MaclITaOyBaTH
CUCTEMY 3 OISy Ha OCOOMMBOCTI OyIiBENBPHOIO MaiaHUMKa, 3BAYKAHOUH
Ha CKJIAJHICTh CEpPEelOBHINA, KPUTHYHICTh 30H 1 BHMOTH JO TOYHOCTI
MO3UIIOHYBAHHS. 3 BUKOPUCTAHHSM aIalITHBHOTO 30HYBaHHS MOKHA €(heKTHBHO
POBIOLISATHA TEXHOIIOTIT MO3UIIF0OBaHHS, 3a0e3euytoun 0agaHc MiXK TOYHICTIO,
HAJIHAHICTIO 1 EKOHOMIYHOIO JOLIBHICTIO.
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The article proposes the architecture of a system for positioning objects on
construction sites where the space configuration is dynamically changing. A hybrid
system has been developed that integrates satellite (GPS or Starlink) and two local
technologies (UWB, Wi-Fi) to ensure the optimal ratio of the specified accuracy,
reliability of real-time positioning of objects and minimum cost.

To improve the system’s reliability, an approach based on zoning the construction
site by the level of criticality is proposed, which allows the positioning system
to adapt to the environment. In areas of high criticality, a combination of three
technologies is used to ensure accuracy of up to 50 cm even in the presence of
metal obstacles. In medium-critical areas, a combination of two technologies is
advisable, the choice of which depends on the site configuration. In low-criticality
areas (open spaces without significant obstacles), one of the available technologies
is used depending on the coverage conditions.

The architecture includes four levels. The first level collects information from
sensors and satellite communication modules. The second level is responsible
for processing the received data, filtering noise and correcting errors, which is
implemented using a Kalman filter. The third tier is responsible for storing
information, which is organised through a multi-level system, including
operational, long-term and archival storage. This allows you to store and analyse
current and historical data, providing the ability to predict the movement of objects
and improve logistics efficiency. The fourth level ensures the integration of the
system into the overall management infrastructure, allowing operators to monitor
facilities in real time and predict possible deviations.

The proposed architecture allows the system to be customised and scaled to suit
the specifics of the construction site, taking into account the complexity of the
environment, criticality of areas and positioning accuracy requirements. The use
of adaptive zoning allows for the efficient distribution of positioning technologies,
ensuring a balance between accuracy, reliability and economic feasibility.

Beryn. B ymoBax cTpiMKOTO TEXHOJOT14HOTO
PO3BHTKY NHTaHHS TOYHOTO ITO3UIIIOHYBaHHS
00’€KTiB CcTae jAenaii akTyaJlbHIIINM, OCOOJIHBO B
OyniBenpHUX 30HaX, Je Oesrmeka i e(heKTHBHICTH
BHKOHAHHS POOIT € MPIOPUTETHUMHU 3aBJIaHHSIMU.
CucteMH NMO3MIIOHYBaHHS JAlOTh 3MOTY HE JIMIIE
KOHTPOJIFOBATH MiCIIE3HAXO/KEHHS 00 €KTiB, a H
MiHIMI3yBaTH PHU3WKH aBapiiHWUX CUTYaIliil, ONTH-
Mi3yBaTu TIpoIlecH Ta 3abe3nedyBaTH e(eKTHBHE
YIPaBIiHHSA PeCypCaMH.

OcHOBHI KpuTepii €PeKTUBHOCTI CHCTEM TO3HIIi-
OHYBaHHS — TOYHICTh, HAJIHICTh Ta €KOHOMIYHICTb.
VY KOHTPOJBOBAHMX YMOBAxX 0arato Cy4aCHUX TEXHO-
JIOTifl IEMOHCTPYIOTh BUCOKY TOYHICTH BH3HAYCHHS
koopauHar o0’ekrTiB. OgHaK Ha MaWJaHYWKax 3i
3MiHHOIO KOH(Irypariiero npocTopy, SIK-0T Oy/iBeNIbHI
MalIaHYuKH, Kap’ epu, HadToBI miardopmu abo mpo-
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MUCJIOBI 00’€KTH, BUKOPHCTAHHS OHI€l TEXHOJOTII
BUSIBIIIETHCS HEOCTATHBO €(DEKTUBHUM.

JuHamiuHi 3MiHM JaHAIIA(Ty, BCTAHOBJICHHS
TUMYAacOBUX METAJOKOHCTPYKIiH, TII0sBa HOBUX
Oy/iBeINb 1 TEXHIYHOTO OONaHAHHS MOXYTh CYTTEBO
BIUTMBATH HA SIKICTh CHUTHAJY Ta TOYHICThH IO3HUILIO-
HyBaHHS.

Knacuunuii miaxig Ao BupilieHHS i€l Tpo-
OnemMu — 301bIIEHHS KUTBKOCTI KOHTPOJIBHUX TOUOK
a00 3aCTOCYBaHHA OB MMOTYKHUX CEHCOPIB — MPH-
3BOJUTH 10 3HAYHOTO 3pOCTaHHs BHUTpAT. Lle poOuTh
BUKOPUCTAHHS OJHI€] yHIBEepCcadbHOI TEXHOJOTI]
HEPEeHTA0EeTbHUM JUII MOOUTBPHHX 1 THMYaCOBHX
poOOYMX 30H.

VY 3B’s3Ky 13 UM yce OiIbIIoi yBaru HaOyBae po3-
poOKa TiOpHIHUX CUCTEM MO3UI[IOHYBaHHS, IO iHTe-
TPYIOTh KiIbKa TEXHOJIOTIH JJIsi KOMIICHcallii Hemlo-
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JKIB KOXKHOI 3 HUX. llepCcreKkTHBHUM ITigXo7oM €
KOMOIHYBaHHSI CyITyTHUKOBHX CHCTEM 13 JIOKQJIbHUMHU
TEXHOJIOTiSIMH.

Buxopucranns ¢inerpa Kanmvana mis oOpoOku
JaHUX 13 PI3HMX JDKEped Ja€ 3MOry 3INIaKyBaTH
ITYMOBI CKJIaJIOBi, KOPUTYBaTH HETOYHOCTI Ta MiABH-
LIyBaTH TOYHICTb BU3HAUYEHHSI KOOPAMHAT 00’ €KTIB Yy
peanbHOMY 4Yaci. Taki pillleHHS CIIPUSTHMYTh aJiarl-
TUBHOCTI CHCTEMH 10 3MiHHMX YMOB €KCIUTyaraiii,
10 OCOOJIMBO BAYKJIMBO ISt OyMiBENbHUX 1 MTPOMHUC-
JIOBUX MailaHYHUKIB.

Otxe, 00’ €KTOM JIOCHIPKEHHS € BU3HAUYCHHS KOOP-
JIMHAT TEXHIYHUX 00 €KTIiB 1 IEpCOHAIYy B PEallbHOMY
Yaci i3 331aH00 TOYHICTI0. MeToro poOoTH € po3podka
apxiTeKTypH TiOpWUAHOI CUCTEMH IO3HIIOHYBAHHS
00’€eKkTiB Ha OyiBENFHIX MalJIaHYMKaX, 10 TIOETHYE
CYNMYTHHKOBI Ta JIOKaJbHI TEXHOJOTii, 3abe3reuye
MIHIMI3aIlif0 TOXWOOK TIO3WI[IOHYBaHHSA, ITiJIBUIIY€E
Ha/TIHHICTh CHCTEMH i €eKOHOMIYHY e(heKTHBHICTb.

Jnsi [OCSTHEHHsT TOCTaBJIEHOI METH IOTPiOHO
BUPILLIEHHS TaKUX 3a]a4:

— BU3HA4YEHHS BB TEXHOJIOTH;

— BUOIp METOIMKN 30HYBaHHS TEPUTODIi;

— 00poOKa CUTHAIIIB Ta 3MEHIIICHHSI PiBHS IIIyMY;

— 30epexXeHHs JaHHX.

Orasaa Jgirepatypu. Ha croromni iHTepec Hay-
KOBIIIB JI0 MTPOOJIEMATHKH TIO3UINFOBAaHHS 00 €KTIB Y
CKJIaJJHUX CEepelOBHIIAX, 30KpeMa Ha OyaiBelIbHUX
MalaHYMKaX, BiOOpaxkaeTbCsl y 3HaYHIA KUTBKOCTI
JOCITIKEHb, SIKi CTIPSIMOBaHI Ha MONIYK OUThII edek-
TUBHUX pileHb. bymiBenbHI MaiilaHYMKU Big3HA-
YaroThCsl JUHAMIYHICTIO, 3MIHHOIO KOHQITypaIi€eto
Ta 00MEXEHOI0 iH(PACTPYKTYpOIO, M0 YCKJIAIHIOE
BHKOPUCTAHHS TPAJAULIHHUX 3aCO0IB IMO3UIIIFOBaHHS
[1]. ¥ Takux ymoBax came 0araToCEHCOpHI CUCTEMH
CTalOTh TEXHOJIOT1YHOIO OCHOBOIO [UI CTBOPEHHS
THYYKO1, aJallTUBHOI apXiTEKTYpH MO3ULIIOBaHHS.

VY pobori [2] mporeMoHCTpOBaHO, 110 B YMOBax
IIPOMUCIIOBUX 00 €KTIB TOYHICTH CYITyTHHKOBOTO
MO3UIIIIOBAHHS ICTOTHO 3HIDKYETHCA — TOXHOKa
Moke csratu 20-50 MeTpiB, 0COONMBO 3a HAsIBHOCTI
METaJeBUX KOHCTPYKIi abo BiJCYTHOCTI MpPSIMOi
BHJIUMOCTI JI0 CyNMyTHHKiB. JlocmimkeHHs poOoTh
texnomnorii UWB neMoHcTpye BHITY TOYHICTH TIO3H-
LIFOBaHHS Y BIIKPUTOMY CEPEIOBHII, OJHAK poOoTa
CUCTEMH Tiepedoavae To9He i CTabiTbHEe PO3MIIIEHHS
AHTEH Ha BIJIOMHX BiJJHOCHUX TTO3HUIIISX, IO YCKIIAI-
HIO€ MacmTaOyBaHHS Ta POOOTY CHCTEMH 3a 3MiHU
koH(piryparmii mpocropy [3]. Yce 1e oOymoBito€e
HEOOXiTHICTh BHKOPHCTAHHS aJbTEPHATUBHUX a0o
KOMOIHOBaHUX PIllICHb.

VY 11boMy KOHTEKCTI [4] IPOTIOHYIOTh apXiTEKTYypy
riOpUIHOTO TO3MWITIIOBaHHS, siKa Tepeadadae aBTo-
MaTUYHE MEPEeMUKAHHS MDK pPI3HUMHU JKepelamMu
3aJIeKHO BiJl AKOCTi curHaury. Takuii miaxin gae 3Mory
ITiIBUIIATH CTAOUTHEHICT TO3UIIIFOBAHHS i ONITUMI3Y-
BaTH €HEProcIoXUBaHHs NpUcTpoiB. [IpoTe cucrema
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Oyna peaii3oBaHa y BiJIHOCHO CTaOUTbHUX yMOBaX,
10 00MeXy€e MOXIIMBICTD 1 3aCTOCYBaHHS B YMOBax
MOCTIHHOT MPOCTOPOBOi TUHAMIKH, BIACTHBOI Oyi-
BEJIbHUM MaiilaHuMKaM.

VY nocnimkensi [5] interpoBano mani 3 UWB Tta
IMU 3 BUKOpHCTaHHSIM KOMIUIEMEHTapHOTO (ijabTpa
i pinmprpa Kanana. 3anpomnoHoBaHa cucTema Jocsrae
BHCOKOT TOYHOCTi. BoHa edexTrBHa B yMOBaxX oOMe-
JKEHOI BUJTUMOCTI Ta JJa€ MOXKIIUBICTH 30epiratu 6e3-
NEPEPBHICTh MO3MLIIOBaHHA. BomHouac mpakTuyHe
3aCTOCYBaHHS TaKoi TEXHOJOTI y BIIKPUTHX 1 TUHA-
MIYHHX TPOCTOPaX YCKJIAJHIOETHCS HEOOXiITHICTIO
IIJIEHOTO Ta CTaOUTRHOTO PO3MIIIEHHS aHTEH, IO
BaXXKO ISl pearizanii Ta macmTaOyBaHHsS Ha Oyi-
BEJIbHUX MalaHIHKaX.

HocmimkenHs [6] mokazye KOHTEKCTHO 3alieKHE
riOpuaHe pIIeHHs [Tl TIO3UIIIFOBAHHS, IO aJarnTy-
etbest 10 3MiH GNSS-noxubok y vaci. Takuii migxin
JIEMOHCTPYE BUCOKY TOUHICTb Y CKJIQJIHUX IPOCTOPO-
BUX CIIEHapisiX, IpoTe NoTpedye CKIAAHOIO CEHCOP-
HOT'O KOMIUIEKCY Ta HE € OPI€EHTOBAaHUM Ha EKOHOMI4HO
e(heKTUBHE pO3ropTaHHs B yMOBax OyJliBHUIITBA.

Metonu. Jlns peamizamii riOpugHOi cucTeMU
MO3HMLIOHYBAaHHS 3alpPONIOHOBAHO apPXITEKTYpy Ha
OCHOBi cynmyTHHKOBHX TexHoioriii, UWB ta Wi-Fi.
3aneXHO BiJ piBHS HEOOXiAHOI TOYHOCTI Ta HaJiii-
HOCTI CHCTEMH, CKJIQJIHOCTI MalJaHYuKa, a TAKOXK 3
OIJIsILy Ha MOXKIIMBY AMHAMIUHY 3MiHY HOTO KOHQIry-
pauii i TeXHOJIOT1l MOKYTh KOMOiHYBaTHCS PI3HUMH
BapiaHTaMU.

3anponoHOBaHUN MiJIXiJg A€ 3MOTY aJalTHBHO
HAJIAIITOBYBAaTH CHCTEMY /0 YMOB 3a/IaHOTO Maii-
JaH4YMKa, BUKOPHUCTOBYIOUM II€pEeBaru KOXKHOI Tex-
Hozorii. s 1poro B mporeci po3poOKH CHCTEMH
MO3HMLIOHYBAaHHS KJIIOUOBUM 3aBIaHHSM € €(peKTUBHE
30HYBaHHS TEPUTOpii, L0 JA€ 3MOTY OINTHMAaJIbHO
PO3MIIIYyBaTH JaTYHUKH.

st onmcy apxiTeKTypH CHUCTEMH BUKOPHCTOBY-
€THCS 1€PApXIUHUM MiJIXiJ, 10 HAJa€ MOXIIUBICTh
PO3IIISIHYTH OCOOIMBOCTI peai3allii CHCTEMH Ha ama-
paTHOMY Ta MPOrpaMHOMY piBHi, BpaxyBaTu 0coOnu-
BOCTI TepuTOpii OyAiBEIILHOTO MalJJaHYMKA Ta 3MiHU
fioro koH(pirypauii 3 gacom.

Pesynabrarn. OnHuM 13 HalOLIbM eQEeKTHBHUM
MiAXOMIB 710 OpraHizauii 30HyBaHHS TEpUTOPii Maii-
JaHYMKa € BUKOPHCTaHHS I'eKCaroHajbHOI (1IecTu-
KyTHOI1) ciTku [7]. OCHOBHI IlepeBaru bOTo MiAX01Y:

— piBHOMIpHE MOKPHUTTs Oe3 mporainuH. [ekcaro-
HaJIbHA CiTKa Ja€ 3MOTY PIBHOMIPHO MOKPHBATH BCIO
TEepHUTOpito Oe3 HaKIalaHb a00 MPOTAIHH B IIOKPHTTI;

— MiHIMI3aIig BiICTaHI MK CYCiJIHIMA TOYKaMH.
V rekcaroHajpHIil CITIII KOKHA 30HA Ma€ OIHAa-
KOBY BIJICTaHb JI0 BCIX IIECTH CYCiJliB, IO 3HIKYE
3aTPUMKHU MiJ 4Yac MepefaBaHHs CUTHAIY Ta MOKpa-
11ye eeKTHBHICTD PO3MIIIICHHS JaTYHKIB;

— e(ekTUBHE BHKOPUCTAHHS OOUMCIIOBAJIBHUX
pecypciB. lekcaroHampHa ciTka moTpeOye MeHIe
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OOYMCITIOBAIBHAX TSI PO3PaxyHKY pO3TallyBaHHS
00’€KTIB TOPIBHSIHO 3 KBaJIPaTHOIO a00 KPYTOBOIO
CTpyKTypoto. Lle monermrye anropuTMu BH3HAYESHHS
HaHOMDKYMX CYCiIB 1 3MEHIIYe HaBaHTAKCHHS Ha
cucTeMy 0OpOOKH JJaHHX;

— ONTHMaJIbHE BUKOPHCTAHHS JaTYHKIB. Y TeKca-
TOHAJIBHIN CXeM1 KOXKEH JaTYMK MOYKE B3aEMOIIATH 13
ITiCThMa CyCIIHIMH 30HaMH, IO 3a0e3rnedye Hamii-
HICTh NOKPHUTTS Ta Ja€ 3MOTY IIBHJKO aJaNTyBaTu
CUCTEMY JI0 3MiH y CepeloBUIIN (HANpUKIad, y pasi
BCTAHOBJICHHS HOBHX IEpENIKo/] a0 3MiHM IUIaHy-
BaHHS TEPUTOPIT).

BuznaueHHs 30H 0a3yeThCst HA KIIOYOBHX (aKTO-
pax, siki HaBe/IeHO B Taomui 1.

Taomums 1
DakTOopH, 10 BILIUBAKTH
HA SKICTh MO3MLIOHYBAHHSA

dakTop XapaKkTepuCTHKH

MeTaJieBi KOHCTPYKIIii, IPOMHCIIOBOTO
00JaiHaHH, JUKepesl BUIPOMiHIOBaHHS
(BHCOKOBOJIBTHI JIiHIT 200 pa1io3B’s130K)

3MiHHN y KOH}irypauii Maiiiananka
(TMMYAcOBI CIIOPY/AHN, PyXOMi MEXaHI3MH,
301TBIIICHHS] METAJICBUX KOHCTPYKIIIH)

EnextpomMarHiTHi
IePELIKOAN

JluHAMiYHICTh
CepeoBHIIa

Tun cepenoBuiia BIAKPHUTHI IPOCTIip a00 MPHUMILCHHS

Ha 30HM TakoX MOXYTh HaKJIaJaTHCS JOJATKOBI
BUMOTH JI0 TOYHOCTI MO3MI[IIOBAHHSA, IO ITOB’s3aHl
3 OesrmeyHnM TmepeOyBaHHSAM O0’€KTIB Ha MEBHIH
JTJTSTHIT.

CeHcopHHII piBeHE PireHr 00pOOKI JAHIIX

ol =

3 omAay Ha Iie MalIaHYUK PO3MOAUIIEThCS Ha
30HU PU3HKY, SKi KIacu(iKylOThCS 3a piBHEM KpH-
TUYHOCTI:

— KpUTHYHI 30HU (30HM IIiJIBUIICHOT HEOC3TEeKH )
MoTpeOyroTh HAWBHUINOI TOYHOCTI TMO3MIIIOHYBAaHHS,
TOMY BHUKOPHCTOBYETHCSI KOMOIHAIIiS CYITyTHHKOBUX
texnojorii, UWB ta Wi-Fi;

— 30HH CEpEeIHBOI KPUTHYHOCTI IependadaroTh
BUKOPHCTAHHS JBOX TEXHOJOTiH Oe3 BTpaTH TOY-
HocTi manux (Hanmpukian, UWB ta Wi-Fi s 3axpu-
Tux MargaHyukis abo GPS ta Wi-Fi/GPS ta UWB
JUIST KOMOIHOBaHHMX MalJaHYHKIB);

— 30HM HU3BKOI KPUTHYHOCTI BHKOPHCTOBYIOTH
OJIHY TEXHOJIOTIIO 3aJI€)KHO BiJl JOCTYITHOCTI CUTHATY
Ta BUMOT JI0 TOYHOCTI;

— «MepTBi 30HW» (IUISHKH, Ie HEMOXKJIMBE MO3H-
I[IOHYBaHHS) BUHUKAIOTh Y MICIAX, JIe CUTHAIN Bij-
CyTHI# a00 Ha/ATO HEeCTAaOUTBHUI Yepe3 MepenIKoiH,
penbed uu iHII 3aBaIy.

V Ttabmuii 2 HaBeIEHO NMOKA3HUKMA HAaIIHHOCTI,
TOYHOCTI ¥ EKOHOMIYHOCTI JUIs1 TEXHOJIOT1H, K1 BUKO-
PUCTOBYIOTHCS B TIOpUIHIN CHCTEMI MTO3UITIFOBaHHS.

Pobora crcteMn no3uIioHyBaHHS IPYHTYETHCS HA
YOTHPHUPIBHEBIN apXiTeKTypi, HaBeneHil Ha puc. 1.

Cencopuuii piBerp o6OnamHaHo GPS-mpwuiima-
yaM#, SKi OTPUMYIOTh CUTHAJIHM BiJ CyNyTHHKIB 1
BH3HAYAIOTh KoopAWHATH 00’ekTiB. OmHAK y Bigma-
JICHUX PETriOHax, /16 MOXKIIMBI 3aTPUMKH CUTHAITY 200
MOTIpIIEHHS] TOYHOCTI 4epe3 pesbed MiCleBOCTI Ta
HasBHICTh TEPELIKOA, JJOJATKOBO 3aCTOCOBYETHCS
cyrmyTHHKOBa cuctema Starlink, ska 3abe3neuye

PiBeHE yIIpaBIiHHA

PireHs 30epiranns L
Ta Bisyamizaiii

A5

-

a & 15
VWP, @
@ K
WIFI
Puc. 1. ApxitekTypa cucreMu nNo3ullioHyBaHHS
Tabmur 2
IHoxa3Huku TexHooriii riopuaHOI ccTEeMH
TexHnouioris HapiiinicTs TouHicTh Exonomiynicts
. GPS-npuiimaui gocTynHi, ane
BHCOKA, MPAIIOE B Oy/b-sIKMX YMOBax 3—5 M Ha BIIKPUTHX . .
CYIIyTHHKOBa . . . . migkmouenHs 1o Starlink motpebye
3a HasBHOCTI CHTHAJLy BiJl CyITyTHHKIB TEPUTOPIAX
J0JaTKOBUX BUTpaAT
BHCOKa, T0Ope Mparioe HaBiTh y ckiai- | 10 50 cM, mo poOuTs oro norpedye iHdpacTpykTypH (sKOpi +
uwB HUX yMOBaXx (MeTaJIeBi KOHCTPYKIIii, | HAWKpamiM BapiaHTOM JUTS | MITKH), ajie BUIIPABIOBY€ BUTPATH y BUCO-
OETOHHI CTiHM) KPUTHYHUX 30H KOTOYHHUX CIIEHApisiX
R cepeHsl, 3aI€KNUTE Big KOHMIrypari .
Wi-Fi pe Mepe)KiH Pirypan 1-3m notpedye iHdpacTpyKTypH
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Puc. 2. Po3MileHHA JATYHKIB
3 TexnoJjoriecro UWB

CTaOUIBbHUM 3B 530K 1 3MCHIIYE MMOXUOKH B MPOIEC]
00pOOKH TeoNOKaI[iHHIX JTaHuX. 3aBISIKU IHTerpariii
Starlink i3 Ha3eMHUMU NPUAMAIBLHUME CTAHIISIMHU
3’SIBISETHCS MOXKIIUBICTD OTPUMYBATH TOUHIIII KOOP-
JUHATH Ta MOKPALlyBaTh SKICTh MO3MIIOHYBaHHS B
pexkumi peanbHOTO Yacy. [IpoTe BUKOpUCTaHHS JHIIe
CYNYTHHKOBHX TEXHOJIOTIM He 3aBkaAM 3ade3redye
HEOOXiIHUH piBEHb TOYHOCTI, OCOOIMBO B 30HAX 3i
CKJIaJHOI0 3a0yI0BOIO 200 Ha TEPUTOPIsX, e Mpsi-
MU ZOCTYN A0 CYIyTHUKOBUX CUTHATIB MOXE OyTH
00OMEKEHUM.

Jnst miABUIIEHHS TOYHOCTI B TakUX yMOBAax
JIOJIATKOBO 3aCTOCOBYIOThCs crarionapHi UWB-skopi
(puc. 2), siKi OTPUMYIOTh CHUTHAJIM BiJl MEPEHOCHUX
MITOK 1 BH3HA4YalOTh iX PO3TallyBaHHS Ha OCHOBI
METOJly BUMIPIOBAaHHS 4acy MPOXOKEHHS CUTHAITY.

UWB TtexHojorisa Aae 3MOTy 3HA4HO 3MEHIIUTU
MOXHOKY Ta 3a0€3MeYNTH BUCOKY TOUHICTBH MO3UIIO-
HYBaHHS HaBiThb y 30HaX i3 METaJIEBUMH KOHCTPYK-
LisSIMHM Ta IHIIUMH JDKepeldaMu 3aBaja. B ymoBax, ne
MOTPIOHO JTOJJATKOBO ITiJIBUIIMUTA TOYHICTH 1 3MCH-
LIMTH BIUIMB MEPELIKO], 32CTOCOBYETHCSI TEXHOJIOTis
Wi-Fi ans nosuunitoBanus (puc. 3), sika IPyHTY€ETbCS
Ha aHaJli3i Yacy MPOXOMKEHHS CUTHAIY MIX MNpH-
CTpOeM 1 Toukamu foctymy. Lle mae 3mory xopury-
BaTH JaHi, OTPUMAaHi 3 IHIIKX JPKepes, 1 MiABHLLY-
BaTH TOYHICTh BH3HAUEHHS KOOPIUHAT Y KPUTUYHUX
30Hax.

PiBenb 00pOOKHM IaHMX BUKOHYE aHai3, (inbTpa-
L0 Ta KOPEKILil0 OTPUMAaHUX CUTHANIB, 3a0e3Medy-
I0YM TIJBUIIEHHS TOYHOCTI BU3HAYCHHS pO3TaLIly-
BaHHs 00’€kTiB. /laHi, oTpuMaHi BiJ CyIyTHUKOBUX
texnounorii, UWB ta Wi-Fi, nepenarorbcs Ha cep-
Bep, A€ 3acTocoByeThcsa ¢inbTp Kanmmana ans ycy-
HEHHS IIyMiB 1 MOXHOOK, 110 BUHUKAIOTh YHACHIJOK
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Puc. 3 Posmimenns gaTunkis 3 Texnosoricro Wi-Fi

0araTorpoMeHEeBOr0 MOIIMPEHHS CHUTHAJY, BILIMBY
nepemkon ado 3MiH Yy HaBKOJHUIIHHOMY CEpEIOBHIII
(puc. 4). BukopucTaHHS LBOTO METOAY JAA€ 3MOTY
3IVIaJDKYBaTH KOJHMBAaHHS KOOpOMHAT 1 3a0e3medy-
BaTy CTa0UIBbHICT BU3HAYCHHS MiCLs PO3TAIyBaHHS
HaBiTh 32 YMOB HECTAa01IbHOTO MPUHMAHHS CUTHAIB.

B yMoBax 0JHOYaCHOTO BHKOPHUCTAHHS KIJIBKOX
TEXHOJIOTI OZHOYACHO BAXKIMBHM € aHalli3 JOCTO-
BIpHOCTI JaHuX. BaroBuii xoediuieHT W, BH3Ha4ae,
HACKIJIbKM MOYKHA JIOBIPSITH JIaHUM BiJ| TICBHOI TeX-
HOJIOTII Imi] Yac 0OUMCIEHHS TOYHOTO PO3TAIlyBaHHS.
Uum BuImi KoeilieHT, TUM OUIBIIE JOBIPH JI0 JIXKe-
pena [8].

OO0uncieHHs: BaroBoro koe(ilieHTa rpyHTY€eThCS
Ha TPHOX OCHOBHUX YMHHHKAX:

— CTallIBHICTh CUTHANY (G) — HACKUIBKU CHIILHO
3MiHIOIOTBCSI KOOPJIMHATH B Yaci;

— skicTb curHany (SNR, moTyxHicTh cursany,
BTpaTH);

— MEPEUIKOIN B CEPEOBHILI — BIJIMB METAJICBUX
KOHCTPYKLIH, MOroau, 0araronpoMEeHEBOrO IOIIH-
PEHHSI.

KoxxkeH koeilli€HT po3paxoBYeThCs 3a aJanTHB-
HOIO MOZAEILTIO:

.= Qi
i ZQ, 1
ne W, — BaroBuil koediuieHnt texHousorii I (GPS,
UWB, Wi-Fi);
Q,— oIiHKa skocTi curHaimy TexHonorid I (GPS,
UWB, Wi-Fi).
Cyma Bcix W, nopiBHioe 1 (mo0 OamaHcyBaTu
BILJTMB KOXKHOI TEXHOJIOT1).
OniHka SKOCTi curHaity Q, PO3paxoBYETHCS TaK:

Qizai+B-SNRi+y~Ci,
G;

J¢ o, — CTaHJapTHE BIAXWICHHS KOOPIUHAT (Y4UM
MEHIIIe, THM TOYHIIIIE),
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MpuAMaHHA )
Narmumnen F::u rHany $inbTp Ofpobka JbepeweHHa

: cHrHan : . . :

> : : :
- Poanogin . . .
. Yepra A . . .
. NoToKy . . .
: > : : : E
. . > BMddneHHA ! . :
. . . Lymis . . .
: : : : aHaniz . :
. . . «  JocToEipHoCTi | .
. . . . OaHux . .
. . . . - :
: . : . - l dopmyEaHHA .
. . . . . KOOPAWHAT ANA .
. . . . . 3bepereHHa :

x

Puc. 4. [liarpama noc/1iioBHOCTi Ha piBHI 00pO0KH CUTHALY

SNR- piBeHs curHaiy (4uMm OiTbIe, TUM Kpare);
C,— KOPUTYBAJILHUU KOE(MIIIEHT IS CepeaoBHINA
(TmepenrkoIu, MeTall, BiIKpUTHN TIPOCTIp);
o,P,y — KoedilieHTH BILIUBY.

OCKUTEKH BC1 BEJTMUUHHM TTOaHI B PI3HAX OIMHHUIIIX
BHMIpY, 3aCTOCYEMO MeTO/ HopMadtizartii [9]. [l mporo
KOKHE 3HAYCHHSI [IEPETBOPIOETHCS 32 (POPMYIIOHO:

f X — X .
xl — 1 min ,
Xmax ~ Xmin

Je X,, — MaKCHMaJIbHE 3HAUCHHsS B HA0Op1 IaHUX;
X,,, — MiHIMaJIbHE 3HAYCHHsS B HA0OPI JaHUX.

Tabuuis 3
Po3paxyHnkoBi koeginienTn 10BipH
AJIS TeXHOJIOT il

TexHomnoris ¢ | SNR c Omninka | Bara
(m) | (dB) Qi Wi

GPS 3 35 0.9 1.15 0.158

UWB 0.5 50 1.0 3 0.619
Wi-Fi 2 30 0.8 1.2 0.223

IaTerpauiss maHux i3 pi3HUX JDKEped A€ 3MOTY
KOMIICHCYBaTH CJIa0Ki CTOPOHHM KOXKHOI TEXHOJIOTiI.
VY pazi OnokyBaHHS a00 3HAYHOT'O MOTIPIICHHS TOY-
Hocti curHany GPS cuctema mMoxe nepeMHUKaTHCS
Ha BHKOPHCTaHHS AdaHuX, oTpuManux Bix UWB abo
Wi-Fi (3a HasiBHOCTI), 1110 3a0e3redye Oe3rnepepBHE
MO3ULIIOHYBaHHSI.

Takuit miAXig TiABHUINYE CTIMKICTh CHCTEMHU [0
30BHIIIHIX (aKTOPiB, 30KpeMa MOTOAHUX YMOB, HasB-
HOCTI METaJIeBUX KOHCTPYKLil a00 JTUHAMIYHUX 3MiH
KoH(irypauii mpocrtopy.
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[Ticnst xopekuii gaHi 30epiraroThes IS TOAAIb-
IIOTO aHaJi3y Ta BHKOpHCTaHHS. LleHTpamizoBane
CXoBHIIE 1H(POPMAIIii Ja€ 3MOTY 3IHCHIOBATH PETPO-
CIIEKTUBHUH aHai3, OyTyBaTH MPOTHO3M PYXy 00’ €K-
TiB 1 ONTHMI3YyBaTH JIOTICTUYHI TPOIECH, IO 0CO0-
JMBO BAXIHMBO JJISI TPOMHCIOBHX ITiIPHEMCTB i
BEJIMKUX OyiBeIbHUX MailTaHYHKiB.

Taxwuit minxim 3a0esredye CTBOPEHHS aJalrTHB-
HOI CHCTEMH MO3UI[IOHYBaHHS, 371aTHOI PAIIOBATH Y
3MIHHHX YMOBax 1 rapaHTyBaTH BHCOKY TOYHICTh Ta
Ha/TIHICTh BU3HAUEHHS KOOPAWHAT 00’ EKTIB.

Hapiitae # edextuBHe 30epexeHHs iHbopMarlii €
KPUTHYHO BXXJIMBHM 3aBJAHHSIM y CHCTEMax IT03H-
ioHyBaHHS 00’ekTiB. JlnHamiuHiCTh KOH(piryparii
MIPOCTOPY, 3MiHa YMOB POOOTH CEHCOPIB 1 HEOOXij-
HICTh 0OPOOKHM BEIMKOTO 00CATY JaHUX MOTPeOyIoTh
BUKOPUCTAHHS OaraTopiBHEBOi apXiTeKTypu 30epe-
JKeHHsI iH(opMmariii.

3arporoHoOBaHO MiIXiJl A0 OpraHi3armii cHCTeMHU
30epeKeHHs, 110 Mae€ TPU OCHOBHI piBHI: orepa-
THBHE, TOBTOTPHBAJIC Ta apXiBHE CXOBHUIIA (pHC. 5).

Crpykrypa 30epekeHHs iH(opMarlii IpyHTY€eThCS
Ha KOHIIENTya bHIN Momeni 0a3u manux (puc. 6), mo
MICTHTh OCHOBHI CYTHOCTI, HaBeICHI B Ta0OwHIIi 4.

Ha omeparuBHOMY piBHI 30€pirarotbcsi TaHi, HEOO-
XiJTHI 17151 OOUHCIIEHHS] KOOPIMHAT Y PEXHUMI peaibHOTO
yacy. OCHOBY CXOBHWIIIAa CTaHOBHTH peJislliiiHa 0Oasa
JIAHUX, IO 3abe3redye CTPYKTypOBaHE 30epeyKeHHS
iH(popMarIii Ta IBUIKHIN JOCTYII 10 aKTYaJIbHIX 3aIHCIB.

Jng  migBUIIEHHS TPOMYKTHUBHOCTI 3aCTOCOBY-
€TbCS 1HIEKcAllil KOOPOMHATHUX MAAaHUX, a TaKOX
MO TaONHIb, IO MICTATH ICTOPIIO TEPEMIlIEHb.
30Kkpema, TOJiT BUKOHYEThCS 32 YaCOBUMH IHTEPBa-
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OIEPATHEBHE IOBIOTPIIBAIIE ﬂpXiBHe
CXOBIIITE ] CXOBHINE CXOBHINE
ces CL 30 pie C'I-'::-12 MicALB
p— m >
—ET:#* — e M
< -
no zanuTy
Puc. 5. Oprawni3zanisi cuctemMu 30epeskeHHsI
SystemLogs
« | 1d (PK)
event_type
description
timestamp
Tags Technologies Anchors
. id (PK)
id (PK) -1 id (PK) "1
- location
name ' ———1— name —1—
status
type —1 — accuracy
created_at
created_at —1 range
created_at Criticality
Zones q PR
— - id (PK) level
PositionHistory name , description
id (PK) L1
criticality_id
tag_id
created_at
" latitude
longitude role
timestamp id (PK)
11—
Users neme
id (PK) *
L1 name UserAccess
role_id id (PK)
tag_id 1 — * | user_id
tag_id zone_id
created_at access_level

Puc. 6. KonuentyaabHa Moae/ib 6a3u JaHUX

125

Tabmus 4
OcHoBHI cyTHOCTi 0231 1aHuX piBHS 30epeskeHHs iHpopMmawil
HaiimenyBaHHs Onuc
Tags ineHTudikaTopu MOOUIEHUX 00 €KTIB, IO i UISTAIOTh O3UIIOHYBAHHIO
Anchors CTaliOHAPHI OMOPHI TOYKH, 0 OTPUMYIOTh CHTHAJIH BiJl MOOLTEHIX 00’ €KTIB
PositionHistory iCTOpist HepeMilieHb 00’ €KTiB i3 MPUB’I3KOI0 JI0 Yacy Ta IPOCTOPOBUX KOOPIHHAT
Zones PO3OHUTTS MPOCTOPY 3a PiBHEM KPUTUYHOCTI TTO3UIIOHYBaHHS
Technologies THUIY 3aCTOCOBYBAHHX TEXHOJIOTIH MO3UIIIOHYBaHHS
SystemLogs JKypHAJ MO, sIkui (ikCye TOMUIIKH, BTpaTy 3B’ 513Ky Ta 3MiHy KOH}irypamii cuctemu
Criticality TUTIH KPUTUYHOCTI 30H
Users nepesnik 00’ €KTiB, MO0 MiAIAraloTh HO3HI[IOHYBaHHIO
Role JIOBITHUK POJIeH VISt JOCTYITy IO CHCTEMH MO3UIIIIOBAHHS
UserAccess 1paBa JOCTYIY A0 00 €KTIB y CHCTEMI
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JIaMH, 10 Ja€ 3MOTY 3MEHIINTH HaBaHTAXCHHsS Ha
3aMnTH BUOIPKHU JTaHUX.

KemryBannst 3abe3nedye MUTTEBUI AOCTYyH [0
OCTaHHIX KOOPAWHAT MOOITBHUX O00’€KTiB, a TaKOXK
JI0 OCHOBHUX TIapaMeTPiB pOOOTH CEHCOPHOT MEPEKi.

THdopMmartis, 1110 HAKOTIMIYETHCS B IPOIIECi POOOTH
cucTeMH, repemimryerbes 10 NoSQL-cxoBwuia, 1o
Ja€ 3Mory e()eKTUBHO MPALIOBATU 3 BEJIMKUMH 00Cs-
ram# JIaHuX, 30KpeMa iCTOpi€ro epeMillieHb 00’ €KTiB
Ta JIoraMu (PYHKIIOHYBaHHS CEHCODIB.

Jlo OCHOBHUX KaTeropiil TaHuX, 110 30epiratoThcs
B JOBIOTPHBAJIOMY CXOBHIL, HAJIEXKAaTh!

— BIJICTEXEHHS 3MiH KOOPIUHAT 00’ €KTIB Y Yaco-
BOMY PO3pi3i;

— (hbixcarisg 30H, y SKAX niepedyBaB 00’ €KT y pi3Hi
MOMEHTH 4acy;

— JIOTYBaHHS 3MiH DPIBHS CHTHAIy ISl aHaJi3y
TOYHOCTI TIO3HITIOHYBaHHS;

— JKypHaJ TOAIH, SIKUH MIiCTUTH iH(OpMAIIiIO PO
BTpary 3B’S3Ky, MOMWJIKH JaT4MKiB 1 B3a€EMOIIIO
KOPHUCTYBadiB i3 CHCTEMOIO.

[lepemimeHHst AaHUX i3 PENALIHHOTO CXOBHINA
1m0 NoSQL 3nuiticHioeThest 3a goromororo ETL-mpo-
[eciB, IO aBTOMATUYHO (IIBTPYIOTH, arperyroThb
1 mepemaroTh iH(GOpPMAIlF0 HA OCHOBI BH3HAYCHHX
YacOBUX BIKOH.

HaHi, siKi HE BHUKOPUCTOBYIOTbCS [UIS aKTUBHHMX
pPO3paxyHKiB a00 aHAJITHKH, ale MOXYTh 3HAI00H-
THUCS JIS1 PETPOCIIEKTUBHOIO aHaJi3y, HEePEHOCATHCS
110 apXiBHOTO cxoBulIa. Lle 1ae 3Mory po3BaHTaKUTH
OCHOBHY cHCTeMY 30epeXeHHsI, BOIHOYAC 3a0e31euy-
1041 JIOBTOTPUBAJIMI JOCTYH O ICTOPUYHUX 3aIUCIB.

Mo xareropii apxXiBHUX JaHUX HaJeKaTh:

— icTOpis MO3HIIOHYBaHHS 00’ €KTIB, 10 30epira-
€ThCs1 TToHa 12 MicsIiB;

— (haiinm xaprorpadiyHUX IaHWX, BUKOPHCTaHI
JUTS Bi3yauizarii MaliJaHIuKiB;

— apxiBHI JKypHaIW TOMIA 1 KOPUCTYBAIbKOI
AKTUBHOCTI.

Hoctyn no apxiBHMX JaHUX 3IIMCHIOETBCS 3a
3armMToM, a B pasi moTpedu iHdopMarlliss THMYacoBO

BiTHOBITIOETHCS Y NoSQL-cxoBwiIle 15t TPOBEICHHS
AHAMITUYHHUX PO3PAXYHKIB.

PiBenp ympaBniHHS Ta Bisyarizamii 3a0be3medye
JIOCTYI KOPHCTYBa4iB J0 OOpOOJNIEHUX [aHUX PO
po3tamryBaHHs 00’ e€kTiB. J{J1st B3aemMoii i3 CHCTEMOIO
BUKOPUCTOBYEThCS BeOiHTEepdeiic, Mo 1ae 3Mory
BIZICTE)KYBaTH MEPEMIiILEHHS IEPCOHAY Ta TEXHIKH.
KopucryBaui MOXYTh HeperisiAaTH akTyalbHi KOOp-
JIUHATH, aHAJTI3yBaTH iCTOPIIO TIEPEMIIIICHb 1 OTPUMY-
BaTH aHANITHYHI JaHi PO BUKOPUCTAHHS peCypciB
Ha TepUTOpii 00’ €KTA.

s aqMmiHICTpyBaHHS BUKOPUCTOBYETRCS CIIeIlia-
Ji30BaHa MaHEIb KEPyBaHHS, sSKa J1a€ 3MOTy Hasall-
TOBYBaTW piBHI JOCTyIly KOPUCTYBadiB, KepyBaTu
napaMeTpaMH BiICTEXKEHHS, KOHQIrypaliew odmai-
HaHHS W IHTETpalicr 3 IHMUMH iHpOpMAIITHIMUA
cUcTeMaMy. AJMIHICTPAaTOpH MOXYTb KOHTPOJIIO-
BaTu poOOTY CUCTEMH, HAJIAIITOBYBATH IIPaBHJIa CIIO-
BillleHb, TIPOBOANTH J[IaTHOCTUKY TPUCTPOIB 1 3/iiiC-
HIOBaTH OHOBJICHHS ITPOTPAMHOTO 3a0€3MeUeHHS IS
cTabinpHOI Ta 6€3MeYHOT POOOTH CUCTEMH.

Bigyamizariiss jaHuX y CHUCTeMi MO3UIIOHYBaHHS
3OIHCHIOETBCA 3@  JIONIOMOTOI0  1HTEPAKTUBHOTO
Jamoopay, Mo Aa€ 3MOTY KOPHUCTyBadaM 3.iHCHIO-
BaTH MOHITOPUHT PO3TAIlyBaHHSA 00’ €KTIB y peab-
HOMY Yaci, aHaJIi3yBaTH ICTOPUYHI JJaHi i OI[IHFOBATH
e(DeKTUBHICTh BUKOPHCTAHHS TEXHOJOTIH IMO3UILiO-
HyBaHHA. [HTEepdeiic micTuTh TpadidyHi eneMeHTH,
SK-OT TiICTOTpaMHM, KpyTOBi Jiarpamu Ta JiHiiHI Tpa-
¢iku, 1110 BiZ0OpaKarOTh YaCTOTY BUKOPUCTAHHS Pi3-
HUX TEXHOJIOTIH TO3UI[IOHYBaHHS, TUHAMIKY 3MiHU
piBast curnany (SNR) i1 cepenHio TOUHICTH METOAIB
BU3HA4YCHHs1 KoopxauHart, 30kpema UWB, Wi-Fi ta
GPS (puc. 7).

Jlani, 110 BHMKOPHCTOBYIOTHCS [UIl HOOYZOBH
AQHAJITUKH, MOXYTh HAAXOOUTU 3 DPI3HHUX JDKEPEd.
3okpema, SQL-6a3a Ta APl 3abe3meuyroTs 0OMiH
iHdopmariicro 3 iHIMMU 1HPOPMAIIHHUME CHUCTE-
MaMHM ¥ OTPUMAaHHSI OHOBJICHMX 3HAYCHb Y peallb-
HOMy 4Yaci. Jyis mokpaiieHHsT B3aeEMOii i3 30BHIII-
HIMH MOJAYJISIMH CHCTEMa IMiATPUMYE MOXIIUBICTh

{ YucentHicT nepcanany Ha 06 exTax SNR 3a TeXHOIOTIIMHI
I B
) o
\
\

CepeiHs TOYHICTB
3a TEXHONOTIAMH

75%
~
63% ™~

[ 54%

~

N A

/J

Puc. 7. llpukiaaa namoopay 1Jisi CMCTEMHU MO3UIIKOBAHHS
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eKcropTy maHux y ¢opmarax XML, 1m0 BHKOpHCTO-
BYEThCS ISl IHTErpanii 3 iHIIMMH TPOTPAMHAMH
xomriekcamu, PDF — st cTtBopeHHs 3BiTHOCTI, a
takox Excel (XLSX) — st mpoBeeHHS eTaIbHOTO
aHaItizy ¥ 00poOku iHpopmarrii.

BucHoBkH. 3arrponoHOBaHa B JIOCIHIKEHHI apXi-
TEKTypa CUCTEMH ITO3UITIFOBaHHS IPYHTY€ETHCS HA KOH-
LenIii 30HyBaHHSA 00’€KTa 3a piBHEM KPUTHYHOCTI,
10 JTa€ MOXKITUBICTH 3aJIeKHO Bij KOH(Iryparii mpo-
CTOpY Ta JAWHAMIYHOCTI OyHiBENIbHOTO MaiJaaH4YMKa
THYYKO ITiIOMpaTH KOMOIHAII0 TEXHOJOTIH BiaIo-
BIJIHO J0 3aJaHUX BUMOT 100 TOYHOCTI, HAAIMHOCTI
Ta EKOHOMIYHOI JOIIIBHOCTI. Y 30HAX 13 BUCOKUMU
BHUMOTaMH JI0 TOYHOCTI aKTHUBYIOTHCS CYyITyTHH-
KOBI TEXHOJIOTi{ y TIO€JHAHHI 3 JIBOMa JIOKaJIbHIMH.
Y MeHII KPpUTHYHUX 30HAX, JIe JJOCTATHBO 0a30BOTO
MTO3UIIIIOBAHHS, CUCTEMa TIEPEMHUKAETHCS Ha €HEPro3-
Oepirarodi if EKOHOMHIIIII PIllICHHS.

O0poOKa CUTHAJIB i3 AEKITBKOX TEXHOJIOT1# 31ikc-
HIOETBCS 32 JOMOMOTOK) aJallTUBHOTO alTOPUTMY 3
(hinpTpartiero NIymis, o0 1a€ 3MOTY TOCSITTH CTA01IIb-
HOI TOYHOCTI HaBiTh B yMOBaX YaCTKOBUX TEPEIIKO
abo BTpary npsiMoi BuauMocTi. Takuit miaxin 3a0e3-
redye He JUIIe TOYHICTh, ae ¥ CTIHKICTh M0 3MiH
CTPYKTYpPH TPOCTOPY, IO € XapaKTepHOK PHUCOI0
OymiBeNbHUX 00’ €KTIB.

Ha Bigminy Bim poGotu [5], 1e po3mIIHYTO
riOpuHy CHUCTEMY TO3HIIIFOBaHHS 3 BUCOKHM PiB-
HEM TOYHOCTI, aje 3 BHUMOTOK CTAaTHYHOTO PO3Mi-
IICHHS aHTEH, 1[0 CYTTEBO OOMEXYE 11 alalTHBHICTh
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y 3MIHHOMY CEPEAOBHILI, 3alPONOHOBAaHA B LILOMY
JIOCIII/DKEHHI  apXiTeKTypa BpaxOBYE TIPOCTOPOBY
JUHAMIKy 3aBISKH BIPOBAHKEHHIO MEXaHI3My 30HY-
BaHHS Ta BUKOPUCTAHHS KIJIbKOX THITIB TEXHOIOTIH
BiJIIOBITHO JI0 KPUTUYHOCTI 30H. Takuii minxin aae
3MOTYy HE JIMILE MiATPUMYBATH HEOOXiJHY TOYHICTB,
a i ONTHMIi3yBaTH BUTPATH, BPAXOBYIOUH EKOHOMIUHY
JOLIBHICTD PO3TOPTaHHS CUCTEMH.

[lopiBHAHO 3 migX0AOM, OmMHCaHuUM y [6], sSKuit
Opi€eHTOBaHMI Ha 3MiHY KOH]Irypauii cepenoBuILa i
aIanTyeThCsl 0 MPOCTOPOBHUX YMOB, ajie 0a3yeThCs
Ha CKJIaJHOMY Ta JIOPOTOMY CEHCOPHOMY KOMILIEKCI
(GNSS + VIO), 3anpornoHoBaHe pillIeHHS JIOCSTAE
AHAJIOTIYHOTO PIBHS aJalTUBHOCTI HUISXOM OiIbIIl
paLioHaIbHOTO MOETHAHHS TEXHOJIOTIH 3aJIe)KHO Bij
30H KPUTUYHOCTI. 3aBISKH LOMY 3a0€3MeuyeThCs
OaJlaHC MiX TOYHICTIO, HJIHICTIO Ta BapTICTIO, 110
€ KJIFOYOBMM YMHHHUKOM JIJIsl BUKOPHCTaHHS B YMOBaxX
MOOUIBHUX 1 TUMYacoBHX O0’€KTiB, 30kpema Oymi-
BEJIbHUX MaliJaHYMKiB.

OTxe, THy4YKe 30HYBaHHS U aJlaTHBHA CEHCOPHA
IHTerpawLisi 1al0Th MOXIIUBICTh CTBOPUTH MacIITa00-
BaHy, MOPTaTUBHY Ta €()EKTUBHY CHCTEMY, IPUIATHY
JUISL IIBUJIKOTO PO3TOPTAaHHS Ha 00’ €KTax i3 pi3HUMH
XapaKkTepUCTHKaMH, 10 BUTITHO BHpi3HsE 11 cepex
ICHYIOUMX PillICHb.

[Momanburi mocuimkeHHs OyAyTh 30CEpeIKeHi Ha
onTuMizamii po3MilIeHHs] CEHCOPIB 1 BUKOPHCTaHHI
METaeBPUCTUUHUX METO/IB AJIs1 aBTOMaTH3allii Hasa-
HITYBaHb CUCTEMH B PEKUMI PEabHOTO vacy.
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VY cTaTTi po3MIAAAETHCS aKTyadbHA NPOOIeMa aBTOMATH30BaHOTO TECTYBaHHS
Be03aCTOCYHKIB, III0 CTA€ BCE O1IBII BAKIIMBUM 3 OIVIALY HA CTPIMKE 3pOCTaHHS
CKJIQIHOCTiI Cy4YacHHUX BeOCHCTEM 1 BHUMOI JO iX HaAiHHOCTi, SIKOCTI Ta
IpORyKTUBHOCTI. [IpornoHoBaHmii miaxia 6a3yeTbcs HA 3aCTOCYBaHHI METOJIIB
IMOBIPHICHOTO aHalli3y Ta TeOopii 4epr, 0 Jae 3MOTY MOJENIOBATU MPOLECH
B3a€MOJIii KOPHCTYBauiB i3 Be03aCTOCYHKaMHU 1 MPOTHO3YBaTU X MOBEAIHKY
B yMOBaxX pI3HOMaHITHUX CIeHapiiB BuxopucTaHHsa. OcobnuBa yBara
MPUIUIAETHCS PO3pOOLIl aHATITUYHUX MOJIENeH, sIKi BpaXOBYIOTh BUIIAIKOBHMA
XapakTep BUHUKHEHHS 3alUTIiB 70 CEpBEPa, a TAKOXK MOXJINBI 3aTPUMKH Yy iX
00po011i, 110 BAHUKAIOTh Yepe3 00MEKeH1 pECYPCH CUCTEMHU.

VY nocnigkeni noOyJ0BaHO MOJIENb HAa OCHOBI TEOPIi Uepr, sika Aa€ MOKIUBICT
OTUCATH TPOLECH OOpPOOKH 3amuTiB y Be03aCTOCYHKax. 3 BUKOPUCTAHHIM
METO/IB IMOBIpHICHOTO aHaJi3y MOXKHA OI[IHIOBaTH HMOBIPHOCTI pi3HHX
CIeHapiiB, 110 BUHMKAIOTH IiJ] Yac TECTyBaHHSA, a caMe MOJENIOBAaTH 3001
CHCTEMH 32 MEPEBUIICHHS TPAHUYHOTO HABAHTAXEHHS a00 BUHUKHEHHS YepT
Ha OOCIyroByBaHHS 3amuTiB. lle mae 3Mory kpamie po3yMiTH MOTEHIiiHI
npobiaeMu MPOAYKTUBHOCTI Ta HaIIHHOCTI BeOCHCTEM, a TaKOXK PO3pOOIATH
e(eKTHUBHI cTpaTerii X TecTyBaHHS.

3anponoHOBaHA METOOJIOTISI aBTOMATH30BAHOTO TECTYBAHHS YMOXKIIHBIIIOE
ONTHMI3allil0 MpOLECy BUSBICHHS Bpa3nuBocTell 1 3001B y poboTi
Be03acTocyHKiB. ONHcaHi KOHIENTyanbHI MOJEIi MOXYTh OyTH IHTETPOBaHi B
ICHYIOU1 CHCTEMH aBTOMaTH30BaHOTO TECTYBaHHS, 3a0€3MeTyI0UH IXHIO O1IBIITy
TOYHICTH 1 HajilHicTh. KpiM Toro, 3acTocyBaHHS Teopii 4epr y KOHTEKCTI
TECTyBaHHS Jla€ 3MOTY BHpIIIyBaTH 3aBAAHHA ONTHMI3allil PpO3MOALTY
pecypciB mix yac poOOTH 3 BETUKUMH 00CSITaMy TaHUX, IO TAKOX IiBUIILYE
e(eKTUBHICTb POOOTH BEO3aCTOCYHKIB y PEKHMAaX BHCOKOTO HABAHTAXKCHHS.
OTxe, pe3ynbTaT JOCITiKEHHS MOXXYTh OyTH KOPHCHUMH JUIs pO3POOHUKIB
1 TecTyBaJlbHUKIB BEOCHMCTEM, a TaKOX JJs HAyKOBIB, IO 3alMaroThCs
npoOieMaMu MOJIETTIOBAHHS MPOIIeCiB y cdepi iHpopManifHIX TEXHOIOTIH.
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Key words: automated testing, The article addresses the pressing issue of automated testing of web
web applications, queueing applications, which is becoming increasingly important due to the rapid
theory, information technology, growth in the complexity of modern web systems and the demands for their
probabilistic analysis. reliability, quality, and performance. The proposed approach is based on the

application of probabilistic analysis methods and queueing theory, allowing the
modeling of user interaction processes with web applications and predicting
their behavior under various usage scenarios. Special attention is given to the
development of analytical models that take into account the random nature of
server requests and the possible delays in their processing due to the system’s
limited resources.

Within the framework of the study, a model based on queueing theory was
constructed, enabling an description of the request processing processes in
web applications. The use of probabilistic analysis methods allows for the
assessment of the likelihood of various scenarios occurring during testing, in
particular, simulating system failures when the load exceeds the limit or when
queues form for request processing. This helps to better understand potential
performance and reliability issues of web systems and to develop effective
testing strategies.

The proposed methodology for automated testing allows for the optimization
of the process of identifying vulnerabilities and failures in the operation of
web applications. The described conceptual models can be integrated into
existing automated testing systems, ensuring greater accuracy and reliability.
Moreover, the use of queueing theory in the context of testing helps solve
resource allocation optimization tasks when working with large amounts of
data, which also improves the efficiency of web applications under high-load
conditions. Ultimately, the results of the research can be useful to web system
developers and testers, as well as to researchers involved in mathematical
modeling problems in the field of information technology.
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Beryn. ABromarmzoBaHe TecTyBaHHS BeO3a-
CTOCYHKIB 3a3BHYail € OKPEMHM eTarioM y 3abe3re-
YEeHHI SIKOCTI TPOrpaMHOro 3a0e3edeHHs, 0COOIMBO
B yYMOBax 3pOCTalouoil CKJIQTHOCTI BeOapXiTEKTyp
1 30LMbIIEHHS 4YHWCIIa OIHOYACHHUX KOPHCTYBadiB.
CKIIaJHICTh TOJIATaE B TOMY, IO TPAIUIiIHI METOIN
TECTYBaHHS HE 3aBXJH MOXYTh €(EKTUBHO HeEpe-
0aunTU MOXJIMBI 3001 UM aHOMAaJIIT B IIOBEIHII CUC-
TEMHU TIiJl 4ac MIKOBUX HaBaHTa)XeHb. YacTo irHopy-
FOTHCS KPUTUYHI aCTIEKTH POyKTHBHOCTI, K-OT 4ac
BIJIMOBi/Ii CHCTEMH, KIIBKICTb OOpPOOJIEHUX 3allnTiB
Ta CTIMKICTH OO BIZIMOB.

Ha cporozmHi € aktyansHOI0O TOTpeda B po3poOiri
AHAJITHYHHUX IIAXOMIB, Kl MOIIM O aJeKBaTHO OIIU-
CyBaTy IMHaMiKy poOOTH Be03aCTOCYHKIB Y peallbHIX
yMOBax ekcrutyarariii. Teopist uepr, iMOBipHICHI Mozei
Ta METOJIH OI[IHKH PU3HUKIB MOXKYTh JOTIOMOTTH CITPO-
THO3YBaTH IMOBEIHKY CUCTEMH Ta TiJIBUIIUTH e]eK-
TUBHICTh aBTOMaTH30BaHOTO TE€CTYBaHHS, OCOOJIMBO B
YMOBax Hemepen0avyBaHUX HAaBAHTAKEHb.

Metor nociimkeHHs € aHaNi3 e(PEeKTHBHOCTI
3aCTOCYBaHHS METOJMIB MOJIETIOBAaHHS Yy IMpoleci
ABTOMAaTHU30BaHOTO TECTYBaHHS BE03aCTOCYHKIB B
yMOBaxX peajbHHX HaBaHTakeHb. OcoOnmBa yBara
MIPUIIISETECSA OINHII TPOXYKTHBHOCTI CHCTEM 3a
JIOTIOMOTOFO T€OPii uepr Ta iIMOBIpHICHHX METOJIIB Ha
eTari aBTOMaTH30BaHOTO TECTYBaHHS, IO JIa€ 3MOTY
MiBUIIATA TOYHICTh TPOTHO3YBaHHS MOBEIIHKU
BeOI0/IaTKIB, 3SMEHIITUTH PU3UKH TIEPEBAHTAKEHHS Ta
MTOKPAIIUTH SKICTh TECTYBaHHS.

Orasin  Jiteparypu. ABTOMAarH30BaHE TECTY-
BaHHSI BE03aCTOCYHKIB € aKTyallbHOIO TEXHOJIOTI€I0
y 3a0e3MeyYeHHi SIKOCTI MPOTPaMHOTO 3a0e3TeYeHHS,
IO MiATBEPKYEThCS 3HAYHUM 3POCTAHHSM KiIBKO-
cTi gociimkenp y mid cdepi. OnHiero 3 dyHIaMEH-
TaJBHUX Ipallb y il ramysi € podora descrepa, e
PO3IIIIHYTO e€()eKTUBHE BUKOPUCTAHHS IHCTPYMEHTIB
aBTOMaru3allii TecTyBaHHs [1], 1m0 3akiiana OCHOBY
JUTS. TIOJANBIIUX JOCITI/DKEHb Y HarpsiMi aBTOMaTH-
30BaHOTrO aHaiizy BeOmomarkiB. Pobora Tpiseni [2]
CTaJjla OCHOBOIIOJIO’KHOIO JUIsi BAKOPUCTAHHS IMOBIp-
HICHOTO aHaJIi3y B OI[IHII HAJIHHOCTI KOMII FOTEPHHIX
CHCTEM, IO IA€ MOKIIUBICTb €(DEKTUBHO MOJICITIOBATH
BUIIAJIKOBI MPOLIECH, SIK-OT 3alIUTH KOPHUCTYBayiB /10
cepBepiB BeO3acTOCyHKIB. 3i cBoro 60ky, KieitHpok
[3] omgHMM i3 mepIIMX 3aCTOCYBaB TEOPIIO Yepr AJsS
aHaJIi3y KOMIT IOTEPHUX CHCTEM, 3aKJIABIIN Oa3y IUIs
PO3pOOKHM MiIXOIIB, IO OMKUCYIOTh OOPOOKY 3aIuTiB
y cucteMax 3 oOMexxeHMMH pecypcamu. Moro inei
Oynu mpomoBXKeHI B poOoTax, Hampukiaa, bymepi
ta Ban [lefika [4], siki 3anponoHyBaJii METOOH LIS
e(eKTHBHIIIOTO TPOTHO3YBaHHS 3aBAaHTAKCHHS CHC-
TEM, ONTUMI3allii0 IXHBOI IPOJYKTUBHOCTI Ta BU3HA-
YEeHHS IPOIYCKHOI 34aTHOCTI, HeoOXinHoT Ay 3a0e3-
MeueHHs cTaldIbHOT poboTH Mepexi.

JlocmimkeHHsT OCTaHHIX POKIB CBiYaTh Mpo Tij-
BHIICHY YBary J0 TO€JHaHHS HTMOBIPHICHUX METOIiB
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1 Teopii. 3okpema, npodecop BammHarroncekoro yHi-
BepcureTy B CeHT- Hylcl Pamx [xaitn y cBofiii poOoTi
HaBOJIUTD ,Z[eTaJ'IBHI/II/I aHaJi3 METOAIB HPOIYKTHB-
HOCTI KOMII'IOTEpHHUX CHCTEM, 30KpeMa BebcepBepiB,
1 ONHCy€ BaKIMBICTH MOJCIIOBAHHS MPOTHO3YBAHHS
MOBEAIHKH CHUCTEM 32 DI3HMX THUIIIB HaBaHTaKCHb
[5]. Jderanpue mocnmigkeHHS TPOAYKTHBHOCTI BeO-
cepBepiB Ha OCHOBI MoJeNiel Yepr MpOBETH AOCHTI-
HUKH yHiBepcuTeTy KOHHEKTUKYTY # JOBEH, 10 IIi
MOZENI Aal0Th 3MOTY 3HAYHO MiABHINUTH TOYHICTb
nepe0avYeHHs yacy 0OpOOKH 3aIUTIB 1 JIONIOMararmTh
BUSIBIISITH KPUTHYHI TOUYKH HEepeBaHTaXKEHHS [6].

OpHak, MoNpu 3HA4HI JOCSATHEHHS B LiH Tamys3i,
3aJIMIIAIOTHCS BiIAKPUTHUMH IUTAHHS, TI0B’13aHi 3 iHTe-
rpaIi€o aHATITHYHUX MOJCNICH 1 aBTOMAaTW30BaHUX
IHCTPyMEHTIB TECTYBaHHS y €IUHY CHCTeMy. binb-
LIICTh CyYacHUX MiAXOIIB 30CEPEIKEeHI Ha OKpeMHUX
aCIIeKTax TeCTYBaHHs, SK-OT MOJEIIOBAHHS HAaBaHTa-
JKeHb a00 OLIiHKa MPOAYKTUBHOCTI, ajie KOMILICKCHI
pILLICHHS, 10 TOEIHYIOTh IMOBIPHICHUM aHai3, Teo-
pio 4epr Ta aBTOMaTU3allilo, 3aJIMIIAI0THCSl HE0CTaT-
HBO po3poOneHnMu. Came Ha I1i aCIEKTH CIIPSIMOBaHI
Cy4acHi JTOCIIIKESHHS, 30KpeMa, Y KOHTEKCTi MOJIEITIO-
BaHHS B3a€MOIi1 Be03aCTOCYHKIB 13 KOPUCTyBayaMu 3a
JIOTIOMOTOFO IMOBIPHICHHX METOJIIB.

TakuM YWHOM, aHaNi3 OCTaHHIX MyOJiKaIii
JEMOHCTPYE BaXKIMBICTh TOAAIBLIOTO PO3BHTKY
KOHLENTYalbHUX MOAETEH AJsl aBTOMaTH30BaHOTO
TECTyBaHHs BeOCHCTEeM, 110 0a3yl0ThCs Ha IMOBIpHic-
HOMY aHasi3i Ta Teopii dyepr. Lle macTb MOXIJIUBICTDH
BUPILIYBaTl HOBi BHKIHWKH, IO BUHHUKAIOTH Yepe3
301IBIIEHHS CKJIAAHOCTI BeOIOAATKIB 1 IIJABUILEH]
BHUMOTH JIO 1X IPOYKTUBHOCTI Ta HA{IHHOCTI.

Bukaan marepiany gociigkenns. [{is moOynosu
OMMCOBUX MOJIENEH aBTOMaTH30BaHOTO TECTYBaHHS
Be03aCTOCYHKIB MOEHAHO KUTbKA 0a30BUX IiIXOMIB:
Teopis 4epr Ta HMOBipHicHEe MozieToBaHHs. OCHOBHA
yBara npnmmﬂaca MOZAETSIM 00CITYyTOBYBaHHS 3all-
TIB 1 MOBEMIHIII CUCTEMH ITiJ] 4aC OOPOOKH BEITMKHX
00CAriB JaHUX.

MonentoBanHst BeOTpagiky 3a JOMOMOTOIO Teopil
Yepr € OJIHAM 3 OCHOBHUX IIXOJIIB JUIs aHAJII3y MPO-
JYKTHBHOCTI BEOOJATKIB IMiJI Yac 0OpOOKH 3ammTiB
KOPUCTYBadiB. Y IIii CTATTI pO3MISIIAETHCS BUKOPH-
cranug Moaeni M/M/1, sika € KJIaCHYHOI MOJEILUIIO
MacoBoro oocmyroByBanHs [7]. [lo3nauenns M/M/1
MOXOMIUTH 13 Teopii uepr i po3mmdppoByeETbCS TaKUM
gyuHoM: repma «M» (Memoryless) o3nadae, 1m0
3allUTH HAAXOIATh y CHUCTEMY 3TifIHO 3 I1yacCOHiB-
CBKHM TIpOIecOM (MapKiBCHKHH BXIiJHHI TIOTIK),
npyra «M» BKa3ye Ha EKCHOHEHI[IHHWIA pO3MOAiN
yacy oOCIIyroByBaHHS, a «1» 03Ha4ae, 1110 B CHCTEMI
€ JIIIIe OJTUH KaHaJl 00CITyTOByBaHHS (CEpBeEp).

Teopis yepr BUKOPHUCTOBYETHCS IJIsI OIUCY CHC-
TEeM, Y SIKMX 3asBKHU (y HAILIOMY BHIIAJKy — 3aIlIUTH Bij
KOPHCTYBauiB) HAJIXOIATh JI0 CUCTEMH (CepBepy), 10
ix obciyroye. Y moneni M/M/1 mpumnyckaeThces, Mo:
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a) 3aIUTU HAIXOAATH 10 CUCTEMH 3TiHO 3 Iyac-
COHIBCBKMM DO3IOMIJIOM 13 CEepeAHbOI0 1HTEHCHB-
HICTIO A (KITBKICTB 3aITUTIB 32 OAMHUITIO Yacy) [8];

0) yac 0OpOOKHM 3arUTy Ha CEpBEPi € BUTIATKOBOIO
BEJIMYMHOIO, SIKA IMiAMOPSIKOBYETHCS EKCIIOHEHLI-
ATBHOMY PO3IOJTY i3 CEepelHBOI0 IHTEHCHUBHICTIO
W (KUTBKICTh 3aMuTIB, K cepBep MOXe 00poOHTH 3a
OJIMHHMIIIO Yacy);

B) Y CHCTEMI € OJTH KaHaJl 0OCITyTOBYBaHHS (CepBep).

Mopnens M/M/1 nae 3MOry OITIHATH CEpeHii Jac
riepeOyBaHHs 3aIUTy B CUCTEMI, IOBKHHY YepTH, iMO-
BipHICTB TOTO, 1110 KOPUCTYBadi CTHKHYTHCS 3 3aTPUM-
KaMM, a TAKO)K Yac O4iKyBaHHS Ha 0OCITyTOBYBAaHHSL.

3anporoHoBaHU MiAXiJ Ja€ MOXKIHUBICTH HE
TIIBKK OIIIHUTH OCHOBHI TapaMeTph MpPOTyKTHB-
HOCTI, aJie i BU3HAYUTH KPUTUYHI TOUKU [IepeBaHTa-
XKeHHS BeOcuctemu. Lle € BayJIMBUM KPOKOM y BIO-
CKOHAJICHHI METOJiB aBTOMAaTH30BaHOI'0 TECTYBAaHHS,
OCKIUIBKU TECTYBAJIbHUKU 3MOXKYTh aJallTUBHO 3Mi-
HIOBaTU MapaMeTpu TECTOBUX CLEHAPIiiB BiIOBIAHO
JI0 IPOTHO30BAHUX HABAHTAKECHb.

KitowoBumu metpukamu moneni M/M/1 e:

1. IMoBipHicTb 3aTpUMKH 200 BiIMOBHU B 00c.1y-
ropyBaHHi. [[e HaliTOMOBHIIIHI TTOKA3HUK, ITI0 BH3HA-
Yae IMOBIPHICTb TOT0, L0 Yepra 3poCTe 3aHAATO BEJIU-
KOO 1 3anuTH OyayTh 3arpumMyBatics. Moaens M/M/1
JIa€ 3MOT'Y OIIIHUTH ITF0 HMOBIPHICTh, 0COOIIUBO B yMO-
BaxX HaOMIKCHHS 10 MIKOBOTO HABAHTAXKCHHS, KOJIH
IHTEHCUBHICTh HAOXOMKEHHS 3allUTIB A cTae OJN3b-
KOO JI0 IHTEHCHBHOCTI OOCITYTOBYBAaHHS LL.

3rigHo 3 Mmomemmo  M/M/1, mpoayKTHUBHICTH
BeO10/1aTKa MOYKE TIOTiPITyBaTUCS B Pa3i 30LIbIICHHS
KITBKOCTI KOPHCTYBaviB a00 ITiJ] Yac MiKOBUX HaBaH-
TakeHb. OCHOBHUH IOKAa3HUK, L0 XapaKTEepHU3ye
HaBaHTa)XEHHS Ha CHCTEMY, — 1€ KOe(illieHT BUKOPH-
CTaHHs cepBepa (p), AKUH 0OUNCITIOETHCS SIK:

A
p=1 (M

Ieit xoedirieHT BKasye, Ky 4acTKy 4acy cepBep
3aHATHIT 00pOOKOTIO 3aMUTIB. SIKIIO p HAOIKAETHCS
7o 1, cucremMa crae TepeBaHTaXKEHOI0, IO BEJC JI0
3pOCTaHHS Yacy OYiKyBaHHS 3alUTIB Y Uep3i Ta M-
BHIIICHOTO PU3HKY 300iB.

2. CepeaHsi JOBKHHA YePIrH: TI¢ OTiKyBaHa KijTh-
KICTh 3am|TiB, MO TepeOyBarOTh y Yep3i Ha 00CITy-
roByBaHHS. BOHa OOUHCITIOETHCS SIK OYiKyBaHE 3Ha-
YeHHS KUTHKOCTI 3asBOK Y Uep3i:

Lg = 2nma(n = DR, )

e Pn — IMOBIPHICTH TOTO, IIIO B CHCTEMI € N 3aIuTiB
(pazoMm i3 TUMH, 1110 B Yep3i Ta HAa OOCITyTrOByBaHHI).
Binomo, 110 11 cTanioHapHOTO CTaHy CHCTEMa 3a]10-
BOJIbHSIE OaJIAaHCOBI PIBHSIHHSA:

P, = Py 3)

Lle o3Havae, 110 IMOBIPHICTH TIEPEXO/TY BiJl CTaHy
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N 1o crany N + 1 (HaaXomKeHHS HOBOI 3asBKH) JIOPiB-
HIOE IMOBIPHOCTI TIepeXxoy BiJ cTany N + 1 10 cTaHy
N (oOcmyroByBaHHS 3asBKH cepBepoM). s Hymbo-
BOTO CTaHy (KOJIM B CUCTEMI HEMAE 3asBOK):

PiA = Popu. 4)
3BIJICH 3HAXOIUMO:
A
==z 5
Pl i P0> ( )
n
P, = (ﬁ) P, = p"P,. (6)

[I{o6 orpumaru P, BUKOPHCTOBYEMO yMOBY, LIO
cyMa BCiX IMOBIpHOCTEH AOpiBHIOE 1:

Yn=oPn =1 (7
Lle mae cymy reoMeTpHUYHOI Iporpecii:
w (A"
PYio(3) =1, ®)
1
P, * 5= 1. 9

[ToBepratouncey 10 popmynu (2), macTaBUMO y
Hei 3Hauenns p ta P 3 Bupasy (6):

Lg = Yne1(n—1D)p"F. )

OCKUIBKH , MAEMO:

Ly = (1 —p) Lz (n— p™ (10)
Tenep moTpiOHO 3HANTH CyMYy:
S = Yn=1(n—1)p" QY

JudepeHiionoun cyMy TeoOMeTpUIHOI Tporpecii,
OTPUMYEMO TaKi (GOPMYITH:

o _ p
Yn=onp" = e A Ipl < 1. (12)
3anuiemMo OpUriHaJbLHUN Psii TAKAM YHHOM:
S=2n=1np” — Xz p™ (13)
[lincraBumo Biomi cymu:
__p 1 _p=(-1) _ 2p-1
o T aw a1V
p? p? 1
Ly=1-p)S=(1-p) T2 — 1 (15)
ITixctaBumo p = ;:
A)z
W _ ¥
Lq = 1—% u(u-2)" (16)
Orxe, hopMyIa cepeHbOI JOBKUHUA YCPIH:
}\2
Lq = w(u-2)’ 7

ISSN 2786-6254



132

3BiacH MaeMO, 110 SKIIO IHTEHCUBHICTD 3aIIUTIB A
3pOCTaE, TO IOBKMHA Yepru L 30UIbIIyeThCs KBapa-
THYHO. SIKImo A HaGJ'II/DKa€TBC$[ o W, To L >0 WO
O3HA4Ya€ MEePeBAHTAKEHHS CHCTEMH. A quM Ginbia
MIBU/IKICTH OOCITYTOBYBaHHS [L, TAM MEHIIIA Yepra.

3. Cepenniii yac nepedyBanns B cucremi. Lei
MOKA3HUK BU3HAYAE 3aTrabHUN Yac, sSIKKI 3aIuT Mpo-
BOJWTH Y CHCTEMIi, BKIIFOYHO 3 4acOM OUiKyBaHHS B
4ep3i Ta yacoM oOcIyroByBaHHs cepBepoM. Cepen-
Hilf yac nepeOyBaHHs 3asBKU B CUCTEMI CKJIaJaeThCs
i3 cepe/iHBOro acy o4ikyBaHHs B 4epsi W — CKillbKH
qacy 3asBKa YEKae MOYaTKy 06cnyr013yBaHH;[ Ta
CcepetHboro vacy odciayroByBanHs W, skuil 10piB-
HIo€ 1/ |, OCKIIBKH Yac 0OpOOKHM ONHIET 3asIBKU Ma€
EKCTIOHEHIIIITHMIA po3Moit i3 mapameTpom W. OTxe,
3araJbHUi dYac nepeOyBaHHS 3asiBKU B CHCTEMI
MO)KHA OIUCATH TaKOI0 (hOPMYIIOO:

W= W, + W, (18)

3rigao 3 dopmymnoro JliTTia, KOTpa € OmHIE0 3
KJTFOYOBUX TEOPEM TE€OPii MACOBOTO OOCTYTOBYBaHHS,
CepenHs KiTbKICTh 3asBOK y cucTeMi L TOB’s3aHa i3
CepeIHIM JacoM TrepeOyBaHHS Wq [9]:

Lq = AW, (19)

Cepennsi KUTBKICTh 3afBOK y cucteMi L Bke
Bimoma 3 dopmymu (17). Maroun e, cepeaHin 4ac
OYiKyBaHHA B 4e€p31 MOYKHA OMUCATH TAKUM YHHOM:

L A

=94 = . (20)
T (TR
[MizcTaBUMO W, ysupaz W =W, +W,:
W - A 1 A [Ty n _ 1 (21)

w(n-2) n w(u-n) w-r) m(u-n) p-n
Omxe, cepenHiii yac nepebyBanns B cuctemi V'

00YHUCITIOETHCS 32 (HOPMYIIOHD:

1

. (22)
Je |\ — IHTeHCUBHICTh OOCIYrOBYBaHHS, a A— IHTEH-
CHUBHICTH HAJIXOMKEHHS 3aIlUTIB.

3 BHKOPHCTaHHSM OINMCAaHUX METPUK MOAECTb
M/M/1 nae 3Mory NpOBOAMTH CHMYJALII Ta Mpo-
THO3YBaTH CTaOLIbHICTH POOOTH CHCTEMH 32 Pi3HUX
PiBHIB HaBaHTa)XEHHSI, IO € KOPUCHUM JIJIsI aBTOMa-
TU30BAaHOTO TECTYBaHHS BeOJOJATKIB. 3aBIsSKU il
MoOJIeTli MO)KHA TPOTHO3YBaTH IOBEIIHKY CHCTEMH
ITiJ] Yac MiKOBUX HABAHTAXXCHb, BUSBIIATH MPOOIEMHU
3 MPOAYKTUBHICTIO, OI[IHIOBATH PH3HMKH TEpEeBaHTa-
JKCHHS ¥ IOTeHLiiHI 3001.

Jsist OTpuMaHHS IPaKTUYHUX PE3yJbTaTiB MOACTH
Oylo 1HTErpoBaHO B TPOLEC ABTOMATH30BAHOTO
TecTyBaHHs. [IpoBeneHO cepilo eKCIIEepUMEHTIB Ha
Be03aCTOCYHKAX, PO3TOPHYTHX Ha CEpBEpHil iHQ-
pacTpykTypi (omepariiiina cucrema Linux (Bepcis
Ubuntu 24.04), cepsep Ha 6a3i Apache 3 mporiecopom

W =
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3.2 GHz i 16 GB omeparuBHoi mam’sTi, 6a3a JaHUX
MySQL) 3 BHKOpHUCTaHHSAM OIHOTO cepBepa s
00CITyrOBYBaHHS 3alHTiB.

MopnemntoBaHHS TIPOBONMIIOCS Ha OCHOBI M/M/1
MOJIEJTi, @ TaKOXK 32 JIOTIOMOTOI0 1HCTPYMEHTIB ISt
AaBTOMATU30BAaHOTO T€CTyBaHH:, 30kpema JMeter [10]
ta Selenium [11]. ExcnepumenTtu Oyino Hamamro-
BaHO Ha KiJbKa piBHIB HABAaHTAKEHHS IS JI€Talb-
HOTO aHalli3y MPOAYKTUBHOCTI CHUCTEMH 3a DPi3HHX
YMOB, a caMe€ EKCIIEpUMEHTH Iepeadadalii HU3bKE,
CepE/IHE, BHCOKE Ta MiKOBE HABaHTAXCHHs, 1HTEH-
CHBHICTb HAJIXO/KeHHs 3amuTiB () BaplroBanac;[
Bix 50 no 250 3anuTiB Ha CEKyHIY, a IHTCHCHBHICTh
obcayroByBanHs (M) Gyina Bcranosiena ua 200 3aru-
TIB Ha CEeKyHIy, IO BIiJOBIAT0 MaKCHMAaJbHIN
00YHCITIOBABHIN TTOTYXKHOCTI cepBepa. Y MiJICyMKyY
Oymo BI/IMipHHO cepeHiil yac nmepeOyBaHHS 3aIllUTY B
cucreMi, Koe(ilieHT 3aBaHTaKCHHSI cepBepa (p) Ta
CEPEeIHIO JOBXHUHY YEeprH Ul KOXKHOTO 3 BapiaHTIiB
HaBaHTa)XeHHS (IMB. TaOI. 1).

PesynpraTi nmokasanu, 110 32 HU3bKUX 1 CEpeHix
HaBaHTaxeHb (p < 0,5) cepsep npartoe ePeKTUBHO, i3
CEPEeIHBOI0 JOBXKMUHOIO 4epru On3bko Hyisl. IMoBip-
HICTh 3aTPUMKH CTAHOBHTS Bif 25 10 50 %, 1o o3Ha-
yae, 110 JIMIIE YacTHHA 3allUTiB MOXKE MOTPANuTH B
yepry. OTxe, cucrema QyHKITIOHY€E CTaO1IbHO, 3 MiHi-
MaJIbHUMHU 3arpuMkamiu. [lomansun 3axoam ontumi-
3arii MOXXyTh OyTH HeOOOB’ I3KOBUMH, OCKLIBKH Cep-
BEp 34aTHUN CHIPABISATHCS 3 HABAHTAKCHHSIM.

3a Bucokux HaBaHTaxeHb (p=0,75) cepsep mpa-
moe Ha 75 % cBO€l TPOITyCKHOI 37aTHOCTI, IO
MPHU3BOAUTH JIO0 TOMITHOTO 30UTBIIEHHS YeprH 0
2,25 3anuty. IMoBipHicTE 3aTpuMku nocsarae 75 %,
10 03HAYae, MO OiTBIIICTh 3aMUTIB OYAYTh 3MYyIIIEHI
YyeKaTH. 3a TAKOro piBHS HABaHTAXEHHS CHUCTEMa
e ctabinpHa, aje KOPUCTyBadi BKe MOXKYTh BiIdy-
BaTU 3aTPUMKH. Y TaKHUX BUIIAJKaX PEKOMEHIY€EThCS
3alpoBajuTH OallaHCYBaHHS HaBaHTAXEHHS a0o
ONTHUMI3AIiI0 00CITYrOBYBaHHS, 1100 3MEHITUTH Yac
OYiKyBaHHS.

3a mikoBux HaBaHTaxeHb (p=0,95) cucrema
Maif’ke MOBHICTIO 3aBaHTaxeHa. CepenHs JOBKUHA
YeprH 3pOCTac 10 9 3ammuTiB, M0 MOKE 3HAYHO 3017Th-
LIMTH Yac OYiKyBaHHs Ul KOKHOTO 3anuty. IlikoBe
HaBaHTA)XEHHS POOUTH CHUCTEMY Bpa3JIMBOIO [0
nepeBaHTaxeHsb 1 3001B. 1100 yHukHYyTH TIpOoOIEM i3
NPOAYKTUBHICTIO, BAXKJIMBO PO3IVISIHYTH JOAABAHHS
JOATKOBUX CEpBEpiB, IOKPALICHHS aJTOPUTMiB
KEIIyBaHHS a00 BIPOBADKEHHS OUTHII €(heKTUBHOTO
PO3IO1Ty HAaBAHTAXKEHHS.

A 3a ekcTpeMaslbHHX HaBaHTaxeHb (p>1,0) cep-
BEp HOCATra€ CBOEI MAKCUMAJIBbHOI ITPOITYCKHOI 37ar-
HocTi. CepenHsi JOBKMHA YEPrd TEOPETHUHO IMPAMYE
JI0 HECKIHYEHHOCTI, IMOBIPHICTb 3aTPUMKH JOCSTae
100 %, a cuctema pu3nKye He 0OpOOIATH HOBI 3aITUTH
cBoeyacHo. Jlist BupileHHs mpo0iieMu IOTPiOHO OTITH-
Mi3yBaTu poOOTy cepBepa, HAPHKIAM, 3a JIOIOMOIO0
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Tabmuis 1
Pe3yabraTn ekcniepuMeHTY 3aJ1€:KHO Bijl piBHSI HABAHTaKeHHS cepBepa
. . - Cepenniii yac ..
. InTeHcuBHicTHL InTeHcuBHicTHL Koediuient ImoBipHicTB
BapianTt naBan- Cepenns 10B- | mnepedyBaHHA .
HaAXoMKeHHs (1), | 00cTyroByBaHHS | BHKOPHCTAHHS BiZiMOBH 200
TaKeHHS JKHHA Yepru 3aMUTy B CHC-
3anuTH/c (W), 3anuTH/C cepBepa (p) remi 3aTPHUMKH
Husbke 50 200 0,25 0,083 0,267 ¢ 25 %
Cepenne 100 200 0,5 0,5 0,5¢ 50 %
Bucoxe 150 200 0,75 2,25 lc 75 %
[TikoBe 190 200 0,95 9,025 Sc 95 %
TCOPCTHHHO cucrema nepe-
ExcrpemainbHe 250 200 1,25 HECKIHYEHHa p 100 %
wepra BaHTaKCHA

OanaHcyBaHHs HaBaHTaXeHHs. Posnomin Tpagiky Mixk
JEKUIbKOMa CepBepaMd MOKE 3MEHIIHMTH HaBaHTa-
JKEHHSl HAa KO)KeH OKpPEMHH cepBep, IO JacTh 3MOTY
3MEHIIUTH 3aTPUMKH 1 3HU3UTH KWMOBIPHICTH 30010.
Kpim Toro, 10/1aBaHHs JI0IATKOBUX CEPBEPIB 200 301JTh-
IICHHsI OOYMCIIFOBAJIBHOI MOTY>KHOCTI ICHYIOUHX Cep-
BEpIB JIOMIOMOXKE IMiJIBUIIIUTH 3HAYCHHS IHTEHCUBHOCTI
00CITyrOBYBaHHS |, 1[0 3HU3UTHh KOC(QIIIEHT 3aBaHTa-
JKeHHsI. 31 CBOro OOKy, 3aCTOCYBaHHS aCHHXPOHHOTO
00poOIIeHHsT 3amuTiB 200 ONTUMI3allis Yacy oOpoOKH
3aIKTY J]a€ MOXKJIMBICTH 30UTBIIUTH MPOITYCKHY 3/aT-
HICTb L 1 BMCHILIUTH CEPEITHIO JOBKUHY YEpPTH.

TakuM YWMHOM, pe3yJIbTaTH AOCITIPKCHHS Mpojie-
MOHCTPYBaJIH e(peKH/IBmCTL 3aNPOMOHOBAHMX MOJIEIICH
y nporHo3yBaHH1 gacy BI/ITIOBIJII cUCTEMH, IMOBIpHO-
cTi 300iB Ta onTUMI3allii mporecy TectyBaHHs. Moneni
Teopii Yepr JaroTh 3MOTY MOKPAIIMTH YIIPABIIiHHS BeO-
TpadikoM, a HMOBIPHICHI MOJIENi — BUSIBUTH KPUTHYHI
TOYKH, JIe CUCTEMa MOXKe OyTH BPa3JIMBOIO JI0 3001B.

Taxe MozientoBaHHS pOOOTH CUCTEMH MOXe OyTH
BUKOPHCTAHO JUTSI CTBOPEHHS OUTBII CTIMKKX 1 Hail-
HUX BEOJOJATKIB, IO BUTPUMYIOTh HABaHTAKCHHSI
Ta 3a0e3MeuyoTh MBUAKUI Yac BIAMOBIIL, 10 BaX-
JMBO Ul KOPMCTYBadiB i PO3pOOHHMKIB chcTeM. Ix
THTErpallisi y nmpolec aBTOMaTu30BaHOTO TECTYBaHHS
Be03aCTOCYHKIB J]Ja€ MOJKJIMBICTh CTBOPIOBATH e(eK-
TUBHI CHUCTEMHU JUIs CUMYJIALIT HABAHTAXXCHb Ta aHa-
JIi3y POYKTUBHOCTI ¥ HaaiiHOCTI. LI Momei Takox
MOXYTh OyTH 1HTETpOBaHi 3 MOMYJISPHUMH THCTPY-
MEHTaMH aBTOMAaTH30BaHOTO TECTYBaHHsSI, SIK-OT
Selenium Ta JMeter, 11 mpoBeACHHS CUMYJISILIIN, IO
BiJOOpakaloTh pealibHi clieHapii BAKOPUCTAaHHS BeO-
3aCTOCYHKIB.

Mopneni 4yepr JaroTh 3MOTY TOYHO MOJEINIOBATH
MOTIK 3aIUTIB, 10 HAJXOAATH A0 BeOjonarka. Y mpo-
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1IECl TeCTYBaHHS 11i MOJIEI JIOTIOMAraroTh OI[IHIOBATH,
SK CHUCTEMa pearye Ha pi3Hi ClieHapil HaBaHTaXCHb,
SKi MOXKYTh TIepefdavary sk MOCTYIOBE 301IbIICHHS
KIJIBKOCTI 3aIUTIiB, TaK 1 Pi3Ki MKOBI HaBAHTa)KCHHSI.
Hanpuknan, incrpyment JMeter moxe Oytu Haia-
IITOBAaHUM YIS CHUMYJISILIi BEJIUKUX TOTOKIB 3allUTIiB
BIAMOBIAHO 10 Moxeai M/M/1. Biu nae 3MOry 3aja-
BaTH Pi3Hi MapaMeTPH HABAHTAKCHHS, SIK-OT KUIBKICTh
KopHCTyBaqlB 1 YacToTa 3amMTiB, 100 Bl):[TBOpI/ITI/I
MOBEJIIHKY CHCTEMH Y CTaHi BUCOKOT 3aBaHTaKEHOCTI.
3i cBoro OoKy, iHCTpyMeHT Selenium, KOTpuil 4acto
BUKOPUCTOBYETHCS JIJIsI (PYHKIIIOHATLHOTO TECTYBaHHS
BeOJI0O/IaTKIB, MOXKHA 3aCTOCOBYBATU JIJISI CUMYJISIIT
TIOBEJIIHKH OKPEeMHUX KOPUCTYBadiB a00 HaBiTh IPyIH
KOPUCTYBauiB OHOYACHO, 3a PI3HUX YMOB HaBaHTa-
JKEHHsI, 1100 BHSBUTH TPOOJIEMHU B MPOSYKTHBHOCTI
iHTepdeiicy kopucryBaya.

KpiM  aHamizy TpOAYKTUBHOCTI, iHTErparis
TaKUX MOJIENEH Yy MpoIlec TECTYBaHHS Ja€ MOXIIH-
BICTh CTBOPIOBATH KOMIUICKCHI CIIEHApIi JJIsl OLIIHKU
criiikocti cuctemu. Lli cuenapii MOxyTh BijgoOpa-
JKATH, SIK CHCTEMa IMOBOJUTUMETHCS 32 PI3HUX YMOB.
Hamnpukian, TecTyBaHHS CHCTEMH 32 MaKCUMAJIBHOTO
HaBaHTa)KCHHsI 13 3aCTOCyBaHHAM Mogen M/M/1 abo
BHITA[KH, KOJM IHTEHCHBHICTH 3alMTIB A HaOJrKa-
€ThCSI IO IHTEHCUBHOCTI 00cmyroByBaHHs L. Lle mae
3MOTY BU3HAUUTH TOUKH, Y SIKUX CHCTEMa TIOYMHAE
nepeBaHTaxyBaTHCS. [0 TOro K, BHUKOPHCTOBYIOUH
HMOBIpHICHI MOJIeITi 3001B, MOYKHA ITPOTECTYBATH CTiH-
KiCTh CHCTEMH JI0 BiZIMOB CE€PBEPIB 200 1HIIIIX KOMITO-
HeHTiB. Lle momomarae BU3HAYMTH ONTHMAJBHI CTpa-
Terii 715 BITHOBJIEHHS POOOTH CHCTEMH B pa3i 30010.

Pesynbraru, oTpuMaHi Iij] Yac TECTyBaHHS 3 BUKO-
PHUCTaHHSIM MaTeMaTHYHUX MOJIEJIeH, MOXYTh OyTH
BUKOPHCTAHI JIJIS ONITUMI3AIliil SIK CaMOi CUCTEMH, TaK
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1 Tporiecy TecTyBaHHs. Hampukmnan, sKmo mMojesro-
BaHHsI MMOKA3ye, 10 32 MEBHUX YMOB HaBaHTAKCHHS
cucTeMa 3a3Ha€ 3HAYHHUX 3aTPUMOK, 116 MOXKE Iij-
Ka3aru, Jie OTPIOHO ONTHUMI3yBaT alTOPUTMHU abo
iH(bpacTpyKTypy.

BucHoBku. Y crarti 0Oyj0 pO3IISIHYTO 3aCTO-
CYBaHHS MaTeMaTUYHUX MOJIEIICH y Mpoleci aBToMa-
THU30BAaHOTO TECTYBaHHS BeOJO/ATKIB, aKIICHTOBAHO
yBary Ha MOJEJSX 4epr Ta iIMOBIPHICHUX ITiIXO/aX.
3aBIsIKM  BIPOBA/DKCHHIO MOJICNICH 4epr MOXKHA
TOYHO OI[IHUTH TPOAYKTHBHICTh BeOAOMATKIB 3a
PI3HHX YMOB HaBaHTa)KEHHS, a WMOBIpHICHI Mojeni
JAI0Th 3MOTY MOJIENIIOBATH PI3HOMAHITHI creHapii
3001B Ta NIKOBUX HABAHTAKEHb 1 OLIIHUTHA HAINHICTH
BeOmomarkiB. [HTerpaiis HaBeIeHUX MoOJIeNel y Tpo-
I[eC aBTOMATH30BAHOTO TECTYBaHHS 3a JOTIOMOTOO

IHCTpYMEHTIB, sK-0T JMeter Ta Selenium, BigkpuBae
HOBI1 MOMKIJTUBOCTI JUIs aHaJi3y MPoAyKTUBHOCTI. Llei
MiIX1]] TOTIOMarae CTBOPIOBATH PealiCTUYHI CIIeHapil
HABaHTAKEHHS, a TaKOK TEPEBIPSITH CTIHKICTh CHC-
TeMd 10 300iB y peajbHUX yMOBaxX EKCIUTyaTarlii.
BaxnuBo 3a3HaunTH, MO B MaiOyTHHOMY MOMKHA
PO3IIMPUTH 3aCTOCYBAaHHS MaTeMaTUYHHX MOJeJel
Ha OyIb-iKi THUMH BeOMOMATKIB Ta IHII TEXHOJO-
rii, IK-0T MiKpocepBicH Ta XMapHi pimeHHs. OTxe,
BUKOPHCTaHHS MaTeMaTHYHUX MOJeJel y mpomeci
aBTOMATH30BaHOTO TECTYBaHHS BEOJONATKIB IMOTpe-
Oy€e TONajbIIOTO TOCIHIHKEHHS, OCKUIBKH 11 € Tep-
CIIEKTHBHUM HANPSIMOM, SIKMH Ja€ MOXIIUBICTh
MOKPAIIUTH SKICTh 1 HAIWHICTh POTPAMHOTO 320€3-
NICYCHHS, a TAKOXK 3a0€3MeUNTH KA JOCBIJ IS
KOPHUCTYBayiB.
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BUMOT'H IO O®OPMJIEHHS CTATEM Y )KYPHAJIL
«COMPUTER SCIENCE AND APPLIED MATHEMATICS»

Bumorn 10 opopmiieHHs1 cTaTei:

Jo npyKy npuiMaroThCs CTaTTi, 110 MAOTh HAYKOBY 1 IPAaKTHYHY LIHHICTh. ABTOpP Ma€ NpaBo NPEICTaBUTH
TIIBKH OZIHY HAyKOBY CTaTTIO B OIMH HOMED, SIKa paHille He myOiiKyBantacs. ABTOp Hece BiJIOBiAaIbHICTh 3a
OPHTiHAJIBHICTH TEKCTY CTATTi, TOUHICTh HaBEJCHUX (DAKTIB, LMTAT, CTATHCTUYHHX JaHHUX, BIACHUX HAa3B, [€O-
rpadiuHuX Ha3B Ta iHIIUX BiZIOMOCTEH, a TAKOX 3a Te, 1110 B Marepiajax He MICTATHCS JaHi, U0 He MiJJIAraloTh
BiIKpuTiH myOumikarii. Pemakitis He Hece BIAMOBIAAILHOCTI 32 BUKJIAJIEHY B cTarTi iHpopmarlito. OcraTtoune
pileHHs o MyOITiKaLiIo yXBATIOETHCS PEJAKII€I0, IKa TAKOXK 3aJIUILIAE 32 COOOI0 TPaBO Ha JIOJATKOBE PELCH-
3yBaHHS, peJjaryBaHHsl 1 BIAXWICHHs CTaTei.

Texniuni BUMorn:

— JI0 IPYKYy MPUAMAIOTBCS CTATTI YKPATHCHKOIO, POCIHCHKOIO Ta aHITIIHCHKOIO MOBAMU;

— eJIGKTPOHHMHU BapiaHT cTarTi y popmari *.doc, *.docx abo *.rtf, miAroToBieHid y TEKCTOBOMY peIaKTopi
Microsoft Word;

— gopmar A4 uepes 1,5 inTepBai;

— wpudt Times New Roman, posmip 14;

— moJst: JiBe — 3 ¢M, mpase — 1,5 cM, BEpXHE, HIKHE — 2 CM.

CTpykTypa crarTi:

psanok 1 — V/IK (BupiBHIOBaHHS 110 JIIBOMY Kparo);

PSAI0K 2 — Ha3Ba TEMAaTHYHOTO PO3/ily (BUPIBHIOBaHHS IO JIIBOMY Kparo);

psifnok 3 — Ha3Ba cTarTi (BUPIBHIOBAHHS M0 HEHTPY, HAMIBXUPHUN IWPUET, BETHKI JITEPH);

PAI0K 4 — NPi3BHIIE Ta iHILIAJIM aBTOPaA CTATTl; HAYKOBUH CTYIiHb, BUCHE 3BaHHS, TI0CAAA 13 3a3HAYCHHSIM
kagenpu (BUPIBHIOBaHHS 110 LIEHTPY);

Ps0K 5 — micue poOoTH (HaBUaHHS), axpeca poOOTH (HaBUaHHS), orcid-Kol, eleKTpOHHA aJpeca aBTopa
(BUpIBHIOBAaHHS 110 LICHTDPY).

Sxmo aBTOp He Mae orcid-Koxy, ioro MoXHa OTpUMarH 3a nocuiaanusaM https://orcid.org/

ad3an 1 — posmmpena aHorauis (1800 3nakiB O6e3 mpoOiIiB) Ta KIIOYOBI cI0Ba (MiHIMYM 5 CIliB), HanMcaHi
MOBOIO, fIK 1 yCsl CTaTTS;

ad3an 2 — Ha3Ba cTarTi (HAMiBXUPHUIA WPUQT, yCi JITEpH BEIUKI), MPi3BUILLIE, iHIL[IaIM aBTOpa, HAYKOBUH
CTYMiHb, BUCHE 3BaHHsI, MOCaja i3 3a3Ha4eHHsIM Kadenpu, Micue poboTH (HaBuaHHA), agpeca poOOTH (HaB-
YaHHs), orcid-Kof, eleKTpoHHa ajipeca aBTopa, po3mupena aHotauis (1800 3HakiB 6e3 mpoOisiB) Ta KIIIOYOBI
cioBa (MiHIMYM 5 ciiB), HanucaHi aHIificbKOI0 MOBOIO. Ilepexiian aHMMHCHKOI0O MOBOIO NOBUHEH OyTH
JIOCTOBIPHUM (HE MAIIUHHUM).

VY BHUIIAIKY, SKIIO CTATTS HE YKPAiHCHKOIO MOBOIO, 000B’ I3KOBO MOJAIOTHCS HA3Ba CTATTI (HAIBKUPHUH IIPUPT,
yci JIITepH BEJHKI), IPi3BUILE, HILIAIM aBTOpa, HAYKOBHI CTYITiHb, BACHE 3BAHHS, 10CA/1A 13 3a3HaYCHHIM KaeapH,
Micue poboTH (HaB4aHH ), apeca poOoTH (HaBYaHHs), orcid-Koz, eleKTpOHHA a/ipeca aBTopa, PO3IIMPEHa aHOTaLlis
(1800 3naKiB O3 MpoOLTIB) Ta KIFOYOBI CJI0Ba (MiHIMYM 5 CITiB), HAMCaH1 YKPaiHCHKOIO MOBOIO.

OcHoBHHI TeKCT cTarTi MoBUHEH BignoBigath cTpyktypi IMRAD (Introduction, Methods, Results, and
Discussion) + Literature Review:

Beryn — kopotkuii Beryi (1-2 cTOpiHKM), SKMA TIOBUHEH JaTH BiAMOBiAI Ha 3allMTaHHS «4OMY MPOBEICHO
JOCIIIPKEHHS?», «sKi 00’€KT, ME€Ta i OCHOBHI TillOTE3W JOCIHiPKEHH:?»; O JIiTepaTypu - pO3aii, 110
MICTHTB aHaJi3 OCTaHHIX MyONiKaLii 3a TEMOIO NOCIiKEeHHS (MepeBakHa OUIbIIICTD MyOMiKalii MoBHHHA
OyTH 3a OCTaHHi 5 poKiB, camonuTyBaHHs He Oinbiie 30% Bil KITBKOCTI TiTEpaTypHHUX IKEpe), 3 OIS LY JliTe-
parypu uuTadi MOBHHHI MaTH 3MOTY OLIIHUTH CTaH MpoOJIeMH y CBITi, aHaIIi3 JITepaTypHUX HKEPE MOBHHEH
MaTu KpUTHYHHUH XapakTep;

Mertoau — po3fin, KM MoOXe BKJIIOYaTH 2-3 piBHO3HAYHMX 3a 00CATOM maparpadu, o BHCBITIIOIOTH
OCHOBHI METO/IH, MiIXOH, AITOPUTMH JOCIHIPKEHHS;
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Pesynprati — po3min, sSKWiA MICTUTH aHalli3 OCHOBHHX pE3YJbTaTiB AOCHiKeHHs (rpadiku, Tabmuri 3
YUCENFHUMH JTAHNMH, 3aTalloM, Pe3yJIbTaTH 00YMCITIOBAIFHIX eKCIIepUMeHTiB); Juckycis — po3ain (o 1 cro-
PIHKNM), IKHi TaKOK MOYKHA Ha3BaTH BrcHOBOK 200 BHCHOBKH, 1110 MiCTHTB OPIBHSHHS OTPUMAHUX PE3yibTa-
TiB 3 pe3yJbTaTaMH 1HIITUX JIOCIIJKeHb (K BIIACHUX TaK IHIIMX aBTOPIB), @ TAKOX JIa€ BiJIMOBI/Ib HA 3aITUTAHHS
«SIKi TIEPCIIEKTUBH AOCIIKEHHSI?», (OPMYIIIOE HAYKOBY HOBHU3HY PE3YJIBTaTiB.

Jlireparypa po3MILIy€ThCS MICHA CTaTTi Y MOPSAKY 3raJyBaHHS; APYKYEThCs depes 1,5 inrepsai, 14 pos-
Mmipom, mpudtom Times New Roman i opopmisieTbes y BiAIOBITHOCTI BUMOT MDXKAEPKaBHOTO CTaHIAPTY
JACTY 8302:2015.

[Tocwranus Ha JiTeparypy B TEKCTi CITiJ] JaBaTH B KBaJIpaTHUX JIy’KKax, HAIPUKIAL, [2, c. 25; 5, ¢. 33], B
SIKUX TIepIia nudpa BKa3ye MopsAIKOBUN HOMEp /DKepelia B CIIHCKY JITepaTypH, a Ipyra — BiAMOBIAHY CTOPIHKY
B IIbOMY JDKEpei; OfiHe JrKepesio (6e3 CTOPIHOK) BiIOKPEMITIOETHCS BiJl 1HIIIOTO KPAIKOko 3 KOMOIO [3; 4; 6; 8;
12; 15].

Hanpukiami crarTi po3MilyeThCsi TpaHCIITEpOBaHA 1 TeEpeKiaJieHa aHIIIHCHKOI Bepcis JiTeparypu
(References), opopmiena srigao 3 Bumoramu APA (American Psychological Association).
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Juis myOmikarii crarti y (paxoBoMy HayKOBOMY BHJIaHHI HEOOXiTHO HAJICIATH HA EJIEKTPOHHY aJpecy
penakii editor@physmath.journalsofznu.zp.ua HacTynHi marepianu:

Ao0pe BUMMTAHY HAYKOBY CTATTIO, 000B’I3KOBO 0(hOpMIICHY BiAIIOBIIHO 10 BKa3aHUX BUMOT;

iHdopmauniiiny 10oBiaIKy npo aBTopa;

BiJICKAHOBAHE MiATBEP/:KEHHSI CIVIATH KOWITIB (PEKBI3UTH Ui CIUJIATH HAAAIOTHCS aBTOpPY MicJst
B/J12JI0I0 NIPOXO/IZKEHHSI pelleH3yBaHHSI).
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